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PREFACE. 



The application of the elastic theory to the analysis of the stresses 
in arches, particularly in the case of the fixed or hingeless masonry 
arch, is exceedingly limited, notwithstanding the acknowledged fact 
that it is the only exact and reliable method of procedure. The 
reason is that, as usually presented, its application to the solution 
of a problem involves much labor, and the practi' ing engineer finds 
it difficult to devote the time and the concentrated study which its 
use demands. 

This book is presented to the engineering profession as an expo- 
sition of a new system of treating the subject. By its use the stresses 
are obtained with absolute certainty, and the process of application 
is so clear and simple that the author is confident it will be found 
preferable to the forms of analysis now in general use. 

Two steps are preliminary to its application: 

The first is the special graphical construction employed in defining 
the exterior forces, their relations to each other, and their combina- 
tion into force diagrams. This makes possible a clear conception of 
the problem as applied to each element of the arch. It is a marked 
advance over the usual procedure, as it presents to the eye a picture 
of the exterior forces, and show^s clearly all the features of the analy- 
sis and their mutual dependence. 

The second step is due to the discovery that there is a character- 
istic common to all arches of the same type, this characteristic 
being expressed by the intersection locus and the tangent curves 
used for the resolution of the exterior forces into their components. 
This makes possible an investigation to determine how the char- 
acteristic changes with the change in the form of the arch; and little 
effort is then required to present this relation in a graphical form, 
from which conclusions applicable to the solution of the problem can 
readily be derived. The second step in the solution is derived from 
the algebraic equations which define the elastic theory, and it would 
be difficult to express anything new thereon, or to put it in a clearer 
form than the one in which it has been presented by such scientists 
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IV PREFACE. 

as Winkler, Mohr, Miiller-Breslau, Weyrauch, Sternberg, Grashof, 
Melan, and others. The author can only lay claim to a simple defini- 
tion of the elastic theory as applied to the crescent-shaped arch, which 
compares favorably with the expressions for this same type of bridge 
given by the above-mentioned authorities. All these analytical 
expressions are compiled in the Appendix. 

Where the author's method materially differs from those now 
generally used is, in the first place, in the graphical construction 
which defines the forces. He presents a method which applies to all 
problems, and which at the same time retains all the axiomatic truths 
of the elastic theory, without the necessity of approximations and 
assumptions that would throw doubt on its conclusions. This, how- 
ever, was but one step in advance, and another was still necessary 
before the application of the elastic theory could attain that sim- 
plicity of execution so requisite for efficient designing. 

It may generally be said that the stresses in the arch are defined 
by an intersection locus and tangent curves; when these are once 
found, the special graphical method is readily applicable. 

All arches have their own loci and tangent curves; the author 
found, in addition, that they have a property in common, namely, 
the area enclosed by the arch axis and the straight line joining its 
ends. All changes in the form of the arch can be expressed in terms 
of this characteristic. This led at once to the conclusion that the 
characteristic, or the elements expressed by it, viz., the intersection 
locus and the tangent curves, could be reduced to a standard, and 
that any changes in form could be reduced to factors which referred 
to this standard. 

The characteristic selected by the author is the parabola, since 
the expressions for its ordinates, its area, and its center of gravity 
are all in the simplest terms. All other forms of arches are expressed 
with reference to this standard. The manner in which this is done 
is fully explained in the book and analyzed in the Appendix, the 
only deviation being in the case of the spandrel-braced arch. The 
reason for this, as explained in Chapter III, Arts. 7 to 14, is that the 
arch axis is not well defined in such a structure. To surmount this 
difficulty the author had recourse to the laws of Maxwell, Castigliano, 
and others, as applied to the displacement theory, and with this 
assistance he was able to bring this arch within the scope of the 
standard method. 

Chapter I discusses the various forces in the arch, and is in the 
nature of an introduction to prepare the reader for a clear under- 
standing of the succeeding chapters. 

Chapter II explains the special combinations of the forces, and, to 
interest the student, this explanation has not been put in algebraic 
form, but is demonstrated by computing graphically the stresses in 
three-hinged arches of various forms and materials. 

Chapter III deals with two-hinged arches of various forms. Arts. 
7 to 14 relating to the application of the displacement theory, and 
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PREFACE. V 

Arts. 18 to 21 to the application of the elastic theory in its general 
form. This application is demonstrated by an analysis of the stresses 
in the Donro Bridge, showing the reasoning which guided the author 
in working out his method. 

Chapter IV is devoted to what is known as the "stiff," or *' fixed," 
arch, or, more properly, in the opinion of the author, as the "hinge- 
less" arch. 

The application of the elastic theory to the computation of stresses 
in this type of arch, and especially the masonry arch, is now recog- 
nized as the only reliable method. This opinion has been repeatedly 
expressed by many authorities on the subject; for instance, Mr. 
David A. Molitor, in the Transactions of the American Society of 
Civil Engineers, No. 834, July, 1898, says: 

"In matters pertaining to the design of fixed (hingeless) masonry 
arches, it is safe to say that the method based on the theory df elas- 
ticity is the only one entitled to full confidence-, and permitting of an 
analysis corresponding in accuracy with the knowable properties of 
the material. All other methods are too approximate to admit of 
close designing, such as the modem status of engineering science 
would generally demand. 

"This modern and most exact method, however, is not free from 
criticism. While the fundamental principles of the theory are almost 
axiomatic, their final application to the solution of stresses is extremely 
complicated, so much so that few engineers can be credited with the 
patience and earnest endurance to master either the method or the 
solution of a problem to which it is applied. 

"Therefore, unless the masonry arch can be so treated as to com- 
bine clearness, simplicity, undoubted accuracy, and economy in design 
with faultless construction, the field of usefulness of this class of 
structure will remain restricted, and such monuments as the Cabin 
John Bridge will continue to remain curiosities of rare production. 

"This is not what the masonry arch deserves in view of its prac- 
tically everlasting life, nominal cost of maintenance and naturally 
esthetic form, which latter should be a prime factor, though rarely 
given much consideration, in the choice of a bridge." 

To this the author would add that, where natural conditions are 
favorable, an arch of masonry, and especially of reinforced concrete, 
can successfully compete with a steel structure as regards cost of 
construction. The cost of maintenance of the former is practically 
nil, and its life is measured by centuries, where that of the latter is 
only counted by years. 

By the use of the method demonstrated in this book, the elastic 
theory as applied to masonry arches has been reduced to the simplest 
and clearest form for analyzing the stresses. For this purpose a 
masonry arch has been used as an example. The application of the 
elastic theory in its general form has been demonstrated by analyzing 
the stresses in the masonry arch over the S3rra Valley, near Plauen, 
Saxony. 
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VI PREFACE. 

Chapter V treats of the distribution of the stresses in an arch rib 
of metal, stone, or reinforced concrete. Formulas have been appended 
to this chapter deaUng with the stresses in columns of steel, stone and 
reinforced concrete, and with the stresses in reinforced-concrete 
beams and slabs. This part of the chapter is more in the nature of 
a memorandum than a treatise on these subjects, and for further 
information the reader is referred to the authorities cited. 

Chapter VI (also in the nature of a memorandum) deals with 
wind stresses, the forces acting on the arch, and the good and bad 
qualities of the various types of arches. In preparing the latter, 
Schaffer and Melan were frequently consulted. No arch should be 
designed without a consideration of the principles presented in Arts. 
6 and 7. In addition, some recommendations have been made 
regarding the stresses in piers and abutments, and at the end of the 
chapter tables have been added giving the standard loading of bridges 
according to American practice. 

The Appendix (Chapters VII, VIII, and IX) is devoted to the 
algebraic deductions and expressions of the elastic theory as applied 
to arches, and (Chapter X) to the displacement theory. 

Joseph W. Balet. 

New York, November, 1907. 
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ANALYSIS OF ELASTIC ARCHES. 



CHAPTER L 

the arch rib. 

The Exterior Forces op the Arch. Application op the 
Elastic Theory. 

The Exterior Forces of the Arch. — A curved beam is generated by 
moving the center of gravity of a plane figure along a curve of simple 
curvature, the plane maintaining a position at right angles to the 
curve during the motion. This curve will be called the axis of the 
beam, and the exterior forces must be located in the same plane in 
which the curve lies. 

If the exterior forces are known, the interior forces in any section 
of the beam are known. 

In Fig. II AB represents a portion of this curved beam. The 
origin of the coordinates is at the point A, and all abscissas meas- 
ur^ to the right of A, and all ordinates measured upward from the 
line ABf are positive. 

The angle which the tangent to the curve at any point (x, y) 
makes with the horizontal, or which the plane of section at this point 
makes with the vertical, is indicated by a?. 





In Fig. I the curve ACB is the axis of the beam, which is assumed 
z& capable of angular movement at the points A and B, This beam 
supports the single vertical load K, In Fig la a force polygon has 
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2 ANALYSIS OF ELASTIC ARCHES. 

been drawn for the load X, and in Fig. I the reciprocal, or moment 
polygon, ADBf has been drawn, viz., AD\\ady and DB\\ab, 

From a well-known principle in graphics, the triangle ADB rep- 
resents the moment polygon of a beam freely supported at A and ^, 
and sustaining the single load K, At a point distant z jfrom the 
support A this bending moment is equal to 

For the point (z, y) of the curved beam the moment is 

or 

M=mi-yH. 

In Fig. I the segments AD and DB of the moment polygon are 
the components K' and K" of the force K) they are held in equilib- 
rium by the reactions R^ and jB,^, and the exterior forces may be 
replaced by the reactions R^ and R^^ without disturbing the equi- 
librium of forces. 

It is a well-known law in graphical statics that each segment of 
a closed moment polygon is the resultant of all the exterior forces. 
Fig. II shows on a large scale a portion of the arch from the support 
A to the point (x, y), the force R^ of Fig. I corresponding to the sec- 




tion-point (x, y) of the arch. This force R^ may be resolved into a 
force P parallel to the tangent of the curve at the point (x, !/), and a 
force S at right angles to this tangent; the force S is the shearing 
force. Or, the force R may be resolved into the vertical force V, which 
is equal to the vertical reaction at A^ and the horizontal force ff, which 
is equal to the horizontal thrust at A, The computation of these 
forces has been made in Fig. Ila, and, measured with the scale of 
forces, the lines P and S, and H and 7^, give the intensity of these 
forces. 

Also, from Fig. Ila, 

H=R^ cos a? and S= R, sin b, 
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THE ARCH Ria 



and from Fig. II, 
and 



or 
Similarly, 

and 



(1) 



(2) 



He = R/^ cos a^ or Hy^ cos a° = R/^ cos a?; 

Hy^^R^c. 

Pp=-R,c, 

R,c==Hy, = Pp--M. . - • • 
Fig. Ila further gives 

P=Fcosa + F^ sina, ) 
<S= — ff sin a + F^ cos a. ) 

The Application of the Elastic Theory. 

The application of the elastic theory to arches is based on the 
assumption that an arch is a constrained curved beam, its ends being 
connected with rigid supports. These connections may be so made 
as to allow an angular movement at the points of connection, as in 
the '* two-hinged arch," or the connection may be rigid, as in the 
"hingelessarch." 

These two forms of arches belong to the class of girders whose 
stresses cannot be computed by the ordinary method of statics alone, 
as the equilibrium between the exterior forces and the interior stresses 
in the arch is dependent in part on its change of form; in other words, 
the interior stresses are dependent on the static equilibrium of the 
forces, the elastic equilibrium of the material, and the form of the 
arch. 

When a third hinge is introduced, usually at the crown of the 
arch, this static indeterminateness ceases, the arch then being trans- 
formed into two curved beams, each 
freely supported at two points. 

To illustrate the above let 
ACBj Fig. Ill, be the axis of an 
arch which can pivot around B 
and slide at A, This is equivalent 
to a beam freely supported at the 
ends. Let L be a single force acting 
on the beam. Under the influence of this force a pivotal motion 
will take place at B, a sliding motion at A, and a bending moment 
will be caused in the beam, which, for the point (z, y), will be 




Wl=-jxL-giL. 



(3) 
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4 ANALYSIS OF ELASTIC ARCHEa 

The vertical reaction caused at A will be 

Vi=fi (4) 

No other exterior force is caused at A. 
At B A vertical reaction will be caused 

= V2 = ifflnd — Vi, 

and in addition a horizontal force 

H2=Lcosd. 

In a two-hinged arch no sliding motion can take place at A, and 
to change the beam into a two-hinged arch, a force H should be applied 
at A to push that end back into its former position. 

The vertical component of this force is 

V,,=^H sine. 
The horizontal component is 

Hi^H cos c, and V,^ = Hi =* Hi tan e, 

^ ' '' cose 

And the bending moment in the arch at the point (x, y) will be 

M=^-yHi 



when 7i=-^L+ffitanf, 

y2='^sind— Fi, 
and H2 = Lco8d+Hi. 



(5) 



When the force L acts as indicated in Fig. Ill, L cos d is positive 
and Hi may be negative. 

If no hinges were provided at the supports, no angular movement 
could take place at A and B; and to change the two-hinged arch into 
a fixed arch, its ends should be bent back into their original positions, 
which requires a pair of forces at each support, each pair forming a 
moment (Mi and M2, Fig. IV). 

These two moments act simultaneously on the arch and cause 

a bending moment at the point (x, y) = — ' ^, and the total 

bending moment in the arch at the point (x, y) is 

Af;p=9fll,-f ^-yHu . . . • (6a) 
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and 



THE ARCH RIB. 

7i=jL+ +ff,tan6, 

V2-Lsind-Vu 
H2=Hi-\-Lco6d. 



(66) 




When more than one force acts on the arch, the equations (6a) and 
(66) may be expressed in the general form: 

M^^fm^^+^Mn^l^^yH^^ .... (6) 

Vi = jj^gL+ ^^y ^^ -l-g;. tan e, .... (7) 

Fa^i'il'Sind-Fi, (8) 

H2=Hi + ll^Lcoed, (9) 



V^^I'Lsind-Vu 



(10) 



H:,=Hi + I'Lco8d; 



(11) 



and when the values of H, Mi, and M2 are known, the resultant 
of the exterior forces for any point (x, y) of the arch can be found; 
from this the values of P and S in equations (2) are obtained, and 
from these the normal and shearing stresses in the arch may be com- 
puted. 

In equations (6) to (9) the only known quantity is SfH^c, and for 
the fixed arch the three statically indeterminate quantities. Mi, Af2, 
and Hg, have to be ascertained. 
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6 ANALYSIS OF ELASTIC ARCHES. 

For the two-hinged arch the values of Mi and M2 are equal to 
zero, and the statically indeterminate quantity H remains to be 
solved : 

' M^^mi^'-yH^ (12) 

When the arch is also provided with a hinge at the crown, the 
bending moment at the center hinge caused by H is zero. For this 
same point the bending moment caused by the exterior forces is zero, 
the arch cannot resist bending at the hinge, and all the statically 
indeterminate quantities disappear: 

M,=Hy (13) 

With the supports A and B at the same elevation and all the 
loads acting in a vertical direction, the equations (7) and (11) change 
into 

V,^]l[qL+^^^^, H^=H,=H,.. . . (14) 

When all the loads act vertically, ^^y of equation (6), can be repre- 
sented by a reciprocal polygon. This polygon should be drawn from 
a force polygon which has a pole distance equal to ^1 (see Fig. IV), 
and the end segments of the reciprocal polygon should intersect the 
verticals through A and B at a distance c above or below the point 
A, viz., 

ci=-^, (15) 

and above or below B at a distance 

""^—H^'ll, ^^^^ 

The vertical ordinates of this reciprocal polygon, measured from the 
chord AB of the arc and multiplied by ^1, are equal to 

^ Mi{l-x)'\-M2X 

The bending moment at the point {x, y) of the arch is equal to the 
product of H\ multiplied by the difference between the ordinate 1/^ 
of this reciprocal polygon and the ordinate y of the arch axis. Both 
ordinates are measured from the chord AB of the arc. 

This law was first established by Winkler. (The analyses for the 
determination of the values H^ Mi , and Af 2 are given in the Appendix.) 
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THE ARCH RIB. 7 

Components, Axial Force, Shearing Force. 

Components. — For a load the reactions at the supports and 
their points of application are known, and the axial force and its posi- 
tion in relation to the section-point {x, y) of the arch can be computed; 
when the graphical method is applied, the two segments of the recip- 
rocal polygon (see Appendix) can be drawn in their proper positions 
relative to the arch axis. These two segments are the components 
of the load, and their point of intersection is on the load line. It 
should be observed that each component is held in equilibrium by a 
force (the reaction) acting at the support in a direction opposite to 
that of the component. 

Axial Force. — In computing the stresses in an arch at a point 
(x, y) an imaginary section is made through the point, the portion of 
the arch to the left of the section is removed, and the forces are then 
found which will hold the remaining portion in equilibrium when acted 
on by a load. 

The resultant of these forces is in equilibrium with the interior 
stresses of the arch. One of these forces acts parallel to the tangent 
to the arch at the point of section, and this is the axial force P^ 
previously mentioned. 

Clearing Force. — ^The other force acts at right angles to the said 
tangent, and is the shearing force Sx* 

Let the section be located between the left support and the load, 
and let the portion of the arch to the left of th section be removed 
(see Fig. IV). The remaining portion of the arch may be considered 
as a free body in equilibrium acted on by the load L or its components. 
Of these the right component is balanced by the right reaction, which 
is equal in magnitude and opposite in direction. The only forces re- 
maining are the left component and the stresses in the arch, and the 
body can be in equilibrium only when this component is the resultant 
of the stresses in the arch. 

Let the section be located between the load and the right support, 
and the portion of the arch to the left of the section be removed. The 
same reasoning will prove that in this case the right reaction is the 
resultant force which balances the stresses in the arch. 

This reasoning applies in the same manner to a number of loads, 
and it should be observed that the resultant forre or forces which 
balance the stresses in the arch are those forces which are intersected 
by the plane of section. For this reason these forces are always referred 
to as the "forces in the section." 

Line op Pressure. 

A number of loads will form a reciprocal polygon, and, according 
to the properties of this polygon (which are demonstrated in any text- 
book on graphics), each of its sides is the resultant of all the exterior 
forces; and a curve drawn tangent to these sides is called the "line of 
pressure." 
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Line of Resistance. 

Each side is resolved into its axial force P^ and its shearing force 
Sx'y and the axial forces form a polygon which is tangent to a curve 
called the **line of resistance." 

Where there is no shearing force the line of pressure and the line 
of resistance coincide. 

Every arch has three lines which indicate the action of the ex- 
terior forces upon it, viz., the axis of the arch, the line of pressure, 
and the line of resistance. 

From the foregoing paragraphs it will be seen that the line of pres- 
sure is defined by the exterior forces alone, and that this line repre- 
sents the static equilibrium of the exterior forces mentioned at the 
beginning of the chapter. The position of the line of resistance in 
relation to the line of pressure is defined by the exterior forces and 
the curvature of the axis of the arch, and the positions of the Une of 
pressure and the line of resistance in relation to the axis of the arch 
are defined by the curvature of the arch and the shape and material 
of the arch section; this is the meaning of the expression, "the 
elastic equilibrium of the material and of the form of the arch," at the 
beginning of this chapter. 

Intersection Locus. 

In a previous paragraph it was shown that a force can be resolved 
into its components, and that the intersection of the components must 
be on the load line. By givii^ different positions to the load a 
series of intersection points of the components is obtained, and a 
Une drawn through these intersection points is called the "inter- 
section locus." 

Tangent Curves. 

It has been shown above how the components of a force intersect 
the verticals through the points of support at a distance c above or 
below the points of intersection of the arch axis with these vertical 
lines. For each position of the load there is a corresponding point of 
intersection on the locus, and a point of intersection on the verticals. 
When the corresponding points of intersection on the locus are united 
with those on the verticals, a series of sides is obtained which form 
a polygon, and this polygon is tangent to a curve called the "tangent 
curve." For two- and three-hinged arches these tangent curves con- 
tract to a point which is the center of the hinge. The intersection 
locus of the three-hinged arch is defined by two straight lines, the 
prolongation of each passing through the abutment hinge and the 
crown hinge. 

From this it follows that the direction and location of the com- 
ponents of a force may be obtained by drawing tangent lines to the 
two curves from the intersection point which the load line makes 
with the intersection locus (see Fig. IV). 
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Referring to the figure and equations (13) and (14), 

ci=jp and C2=y2+jp (17) 

Further, for any point of the left-hand component, 



Vi _ M,-\-V ,x 



Cx=ci+j^x= ^— (18) 



For any point of the right-hand component, 

,,=e.-g(/-x)=^^±^^Mz^. . . (19) 

And from equations (16) and (17) when x^g, 

^_ Mi + V^g _ M2+H2y2-V2(l-9) ,^, 

^ Hi Hi • • • • ^*) 

For the two-hinged arch, Afi«M2=0, and therefore Ci— 0, C2«=y2, 
the components pass through the hinges, and the tangent curves 
contract to a point which is the center of the hinge. The equations for 
the components are: * 

^-<9-^^. (1^) 

^ _ H2y2-V2il-x) 

J ./ ^ ^1 H2y2-V2(l-g) 
and, ifar=?, ^==Fi^ h ^2^^) 

Maximum and Minimum Stresses. 

From equations (3) of Chapter V it follows that the normal stresses 
in a section of the arch rib are greatest in those fibers which are 
farthest from the axis of the arch. 

This same chapter describes the meaning and value of the ''core," 
the "core points " and the "core lines " in an arch rib. In Fig. V, 
let AB be an arch rib, the stresses of which are to be investigated for 
a section XX. The line O1O2 is the intersection locus, and the lines T 
and T\ are the tangent curves. At this section Ni and N2 are the core 
points. Any force passing between the points ^1 and N2 exerts com- 
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pression in all the fibers. Any force passing through N2 exerts com- 
pression in the lower fibers, but exerts no stress in the upper fibers. 

Any force passing below ^^2 exerts 
compression in the lower fibers and 
tension in the upper fibers. 

The core point Ni divides the 
section area similarly, but in an 
opposite sense. 

To obtain maximum com- 
pression in the upper fibers, only 
the forces passing above the core 
point N2 should be considered, 
and to obtain maximum tension 
in the upper fibers, only the forces passing below the core point -^2 
should be considered. 

In a previous paragraph it was shown that the resultant of all the 
forces in the section balances the stresses in the arch rib. In Fig. V, 
to the left of the plane of section XX, all the reactions of the loads are 
in the section, this being indicated by an arrow on the line 62^2- For 
all loads to the right of the section XX, all the components are in the 
section. 

Now, for all loads placed between G2 and the section line X, all the 
reactions in the section pass above the core point N2* For all the 
loads placed between the section line XX and the point (?i, all the 
components pass above the core point ^2. 

To obtain the maximum compression in the upper fibers of the 
arch rib at the section XX, the arch should be loaded only between 
Gi and 6r2. 

The reactions of all loads between Oi and G2 pass below the core 
point iV2. For all loads between Gi and O2 the components pass below 
the core point -A^2. 

To obtain the maximum tension in the upper fibers of the arch 
rib at the section XX, the arch should be loaded from Oi to G2 and from 
Gi to O21 the space between the points 61 and 62 being left unloaded. 



Division Lines. 

The Unes GiAi and G2B2 divide the intersection locus into the dis- 
tances which separate the two forms of loading which produce maxi- 
mum and minimum stresses in the upper fibers; these two lines are 
called "division lines." 

To obtain the maximum and minimum stresses in the lower 
fibers, the core point Ni is the point at which the division lines should 
intersect. 

Maximum Shear.— In Fig. VI AB is the arch rib, O1O2 the 
intersection locus, and UU sl tangent to the axis of the arch at the 
section X. The line AiGi is a tangent to the curve T and is drawn 
parallel to the line UU, From the equations at the bottom of page 2 it 
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follows that the shear S=R sin c. In this case R is either the compo- 
nent or the reaction of a load placed on the arch, and the angle c is the 
angle which either force makes with 
the tangent to the axis of the 
arch. The sine of any angle which 
is measured upward from a line 
parallel to this tangent is positive, 
and when measured downyvard is 
negative. 

In Fig. VI the reactions of any 
load placed between Ox and G are 
in the section, and the components 
are in the section for any load 
placed between G and O2. 

Now the sine is positive for the angle which the components make 
with the tangent, for any load which is placed between G and (?i ; and 
to obtain maximum compressive shear the arch should be loaded from 
the point G to the point 61. 

The sine is negative for the angle which the components make with 
the tangent, for any load placed between Gi and O2; the sine is also 
negative for the angle which the reactions make with the tangent, 
for any load which is placed between G and Oi. 

To obtain maximum tensile shear the arch should be loaded from 
Oi to G and from Gi to O2, and the stretch from GtoGi should be left 
unloaded. 




Loading which Causes Maximum and Minimum Stresses in the 
Members of a Framed Arch. 

The foregoing is applicable to the framed arch as well as to the 
arch rib. 

In Fig. VII the line AB is the arch axis, the line O1O2 is the inter- 
section locus, and the lines T 
and Ti are the tangent curves. 

To find the loading which will 
cause maximum or minimum 
stresses in the members, an im- 
aginary section XX is drawn, 
which intersects the members 
2-4, 4-5, and 5-7, and the por- 
tion of the arch to the left of 
the section is supposed to be 
removed. As Fig. Vila shows, 
the forces 2-4, 4-5, and 5-7 
should balance the exterior 
forces in the section. 
According to the moment theory of Ritter, the center of moments 
for the member 5-7 is at the intersection of the other two forces in the 
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section, or the point 4. Around this point as a fulcrum the moments 
of the forces 2-4 and 4-5 are equal to zero. The moment of the 
member 5-7 around this fulcrum must then be in equilibrium with 
the moment of the exterior forces in the section around this same 
fulcrum. 

The moments of all the exterior forces passing above the point 4 
are negative, and the momentg of all the exterior forces passing below 
4 are positive. 

The point 4 must therefore be the point through which the divi- 
sion line passes, and in Fig. VII this line is drawn from the point 4 as 
a tangent to the tangent curve T, 

TUs division line intersects the intersection locus at 61, and all 
forces situated between Oi and Gi will cause compression in 5-7, all 
forces between G\ and O2 causing tension in the same member. 

Similarly for the stresses in 2-4 and 4-5, the lines 5-G2 and aG^ 
being their respective division lines. 

It will be understood that the point a is the point of intersection 
of the two forces 5-7 and 2-4. 

To find the fulcrum for the diagonal 4-7, the two chords 4-6 and 5-7 
are prolonged to a point of intersection ft. 

When the two chords are parallel and cannot intersect, the method 
explained in connection with Fig. VI is to be applied. 
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CHAPTER n. 
THRE&HINGED AltCHES. 

I. Three-Hinged Braced Arch. — Single Load on Arch. — Reso- 
lution OP Loads. — ^A three-hinged braced arch with parabolic lower 
chord and horizontal upper chord is shown in Fig. 1. The hinges 
are located at A, B, and C, the end hinges A and B being at the 
same elevation. 

Suppose this arch, which for the present is assumed weightless, 
to be loaded with a single load, II, at panel point 5. As is well 
known, the reactions produced at A and B must pass through the 
hinges (A and B-C respectively) and must intersect on the load 
Une II. 

The reactions, then, are R2 at A, and R'2 at B, and in value they are 
equal and opposite to the components 2 and 2' of the load II. These 
components, of course, are found by a simple triangle of forces (heavy 
lines in ^ig. la). 




Fig. I a. 

Stresses. — In order to find the stresses which this load produces in 
any member of the frame, a section is passed through the member in 
question, cutting the arch into two separate parts. The line aa 
represents such a line of section, cutting the three members 3-5, 3-4, 
and 2-4. Consider now the right-hand part of the arch as a free 
body in equilibrium. The external forces on it are: 

1, the load II, or in place thereof its components 2 and 2'; 

2, the reaction iJ'a, and 

3, the three stresses in the members cut by the section aa. 

13 
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Now, load component 2' and reaction W2 are equal and opposite; 
hence they balance. The remaining forces are: the load component 
2 and the stresses 3-5, 3-4, and 2-4. These four forces are in equi- 
librium. The force 2 and stress 3-5 intersect at 6, while 3-4 and 2-4 
intersect at 4; then these two pairs of forces have equal and opposite 
resultants acting in the line 64. Fig. la shows how this well-known 
principle gives graphically the three unknown stresses. Drawing 
64 and 3-5 parallel to their action lines, their directions result as 
shown in Fig. la. Then, taking the reversed direction of 64 as the 
resultant of 2-4 and 3-4, these latter two forces are similarly found in 
direction and intensity. 

Or, instead of pairing the force 2 with stress 3-5, we may combine 
it with one of the other stresses. Thus, 2 and 3-4 intersect at rf, while 
3-5 and 2-4 intersect at e. Then the equal and opposite resultants 
are on the line de, and this (instead of 64) may be used in Fig. la 
to determine the unknown stresses (see line de in Fig. la). 

Or, again, taking moments about the intersection of two of the 
four forces, say about point 4, the moment of load component 2 must 
be equal and opposite to the moment of 3-5. This determines 3-5 
at once, without involving the determination of the other two forces. 
To find 2-4 the center of moments would be at 3, and to find 3-4 the 
center of moments would be at e. 

All of these methods give the same result. The first is the most 
convenient for computing the stresses in the chords, the second for com- 
puting the stresses in the web members, and the third is of value where 
the intersection of the forces with the member to be computed falls 
outside the drawing-board. 

The principles above explained may be applied to any number of 
loads just as conveniently as to a single load. The procedure, in case 
of more than one load, appears to the author to be novel, and to 
have value because of its simplicity, especially as it treats partial 
loading (live loads) very miuch more simply than do the graphical 
methods hitherto used. 

Consider first the usual case of dead load, i.e., the structure fully 
loaded with equal loads at all panel points. 

(a) Dead-load Stresses. — Fig. 2 shows the same arch, loaded 
at all panel points with equal loads: O, I, II, . . . X. Each load is 
resolved into its two components, as was done with the single load of 
Fig. 1. One diagram, Fig. 2a, gives ail the components. It should 
be remembered that there is a reaction equal and opposite to each 
of these components. 

In Fig. 26 these components are added graphically by drawing 
the load components to 9 from F to Z), parallel to their lines of action 
and equal to their values as found from Fig. 2a. Note that load 
component 10 equals zero, since 10' is vertical. It is then obvious that 
the straight line hB resents the left-hand reaction, in intensity 
and direction; also th line ED is the horizontal thrust. If the 
broken Une FD is followed from F towards Z), it represents the various 
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components which are held in equilibrium by the reactions at the left- 
hand hinge A, The right-hand half of the diagram in Fig. 26 is sym- 
metrical with the left half; but it is convenient to let the right half 
represent the right-hand reactions, while the left half represents the 
left-hand load components. The arrows used in Fig. 26 correspond 
to this convention. 

Now, to find the stresses in any member, as in the bottom-chord 
section 4r-6, pass a section aa to cut this member, and suppose the 
left-hand portion removed, so that the portion shown in full lines is 
to be considered as a free body. The forces acting on this body are: 

1, the loads III to X, or their components, 3, 3', to 10, 10', 

2, the reactions iZ o to iZ'io, and 

3, the stresses in the members cut — 5-7, 5-6, and 4-6* 











-^lik^ 



It will be seen that the lOad components 3' to 10' are balanced by 
the equal and opposite reactions R'^ to R\^, so that the only forces 
to be considered are: load components 3 to 10, reactions fl'oto-B'2, 
and the unknown stresses. Referring to Fig. 26, it appears that 
load components 3 to 10 and reactions -B'o to R'2 form a continuous line 
in the load diagram, so that their resultant is given by closing line 
GU in Fig. 26. It is now necessary to find where this resultant acts 
in Fig. 2. 

Since the load components 3 to 10 all pass through the left-hand 
hinge A, their resultant must also pass through A, But the direc- 
tion of this resultant is given by line DH in the force diagram; there- 
fore AJ ^ parallel to DR, is its line of action. Also R'l and R'2 act 
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on the line BC in Fig. 2. The combined resultant OH then acts at the 
intersection of AJ and BC, that is, at the point 6, and has a direc- 
tion parallel to OH, viz., M in Fig. 2. 

The three unknown stresses are in equilibrium with the force OH 
acting on the line bd. But Fig. 2 shows that hd coincides with member 
4r-6. Hence the stress in 4-6 equals OH and is opposite in direction, 
that is, 4-6 is in compression. The stresses in 5-7 and in 5-6 are each 
equal to zero. 

It will be remembered that a parabolic line is the curve of equi- 
librium for uniform vertical loading. A three-hinged arch, whose 
lower chord is on a parabola passing through the hinges, will there- 
fore have no stress in the web members, under a uniform dead load. 
This checks with the result just found, that the dead-load stresses 
in 5-7 and 5-6 are zero. 

The dead-load stresses in all the other members of the structure 
are found in exactly the same manner and require no further explana- 
tion. One diagram, Fig. 2, suffices for all members, obviously. 

The proper selection ot the forces acting on the section in each 
case can be made by the following rule: "All load components 
directed toward the section, whether belonging to the portion of the 
structure which was removed or on the portion retained, will be used 
in Fig. 26 to obtain the resultant. Those lying on the portion retained 
are used in their proper direction as load components; those on the 
portion removed are used in the opposite direction as reactions." 

The procedure for finding live-load stresses is precisely the same, 
only that for each member it must be preceded by the determination 
of the position of loading which gives maximum stress in that member. 
The method of ascertaining this position is well known. The following 
summary of the determination of typical live-load stresses therefore 
omits detailed explanations, and gives only the successive steps in the 
procedure. 

(6) Live-load Stresses. — Position op Loads. — For members 
5-7, 5-6, and 4-6, the section aa (Fig. 3) is used, as before; the 
left-hand portion. of the truss is supposed to be removed. 

For member 5-7 the fulcrum is at panel point 6. The "forces in 
the section " * for a fully loaded bridge are 1', 2', 3, 4, 5, . . . 10; 
of these, 1', 2', 3 and 4 (1' and 2' being considered reversed) have a 
negative moment around 6; while 5, 6, 7, 8 and 9 have a positive 
moment. Then the loadings for the maximum and minimum stresses 
in 5-7 are: 

- ,_ j Max. compression, I to IV loaded. 
J Max. tension, V to IX loaded. 



* This term is used to denote the forces directed towards the section, as by 
the rule above given. In accordance with that rule 1' and 2' will be mentioned 
when R\ and a'i are meant. 
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For member 5-6 the fulcrum is at d, Fig. 3. The forces 1', 2', 5, 
6, ... 9 have positive moment around d, while 3 and 4 have negative 
moment. Then the loading for 5-6 is: 

g_g C Max. tension, III and IV loaded. 

( Max. compression, remaining panel points loaded. 

For member 4-6 the fulcrum is at panel point 5. Since 1' and 2' 
have negative moment, while 3 to 9 have positive moment, the loading 
is: 

^ g ( Max. tension, I and II loaded. 

( Max. compression, III to IX loaded. 

As an example of stress in a vertical, 4^5 is considered. The 
section for this purpose is on bb, the fulcrum at d. The ** forces in 
the section" are different from those for section aa, being now 1', 
and 2 to 9. Here 2, 3, and 4 have negative moment, while 1' and 5 
to 9 have positive moment. Then the loading is: 

. - j Max. tension, I, V, and VI to IX loaded. 

( Max. compression, II, III, IV loaded. 

Stresses. — For stresses in 5-7, see Figs. 3 and 3a. I, II, III, IV are 
loaded, and the forces in the section are T, 2', 3, 4. Forces 3 and 4 
have the resultant DE, passing through hinge A, line AJ; forces 
1' and 2' pass through hinges B and C Hence the resultant acts at 
the intersection e of A J and BC. In Fig. 3a draw V and 2' to scale 
as line FD; then FE is the desired resultant indirection and intensity, 
acting on line ef in Fig. 3. The resultant ef is in equilibrium with 
5-7, 5-6, and 4-6. It intersects 5-7 at g, while 5-6 and 4r-6 intersect 
at 6; then the resultant of ef and 5-7 acts on line g6. Drawing 
FO in Fig. 3a parallel to g6 gives EG as the maximum compression 
in 5-7, 

For maximum tension, V to IX are loaded, j«id the forces are 
5, 6, 7, 8, 9, whose resultant HD in Fig. 3a passes through hinges A 
and C. Line AC intersects 5-7 at A, and line A6 is the resultant of 
HD with 5-7. Then HK, parallel to W, gives DK as the maximum 
tension in 5-7. It will be observed that 

DK=^EG, 

hence with the bridge fully loaded the stress in 5-7 is zero. 
This fact has been noted before, and checks the computation. 

Stress in 5-6. — Maximum tension, III and IV loaded; forces in 
the section are 3 and 4. Their resultant (see Figs. 4 and 4a) is D ^, 
acting through hinge A, hence on line A J parallel to DE. AJ inter- 
sects 5-6 at fc, while 5-7 and 4-6 intersect at d. Then dk is the direc- 
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iion of the resultant of DE with 5-6, and FE (parallel to dk) gives 
FD as the maximum tension in 5-6. 

For maximum compression I, II, and V to IX are loaded, and 
the forces in the section are 1', 2', 5, 6 to 9. Their resultant is GD. 
Since 1' and 2' act on BC in Fig. 4, and 5 to 9 act on AC, the resultant 
passes through their intersection C and has the direction CK, parallel 
to GD. CK intersects 5-6 at m, while 4-6 and 5-7 intersect at d. 
Their joining line md is the direction of the resultant of GD with the 
stress 5-6; then GF parallel to dm gives DF as the maximum com- 
pression in 5-6. As for the preceding member, the maximum live- 
load stresses are equal and opposite. 

Stress in 4r-6. — For maximum tension, I and II are loaded, and 
the forces in the section are V and 2', both of which act on the line 
BC. BC intersects 4-6 (prolonged) at n (Fig. 5), while 5-7 and 5-6 
intersect at 5; hence n5 is the direction of their resultant. In Fig. 
5a, ED is the external force, and FD parallel to n5 is the resultant 
of this force with 4r-6. Then FE parallel to 4-6 gives the maxi- 
mum tension in 4-6. 

For maximum compression III to IX are loaded, and the forces 
in the section are 3 to 9, all of which act through hinge A. Their 
resultant DG in Fig. 5a must also act through hinge A, hence acts 
on line AJj intersecting 4-6 (prolonged) at p. But 5^ and 5-7 inter- 
sect at 5, so that p5 is the direction of the resultant of DG with 
4r-6. Drawing HG parallel to p5, and HD parallel to 4-6, determines 
point H, which gives HD as the maximum compression in 4-6. 

For this member, of course, the live-load stresses are not equal 
and opposite, since the full-load stress is not zero, but equals line GH 
in Fig. 26. 

The computation for a web vertical, such as 4r-5, is precisely 
similar to the above; it is to be remembered that in the web verticals 
the full-load stress is not zero, but equal to a panel load, so that the 
maximum live-load stresses must differ by that amount. 

Attention may be called to the fact that for maximum stress 
in 8-10 the bridge is to be fully loaded; but for maximum stress in 
9-10 the bridge is loaded on one half only. In finding the live-load 
stress in 9-10, the resultant force on the section is to be resolved along 
8-10 and 9-10. Since only two members are cut, the four-force 
method of resolution employed in the preceding does not apply, but 
the simple triangle of forces is sufficient.* 

(c) Analytical Calculation. — Though every calculation de- 
scribed in the preceding paragraphs has been executed graphically, 
the method is convenient also for analytical computation, being 
much simpler than any of the systems hitherto employed. Thus, in 
Fig. 1, the locations of the points A, B, C, O, I, II, etc., are known^ 
and from them the horizontal and vertical angles of deflection of the 

* Up to this point the chapter consists of an article by the author, pub- 
Ushed in Engineering News, Oct. 20, 1904. 
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load components 0, 1, 2, etc., and 0', 1', 2', etc., may be calculated. 
The amount of each component may then be computed and the broken 
line of the force diagram (Fig. 2) may be calculated in the same man- 
ner as the line of a survey, calling F the origin, and assuming the line 
FE as the north line. Each of the successive points of the broken 
line may then be defined by latitude and departure, and any one con- 
versant with the methods pursued in plotting and computing a survey 
will find no difficulty in computing the stresses. 

(d) To compute the deflections of the arch under a load, see the 
computation of the ** Deflections of the Two-Hinged Spandrel-Braced 
Arch," Art. 13, Chap. III. 

The three-hinged spandrel-braced arch makes a stiff bridge; 
the deflections caused by the live load and changes in temperature, 
however, are considerably larger than those of the two-hinged braced 
arch, but the slight excess of metal necessary for its construction is 
well compensated for by its superior rigidity. (See further explana- 
tion under ''Two-Hinged Spandrel-Braced Arch," Chap. III.) 

2. Three-Hinged Braced Roof-Truss. — ^This is a favorite form of 
arch for roof-trusses of long span. 

Fig. lA shows such a roof-truss, which has been built for the 
Pennsylvania R.R. trainshed in Jersey City, N. J. Its span from 
il to S is 253 feet, and its rise is 90 feet. 

The dead-load was assumed as 30 pounds per square foot. 

The wind pressure (vertical projection) 35 " * * ' * * * 

The snow-load (horizontal projection) 17 '' " '* " 

A two-hinged crescent-shaped roof-truss has been analyzed in 
detail in Chapter III, and these paragraphs will only point out where 
the computations of the stresses in these two types of arches differ; 
for that part where the computation is the same for both arches, the 
author refers to Art. 17, Chap. III. 

Assume a horizontal force G to act on the arch. The portion CB 
of the arch acts as a simple beam, supported at C and B. The support 
at C is not direct, being given by the curved column AC which is 
hinged at A, Now, any reaction (caused by the force G) at C must 
pass through the hinge A, and the component of the force G must 
then act in an opposite direction to this reaction. This component 
intersects the load line at D, which is the point where the components 
intersect. For the same reason a force J acting on the half-truss 
AC will produce the point Z>' as the point of intersection of the 
components J' and J". 

Maximum a^d Minimum. — Suppose the dotted portion of the 
arch to the left of the section-line a-a to be removed. 

The wind acts at an angle to the horizontal, and the wind pressure, 
acting at a panel point, is resolved into a horizontal force, such as G 
or J, and a vertical force, such as g or /; each of these forces can be 
resolved into its components, as the drawing indicates. 

The load IV represents a snow load concentration, and 4 and 4' 
are its components. The components of all the loads indicated on 
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the drawing are in the section. For the top chord 4-6 the panel 
point 7 is the fulcrum and Am is the division line. Now, all vertical 
forces similar to IV acting to the left of m will have components or 
reactions (like 4) which tend to turn in a negative direction about 7 
as a fulcrum, or they will have negative moments. The components 
of the forces J and / will have negative moments, but those of Gand^ 
will be positive. The components of a snow load to the left of m and 
those of the wind pressure from left to right have the same sign, but 
a snow load to the right of m and the wind pressure from right to 
left will cause moments of an opposite sign. 

The fulcrum for the bottom chord 5-7 is at the panel point 4, and 
the fulcrum for the diagonal 4r-7 is at the point of intersection n of the 
two chords 4-6 and 5-7. The foregoing is sufficient to indicate the 
conditions of maximum and minimum loading for these members, and 
that the variation in the stresses must be laige. 



>^'7. 






?'1 




Fig. \A shows a double system of web members. To find the 
stresses, the framework should be separated into its two single systems, 
viz.. A, 1, 0, 3, 2, etc., and A, 0, 1, 2, 3, 4, etc. Each system resists 
one-half of the load, and the stresses should be added; or, the sup- 
position can be made that the diagonals resist only tensile stresses, 
and when compressive stress is found in a diagonal, it should not be 
considered, the opposite diagonal being computed in its stead. The 
first method is usually preferred for roof-trusses, their web members 
being shap)ed to resist either compression or tension. 

With this introduction and the detailed example of the compu- 
tation of stresses in the braced arch, it should not be difficult to com- 
pute the stresses in the roof-truss. (See Art. 17, Chap. III.) 

When the arch is supported on rollers at A, and the points A and B 
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are held in position by a tie-rod, the stress in this rod can be measured 
directly from the force diagrams (as in Fig. 26, etc.) for different 
forms of loading. 

3. Three-Hinged Steel Arch Rib.— Fig. 6 represents the outline 
of a solid-rib arch, of parabolic form, hinged at crown and springing 
line, and subject to loading at the panel points O, I, II, . . . X, 
which are spaced 10.45 ft. apart. The arch has a span of 107 ft. c. to 
c. of end hinges, and a rise of 16.6 ft. c. to c. of hinges. These dimen- 
sions and the panel length have been so chosen as to bring the end 
panel points O and X a short distance within the hinges, in order to 
illustrate the effect of such a condition. The rib consists of a plate 
web with flanges of two angles and cover-plates. Its depth, as repre- 
sented in Fig. 6, is 3.6 ft. between centers of flanges. 

It is desired to find the flange stresses and the transverse web- 
shear at various sections of the rib, under such a distribution of loading 
as will give the maximum stresses at these sections. 

The dead load on the arch amounts to 8 tons per panel, the Uve 
load to 8.5 tons per panel. 

Using the latter for the graphical work, the resolution diagram 
Fig. 6a is drawn, which gives the components of each load acting along 
the lines passing through the hinges. These components are shown 
in Fig. 6 by 1 and 1' for load I, 2 and 2' for load II, etc., the right- 
hand components being reversed to represent the reactions at hinge 
. By as explained in the preceding chapter for the three-hinged bracSi 
arch. 

In Fig. 6& half of these components are brought together in proper 
sequence to form a force diagram. 

" (a) Flange Stresses. — By means of the latter diagram the flange 
stresses are foimd in the manner described generally in the previous 
article. 

As an example, the procedure for finding the flange stresses in 
section ZZ will be given, as follows : 

For the bottom-chord section 2-4 (Fig. 6) the center of moments 
is at the top-chord point 3. The ** forces in the section " are 0', 1', 2, 
3, ... 10. Of these, the forces 0', T, 2, and 3 have negative moment 
and produce tension in 2-4, while the forces 4, 5, ... 10 have positive 
moment and produce compression in 2-4. Hence, for maximum 
tension in 2-4, load O, I, II, and III; for maximum compression, load 
IV, V, ... X. 

For the top-chord section 1-3 the fulcrum is at the bottom-chord 
point 4 (the same line of section being used). Forces 0', 1', 2, 3, and 
4 have negative moment, etc., and 

For maximum tension in 1-3, 0, 1, II, III, and IV should be loaded; 

For maximum compression, load V, VI, ... X. 

Stresses in 2-4. — For tension, load O, I, II, and III, giving as forces 
in the section 0', T, 2, and 3. In Fig. 7a, the forces 0' and V are 
drawn from the upper end of force 3, and the closing line HF repre- 
sents their resultant. Now, the resultant of 2 and 3 (line JF) must act 
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through the hinge A in the arch diagram, Fig. 7, while the resultant 
of 0' and 1' (line RJ in Fig. 7a) must pass through the hinges B and 
C. The intersection of these two lines (point c in Fig. 7) is in the line 
of action of the resultant HF^ whence this force acts on the line ca 
drawn parallel to HF. The resultant ca intersects the line of flange 
2-4 produced at a. Since panel point 3 is the fulcrum, and the force 
ca is in equilibrium with the stress in 2-4, their resultant must pass 
through panel point 3 and hence must act on the line a3 in Fig. 7. 
Then, in Fig. 7a, drawing FK parallel to a3 and UK parallel to the 
member 2-4, the intersection K is found, and HK is the tension in 
flange 2-4. 

The graphical work for finding the compression in 2-4 is shown 
in Figs. 7 and 7a; the work for finding the stresses in 1-3 is shown in 
Figs. 8 and 8a. 

The resulting stresses are: 

in Fig. 7a, max. compression in 2-4= length JM\ 

in Fig. 8a, max. tension in 1-3 = length J Af ; 

max. compression in 1-3 = length FK. 

A check on the work up to this point for full load gives: 

Bottom-flange stress = -76.5+40.8= -35.7 tons 
Top-flange stress 62.1+23 =-39.1 '* 

Total thrust = -74.8 tons 

This must check with the line FG in Fig. 66, which gives directly the 
total force for full load. 

The dead-load stresses in the chords are, of course, full-load stresses, 
and they may be found from the values just tabulated by reducing the 
stresses —35.7 and —39.1 in the ratio of the dead-load panel load to 
the live-load panel load — in this case 8 : 8.5 tons. This gives 

Dead-load compression in bottom chord = —33.6 tons 
*' ** " " top chord =-36.8 '' 

Totals -70.4 tons 

The maximum and minimum chord stresses at section Z-Z are then: 

Bottom chord, -33.6-76.5= -110.1 tons 
and -33.6+,40.8=+ 7.2 '' 

Top chord, -36.8-62.1=- 98.9 
and -36.8+23 =- 13.8 

The stresses in all the chord members of the arch are simimarized 
in Table I, page 27. 
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It will be seen that the dead-load compression is greater in the 
top chord than in the bottom chord, which indicates that the line 
of pressure in the arch does not coincide with the neutral axis. (See 
line aby section FY", Fig. 6.) This may seem surprising, in view of 
the fact that the parabola is the curve of equilibrium for uniform 
vertical loading. It is apparent from Fig. 6, however, that the 
loading is not uniform horizontally, since full panel loads come on the 
arch at O and X, points which are not directly over the hinges, and 
therefore introduce the effect of loading beyond the springing lines. 
As a result, the line of pressure touches the neutral axis only at the ^ 
hinges, and lies above it at all points between *'the abutments and 
the center hinge. 

(Jb) Web Stressi s. — Shear is the force tending to buckle the web. 
Its value at right angles to the neutral axis is desired. 

In the graphical work for determining shear, the tangents to the 
neutral axis at the various sections are required. These lines may 
be obtained in various ways, but it is most convenient if they have 
already been found in drawing the line of the neutral axis. This pro- 
cedure, in case of a parabolic rib, is illustrated in Fig. 9. A, B, and C 
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are the known locations of the hinges. Draw DE^2XDC, Then 
EA and EB are tangents to the parabola at A and B. To obtain 
the tangent at any point c, which divides the span into the parts G 
and H: halve the distances G and H and drop verticals at the middle 
points intersecting EA and EB at c' and c'\ respectively. Connect 
c'andc"; this is thcf desired tangent to the parabola at c, and any other 
tangent may be drawn in a similar manner. The construction for 
four intermediate tangents in the half-arch is shown in Fig. 9, omit- 
ing some of the elementary construction lines. Note that, for uni- 
form spacing of the panel points a, &, c, d, the construction points 
a', fc', c', d' are uniform subdivisions oi Ae'^iAE, and a'', V, c", d" 
are uniform subdivisions of Ee"^\EB, 

In Pig. 10 the line ZZ represents a section passed through the arch 
near the panel points 1 and 2. It is desired to find the shear in this 
section. The load components are, as before, and 0', 1 and T, etc. 
In the case of section ZZ, the "forces in the section " are 0', 1, 2, 3, 
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... 10, By drawing a line a'a" (see also Fig. 9) parallel to the 
tangent at panel point 1-2, it becomes evident at once which of the 
forces act downward along the section and which upward. It will 
be seen that forces 1, 2, and 3 produce positive shear, whereas 0', 4, 5, 
... 10 produce negative shear. Hence (see Fig. 6), 

For maximum positive shear, load I, II, III. 

negative '' " O, IV, V, ... X. 

In the force diagram (Fig. 10a), draw through point E the line 
DF parallel to the tangent to the arch at panel point 1-2. For 
maximum positive shear, the "forces in the section " are 1, 2, and 3; 
their axial component is, evidently, Z>jB, and their shear component 
is DG (acting on the free end of the right-hand arch portion in a direc- 




tion opposite to that shown in Fig. lOfl). For maximum negative 
shear the "forces in the section " are 0', 4, 5, . . ; 10, their axial com- 
ponent is EF and their shear component is FH. The shears thus 
found (10.8 tons positive shear— compression in the hypothetical 
member 1-2, Fig. 10, and 7.2 tons negative shear— tension in 1-2) 
combine to give a full-load shear of 3.6 tons. 

Reduced by the ratio 8:8.5, this gives a dead-load shear of 3.4 
tons (compression in 1-2). 

The maximum dead- and live-load shears on the section in question 
-are then: 

Positive - 10.8-3.4= -14.2 tons 

Negative 4- 7.2-3.4= + 3.8 '* 
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In the force diagram, Fig. 10a, are drawn all the lines necessary to 
carry out this shear analysis for the four sections 1-2, 3-4, 5-6, and 
7-8. The results are included in Table I. 

If the arch rib has an open web in place of the solid plate, the 
procedure needs only very slight modification. If, in Fig. 10, the 
web system at panel 1-2 consists of the diagonal 1/ and the vertical 
1-2, the line Gf in Fig. 10a, drawn parallel to member 1/, and 
intersecting the line DE at /', gives Gf as the maximum tension in 
member 1/, and Hf' is the maximum compression. The stresses in 
member 1-2 are those already found. 

In general, if the web is an open one, the most unfavorable loading 
must be determined separately for each member by drawing the 
imaginary line of section and noting carefully the "forces in the sec- 
tion " and their direction with respect to the axis. Thus, if the web 
diagonal 1/ were replaced by one of opposite slope, the analysis above 
described for the stress in member 1-2 would be changed, as the line 
of section would then have to pass to the right of panel point 1. 

If the chords are not parallel, as in Fig. lA, the chords in the 
imaginary section are brought to an intersection, and this point of 
intersection forms the fulcrum for the lever-arm of the web members 
in the section. Joining this point of intersection to the abutment 
hinge produces a line, and the process for finding the stresses is 
exactly that described and shown in Figs. 5, 5a, etc. 
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(c) The deflections in the three-hinged arch rib caused by live 
loads and temperature changes are proportionately larger than those 
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in either the two-hinged arch rib or the three-hinged braced arch, and 
where rigidity is specially desired, any of the other types of arches 
should receive the preference. This subject is specially treated in the 
following paragraphs and in Chapter III. 

In Art. 5, Chap. Ill, another method for finding the stresses is given, 
which can also be applied to the arch described in Art. 3 of this 
chapter. 
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4. The Three-Hinged Arch Rib of Masoniy^^ Concrete or Rein- 
forced Concrete.— Th£ type of arch owes its origin principally to the 
diflSculty thus far experienced in computing the stresses in the hinge- 
less arch with absolute certainty. The stresses in this arch are static- 
ally* defined, and no recourse need be had to the elastic theory or to 
any empirical method of computation. With the application of the 
author's method for the computation of stresses in the hingeless 
arch, however, this particular advantage is lost. 

One advantage which it does possess is that a yielding of the 
abutments does not materially affect the stresses in the arch, and, in 
a case where this is to be expected, the use of this arch is to be 
recommended. 

(a) In a structure of this kind, the maximum and minimum stresses 
are found somewhat differently from the method followed for a plate- 
girder rib. The live load is only a small fraction of the dead load, and 
a reversal of stresses rarely takes place; but a large variation in the 
stresses of the extreme fibers of the arch rib may occur. 

In Fig 11 is shown an arch rib of concrete, in which the full line AC 
represents the center of pressure in the arch resulting from the dead 
load. Now, assume the portion to the left of Z-Z to be removed. 

(In Chapter V it is shown that the points b and c, at one-third 
and two-thirds respectively of the height ad, are the core points, and 
any force applied in b does not cause stress in the extreme fibers of the 
arch at d,) 

The center of pressure in the arch rib is at e, the force K being the 
resultant of all the dead-load components of the arch at that point. 

This point e is situated in this case within the middle third, and the 
force K will exert compression in every fiber of the arch rib. This 
compression is greatest at a and least at d. To change the compres- 
sion at a into tension, this force K should shift downward from e to 
a point below c. 

This can only be accomplished by some form of application of the 
live load ; the live load, however, is small compared with the dead load, 
and in this case no form of loading can produce such a reversal of stress 
in a. Moreover, any force passing below c will diminish the stress 
at a which the computation will prove. 

Any force passing above the point c will exert compression at a, and : 

1. Any component or reaction passing above c increases the 
compression at a. 

Any force passing above b will exert tension at d. To reduce the 
stress at d to zero, the point of application e of the force K should 
shift to by and if by some form of loading it could shift upward above 
b, tension would result at d. 

2. Any component or reaction of the live load passing above b 
causes the center e to shift and may produce a reversal of stress at d, 

(b) Stresses in the Three-Hinged Concrete Arch Rib. — 
Such an arch has three hinges, viz., one at the crown, and one at each 
abutment. All these hinges are located in the axis of the arch and, 
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except in special cases, the arch is symmetrical with respect to 
the crown hinge, and the abutment hinges are situated in the same 
horizontal plane. 

In Fig. 11 the left half of such an arch rib is shown; its span from 
center to center of abutment hinges is 106 feet, and the rise of the 
axis is 11.7 feet. 

This half-arch is divided into eight vertical strips having the same 
width, and all figures are for an arch ring 1 foot wide. 

The dead load of each strip, including the weight of the rib, the 
filling, and the paving, is represented by the forces I, II, III, etc.. 




which forces pass through the centers of gravity of their particular 
strips. 

The live load is assumed as 100 pounds per square foot, which 
makes the panel loads at I, II, III, etc., 700 lbs. In addition to this 
a 16-ton road-roller is assumed to produce an equivalent concentrated 
load of 3,000 lbs., which load is so placed that it produces maximum 
or minimum stresses in the arch. 

To find the line of pressure, the same method may be used which 
is described for the three-hinged braced arch; but the relation between 
the live and dead loads is not a constant ratio; for instance, at I the 
dead load is 14,200 lbs. and the live load 700 lbs., and at VIII these 
values are 3,500 lbs. and 700 lbs. respectively; and this method would 
be more laborious than the one which follows. 

In Fig. 11a the forces I, II, etc., are drawn to scale in their proper 
sequence, and a trial pole P' is assumed. 
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The reciprocal polygon must pass through the hinges, and one 
starting point A of same is known. With the trial pole P' the dotted 
line AC is drawn in Fig. 11, viz., -41 parallel to P7» I~II parallel to Pg 
. . . , VIII C parallel to P'n. The lines Al and VIII C are drawn to 
an intersection at Z>', which is the point through which the resultant 
of all the parallel forces from I to VIII passes. The pole P' in Fig. 1 la 
may be shifted to the right or to the left, and each new location of P' 
will produce a reciprocal polygon AC, The end rays -41 and VIII C 
of all these polj'^gons intersect on the line D'D, 

Amongst all these polygons is one which passes through the points 
A and C The end ray VIII C of this polygon is known; it is parallel 
to P'n of Fig. 11a and passes through the point C, and, drawing this 
line, it is found to intersect the line DD' at the point Z>. The other 
end ray must then be the line AD, and, drawing in Fig. 11a a line Pf 
parallel to this line, the intersection point P of the two lines /P and 
nP must be the true pole of the force polygon. 

With this pole a new reciprocal polygon AC is drawn in Fig. 11, 
viz., Al parallel to P/, I-II parallel to P^ . . . , VIII C parallel to Pn. 
Measuring the rays P/, Pg, etc., in Fig. 1 la with the scale of forces gives 
the pressure in the arch in Fig. 11 from A to I, from I to II, etc. 
The location of the line of pressure can also be obtained from Fig. 11. 

The line AC thus obtained may deviate considerably from the neu- 
tral axis of the arch rib, and corrections in the form of the arch should be 
made imtil the line AC practically coincides with the neutral axis. 

In Fig. 11 the upper and lower thirds of the arch rib are cross- 
hatched, and the middle third is left blank to show clearly the line of 
pressure. 

(c) Maximum and Minimum Stresses Caused by the Live 
Load. — In Fig. 12 the middle third of the half-arch AC is shown. 
The straight lines EC and AC pass through the hinges, and a live load 
of 700 lbs. is placed at each panel point I, II, . . . XVI. The loads 
from IX to XVI are not shown, their components all coinciding with 
the line AC, and the reactions of these loads not being used in the com- 
putation of the stresses. As previously indicated, the live-load forces 
I, II, etc., are resolved into their components and reactions in Fig. 
12a, and the broken line of forces FOH is drawn in Fig. 126. 

The arch is to be investigated at the section line ZZ, at which 
section the point h is in the upper and the point c in the lower side of 
the middle third of the arch rib (the core points). 

Any force passing below the point c exerts tension in the extreme 
upper fibers of the arch, and, conversely, any force passing above this 
point exerts compression. 

In the section are the reactions 1' and 2' and the components 3, 4, 
5, . . . 16; of these forces, 1', 2', 3, 4, 5, and 6 pass above the point c. 
In the section is also the dead-load force P'K', which is equal to the 
ray between II and III in Fig. 11. 

Concentrated Load. — That position for the road-roller load of 
3,000 lbs. is to be found which will produce maximum compression in 
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the upper fibers. If a load were placed at I, its reaction would be in 
the section and its relative value would be equal to T, Fig. 126. If it 
were placed at II, its relative value would be 2', both of these forces 
passing at the same distance above the point c; and the maximum 
value is obtained when the load is placed at II. If the load were placed 
at III, its component would be in the section, its equivalent value 
would be 3, Fig. 126, and its distance from the point c would be less 
than that of 2'. Now, as to the magnitude of the forces, the com- 
ponent 3 is nearly three times as large as the reaction 2', while the 
distance of 2' from c is about two and one-half times as great as the 
distance of 3 from c. 

If the load is shifted to the right of II, the distance of the reaction 
from the point c remains the same, and the magnitude of the force 
increases very Uttle; therefore, shifting to the right of II will not pro- 
duce a maximum stress. 

If the load is shifted to the left of III, the magnitude of the com- 
ponent will not increase, but its distance from c will increase, and the 
farther the load is shifted to the left of III, the greater will be the 
stresses in the upper side of the arch resulting from this load. There 
is, however, a limit to the shifting of the load to the left, because, if 
the load is shifted so far that its reaction is in the section, the stress 
in the upper fibers of the arch will not be a maximum. 

To obtain the maximum stress in th^ upper fibers the concen- 
trated load is placed at an infinitely small distance to the right of the 
section, or, in practice, at the section. 

The concentrated load of 3,000 lbs, placed at the section will pro- 
duce a component of 3,100 lbs. 

Now, the forces in the section are: 

1, the reactions 1', 2', and the components 3, 4, 5, and 6; 

2, the dead-load force P'X'; 

3, the component (=3,100 lbs.). 

In Fig. 126 the resultant of the components 3, 4, 5, and 6 is equal 
to the line LAf, and the line Ad in Fig. 12, drawn parallel to LM, 
intersects the reactions 1' and 2' at d. At the top of the line LM in 
Fig. 126 are drawn the forces 1', 2', equal to MN, and the line LN 
is the resultant of forces T, 2', 3, 4, 5, and 6. The line de in Fig. 12 is 
drawn parallel to LN in Fig. 126, its magnitude being 3,900 lbs. 

This line intersects the concentrated-load component at the point 
€ (Fig. 12), through which the resultant of all the Uve-load forces 
passes. The computation has been made in Fig. 12 and the line ef 
is this resultant (parallel to e'f). This force ef intersects the dead- 
load force P'K' (prolonged) at g, and this is the point through which 
the resultant of all the forces passes. 

Fig. 12c is of similar construction to Fig. 11a, and the ray PK is 
equal to the magnitude of the force P'K^ of Fig. 12. At the point K 
in Fig. 12c the force KF is added by drawing thi* line parallel to gf 
of Fig. 12, and the line PF in Fig. 12c is then the resultant of all the 
forces (=106,200 lbs.). Drawing in Fig. 12 a line gF\ parallel to 
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PF of Fig. 12c, gives the point of intersection F' with the section line 
ZZ, This point F' is located above the upper-third part of the arch 
rib, and tensile stresses will result in its extreme lower fibers. 

Maximum Tension in the Extreme Lower Fibers of the Arch. — ^To 
obtain this, the point h (Fig. 12) is the core point, and all forces pass- 
ing above this point will produce tension in the lower fibers. 

These forces are the reactions 1', 2', the components 3, 4, and 5, 
and the road-roller. 

The difference between this form of loading and the former one 
is the component 6, and the computation will show a very slight 
increase in the eccentricity of the force gF', and a reduction in this 
force or in PF of 1,200 lbs. The net result is a very slightly in- 
creased stress in the extreme lower fibers. 

Maximum Compression in the Extreme Lower Fibers of the Arch, — 
To obtain this stress, the point b is the core point, and all forces 
passing below this point will exert compression in the lower fibers, 
viz., the components 6, 7, . . . 16. 

Road-Roller. — ^The farther the component passes below the point b 
and the greater its intensity, the greater will be the stress in the lower 
fibers. 

The maximum possible distance from b to the component occurs 
when this component passes through the hinges A and C, and a com- 
parison with Fig. 126 shows that the components 8 and 9 are the 
greatest of all the components. Consequently, maximum compression 
in the lower fibers results when the concentrated load is placed at 
the hinge C. 

In Fig. 12 the resultants of the components 6, 7, ... 16 and of 
the load at C all pass through the hinge A. In Fig. 126 all these forces 
are added and their resultant is the line OQ; and in Fig. 12 the line 
hi is drawn through the hinge A and parallel to OQ of Fig. 126. 

The force P'X' (prolonged) intersects the force hi at hy and through 
this point passes the resultant of all the forces. In Fig. 12c the 
resultant OQ of Fig. 126 is added to PK, viz., KR^ and the hne PR is 
the resultant of. all the forces. 

A line drawn parallel to PR through the point h in Fig. 12 gives 
the line hS intersecting the section-line ZZ at S. 

The figure shows that this point is situated well inside the middle 
third. 

To complete the foregoing the distribution of the stresses over the 
section is computed according to the explanation and analysis given 
in Chapter V, Art. 3 et seq. 

(d) Computation of the Stresses on the Arch Rib. 
The heiecht of the arch rib = 35 ins. 
The force gF' = 106,200 lbs. 

Distance from the top =9.56 ins. 

Distance above the center =7.94 ins. 
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The force hS = 1 16,800 lbs. 

Distance from the top =21.94 ins. 

Distance below the center =4.44 ins. 
Area of section = 35 X 12 = 420 sq. ins. 

The force gF'=- 106,200 lbs. 
If the force acted at the center of the section, 

the pressure per square inch would be 

106,200-^420 =253 lbs. 

The distance of the force from the axis of the 

arch is 7.94 ins., or, reduced to the height 

7.94 
of an arch equal to unity, -^ =0.233 unit. 

Extreme fiber compressive stress in units = 

(0.233 X6) 4-1 = 2.40 units compression. 

Extreme fiber unit tensile stress =2.40-2 =0.40 unit tension. 
Maximum compression in upper fibers =2.40 

X253 =607 lbs. per sq. in. 

Maximum tension in lower fibers =0.40X253 =101 lbs. per sq. in. 

The force ;uS= 116,800 lbs. 

Unit pressure per sq. in. = 1 16,800 -^ 420 = 278 lbs. 

4 44 
Eccentricity, in units, = -~- =0.127 

Maximum fiber stress =(0.1 27X6) -fl (com- 
pression) = 1.762 units. 

Minimum fiber stress (compression) -2- 1.762 =0.238 unit. 

Maximum compression in lower fibers = 

1.762X278 =490 lbs. per sq. in. 

Minimum compression in upper fibers =0.238 

X278 =66 1bs. persq. in. 

These figures show that the stress in the extreme upper fibers of 

the rib varies from 607 lbs. to 66 lbs. (compression), and in the 

extreme lower fibers from 490 lbs. compression to 101 lbs. tension. 

A special chapter is devoted to the theory of stresses, and rein- 
forced concrete, as employed in arches, is fully described and analyzed 

in the chapter dealing with the hingeless arch. 

The above-described arch would not be a safe structure, and 

its dimensions should be increased or reinforcing bars put in. 

Compare these stresses with those of the fixed solid-rib arch of 

the same span and rise, and also with those of this same arch after 

the axis has been changed. 
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CHAPTER III. 

THE TWO-HINGED ARCH. 

I. The Standard Diagram. — As was shown in Chapter I, the 
stresses in the two-hinged arch are not statically defined. In the 
Appendix the two-hinged arch is analyzed and the conclusion reached 
that the stresses are dependent on 

(1) The manner in which the forces are applied. (When the 
intensity, location, and direction of these forces are known, their 
resultant is defined by the static law.) 

(2) The curv'^ature of the arch axis. 

(3) The fonn of the arch rib (the moment of inertia and the area 
of the arch rib). 

Factors (2) and (3) are elements of the arch and are independent 
of the manner of loading; they define its flexibility and can be ex- 
pressed as follows: 

"The stresses in the two-hinged arch are defined by the static 
law governing the exterior forces and the elastic law governing 
the form and material of the arch." 

From this it follows that the stresses in the arch are not only 
dependent on the exterior forces, but that a change in the curvature 
or a change in the sectional area of the arch rib influences them, 
and that each particular curvature of the axis, or each particular 
form of the arch rib, requires its own analysis for the determination 
of its stresses. 

Many scholars have defined the relation between these factors in 
algel rai? form, and it is due to the efforts of Winkler, Mohr, Miiller- 
Breslau, Melan, and others that at the present time this relation 
is known with absolute certainty and precision; their results in 
connection with those of the author have been compiled in the 
Appendix. 

As stated in the Preface, the algebraic forms expressing this 
relation are complex and laborious, and their comprehension and 
application require a special education; their use is therefore very 
limited. In the following articles the author explains this rela- 
tion in such a manner that it can be easily comprehended by any 
engineer. 

The description of the three-hinged arch has shown that the com- 
ponents of a force are determined when their point of intersection 

36 
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on the load line is known. The same is true of the two-hinged arch. 
The line on which this point of intersection is located in the three- 
hinged arch is composed of two straight lines, each passing through 
an abutment hinge and intersecting at the crown hinge; or, concisely 
stated: the intersection locus of the three-hinged arch is defined by 
the hinges. The intersection locus of the two-hinged arch is defined 
by the hinges, the curvature of the axis,, and the form of the arch rib. 

As previously stated, each arch will have its own algebraic expres- 
sions defining this line. There is, however, a relation between the 
intersection-locus lines of different two-hinged arches, and this rela- 
tion can be expressed in algebraic form or by simple graphical con- 
struction. 

This reduces the application of the elastic theor}'^ from intricacy 
to simplicity, because, if by a simple construction the intersection 
locus of one arch can be changed to satisfy the conditions of another 
arch, a standard diagram of the intersection locus may then be drawn 
which, by means of correction, may be made to satisfy the conditions 
for any arch. 

As the Appendix shows, and as specially demonstrated in Arti- 
cle 18 of this chapter (which deals with the general method for com- 
puting the intersection locus as applied to the Douro Bridge), the 
change in the moment of inertia of the arch must be very considerable 
to influence the intersection locus. Except in special cases, which 
are described under separate articles in this chapter, the inter- 
section locus of the standard diagram may be applied to the two- 
hinged flat arch without appreciable error. 

The influence of a change in the curvature of the axis upon the 
intersection locus is more pronounced. Still, the change of the 
standard diagram to satisfy this condition is very simple. 

The standard diagram refers to a two-hinged arch whose axis 
is a parabola. 

The rise of this axis=l, and 

One-half the span of the axis= 1. 

The moment of inertia of the arch rib increases from the crown 
to the hinges in the same ratio as the secant of the angle which the 
arch axis makes with the horizontal. 

A two-hinged arch which satisfies these conditions is chosen 
for this purpose, because its algebraic deductions are the simplest, and 
its analysis is given in the Appendix (Art. 2, Chap. VIII). 

For a vertical force [see equation (85) of the Appendix] 

_8 I 

^"5 l^-k-k^ (^-^ 

For a horizontal force [see equation (88) of the Appendix] 

T^=|-r5(l-A;-2A;2 + 4A:3)-8t4l (la) 
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The standard diagram for the vertical forces is shown in Fig. 14, 
and for the horizontal forces in Fig. 13. 




hCB* center Itne o/ arch. 

A'CB'* eqiitvalent parabofa. 

acb • iniersech'on focus for parabofa. 

cfeb M tntersecf ton- focus for ffte arrfi ACB. 

df • dy etc. 



(a) To correct the diagram of Fig. 14 for an arch axis which is not 
a parabola, the following method will be sufficiently accurate: 

Compute the area enclosed by the axis of the arch and the X-axis. 
Then compute the rise of a parabola having the same area and same 
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span. Use this parabola in conjunction with equation (85) of the 
Appendix, or with the ordinates of Fig. 14 to compute the ordinal es 
of the intersection locus. This intersection locus is then to be used 
with the actival arch (not the substituted parabola)^ to find the worst 
positions of load and the maximum stresses. 

The stresses thus found wAX be in error by an amount not exceed- 
ing three parts in one thousand for an arch whose rise is not greater 
than one-tenth of the span; in other words, the method is exact for 
nearly all practical purposes. 

If greater accuracy is required where the rise exceeds one-tenth 
of the span, the following method may be used (see Fig. 14a) : Com- 
pute the intersection locus ach for a parabola of equal area, as just 
described. Draw this parabola A'CB' to coincide with the actual 
arch ACB at the crown. Deduct from each ordinate of the inter- 
section locus the difference between the ordinates of the actual arch 
and the parabola {de^d'e'), where the latter lies below the arch 
curve; or, add the difference' where the parabola lies above it. If 
this corrected intersection locus a^cb' is used in connection with the 
actual arch ACB to find the stresses, the results will be correct within 
6 parts in 1,CX)0, even for a semicircular arch. 

(6) The intersection locus for the horizontal forces (see Fig. 13) 
can also be used for a two-hinged arch whose axis is not a parabola. 

A correction may be made to the intersection locus in the same 
manner as that described for the vertical forces; this, however, would 
be a refinement which is not necessary. Horizontal forces are caused 
by either the conjugate pressure of a spandrel filling, in case such 
a construction is followed (the author does not know of any example), 
or the wind pressure. As elsewhere mentioned, the intensity and 
direction of these forces is rather indefinite, and the error resulting 
from this indefinite knowledge will be very much greater than that 
resulting from the slight inaccuracy of the intersection locus. This 
point is clearly demonstrated in Art. 18 of the present chapter. (See 
also Art. 2 (A), Chap. VIII.) 

2. Stress Analysis of the Two-Hinged Arch Rib. — After the 
intersection locus has been found, the procedure for finding the posi- 
tions of loading and the stresses is practically identical with that 
described for the three-hinged arch. One or two slight differences 
occur, but these will cause no difficulty. The resolution of the loads 
into their reaction components (as in Fig. 6o for the three-hinged 
arch) cannot be done by a single diagram, but is best effected by a 
triangle of forces dra^vni directly on the load line (see Figs. 15 and 
15a) where it cuts the intersection locus. In drawing the force 
diagram. Fig. 15a, the right-hand portion of the curve will form a 
broken line, instead of a straight line as for the three-hinged arch. 
In all other respects the work follows exactly the procedure already 
described. 

3. Temperature and Secondary Stresses. — ^The stresses pro- 
duced in a two-hinged arch by changes of temperature and by the 
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shortening due to compression may be treated together, since their 
effects are analogous, the shortening due to compression being of 
nearly the same kind as that due to lowered temperature. 

If the ends of the arch were free to move, no stresses would be 
caused by a change of temperature; the ends, however, are held 
by the hinges A and S, which will cause a horizontal pull with a 




decrease in temperature, and a horizontal thrust with an increase in 
temperature. 

The horizontal thrust caused by temperature changes * is 



Ht- 



IhEIwt 

8/2 ' 



(2) 



where B= coefficient of elasticity of material; 

/= average moment of inertia of arch rib; 
^= degrees above or below normal temperature; 
ip= coefficient of linear expansion of material for a change of 
temperature of one degree; 
/=rise of arch. 
The horizontal thrust caused by compression f is 



i?«=- 



15n/ 



(3) 



in which n= axial thrust per sq. in. in arch above the normal 
(if the arch is erected so as to have the calculated dead-load stresses 
under dead load, then n= axial thrust caused by the live-load tem- 
perature and compressive stresses). 

♦ See Equation (93), Chapter VIII. f See Equation (92), Chapter VIIL 
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It should be remembered that the latter stress can be largely 
obviated by erecting the arch longer than the span and springing 
it into place, thus creating in the arch a compensating initial stress 
equal to the one caused by the live load. 

The moment of inertia should be computed at different points of 
the arch and the average result used. The stresses caused by the 
live load should be computed at different points, using the maxi- 
mum stresses, and the average result should be used. 

The best method is to obtain the stresses in the various sections 
of the arch rib for a horizontal thrust of 10 tons, and by means of 
the slide-rule transform these to the actual horizontal reactions; 
it will require two or more trials before the true value for H^ is 
obtained. 

The procedure for finding the stresses caused by H^IO tons in 
any section of the arch is shown in Figs. 16 and 16o, as follows: 

The chords (3-5 and 4r-6) are brought to an intersection with 
H, and H is the resultant of 3-5 and a-6. In Fig. 16o draw FH 




ng.i6a 



parallel to a-€ in Fig. 16, and KH parallel to 3-5 in Fig. 16 — ^both on 
a base FK=^ 10 tons. Then KH=37A tons (tension for an increase 
in temperature and compression for a decrease in temperature) is 
the stress in 3-5 due to a thrust of 10 tons. The same computation 
is performed for 4-6, and joining O and H gives the shear in the web. 
This is also a means of checking the calculation, since GH should 
be at right angles to FO and KH. 

In Table III all these stresses are tabulated, and, combined with 
the live- and dead-load stresses of Table II, they give the maximum 
and minimum stress in each member. 

Comparison of Tables II and III will render further explanation 
tmnecessary. 

Analytical Calculation. — See Art. 1 (c). Chap. II, for a con- 
venient method. 

Horizontal Forces. — The two-hinged arch rib as described in 
the preceding paragraphs is seldom used for roof-trusses. This 
chapter, however, would be incomplete if it did not indicate a method 
for finding the stresses in the arch caused by horizontal loads, and in 
Fig. 13 is shown the intersection locus CDB for the horizontal forces 
acting on the right half CB of a parabolic arch ACB. The moment of 
inertia of this arch increases from the crown to the hinges directly 
as the secant of the angle which the curve makes with the horizontal. 
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For an arch of any other curvature the same reductions can be made 
that are described for Figs. 14 and 14o. 

(a) The Stress Analysis for Horizontal Forces is explained 
in Arts. 16 and 17 of this chapter, which are devoted to the two-hinged 
crescent-shaped arch. (See foot-note, page 280.) 

4. Deflections. — ^This subject is specially treated in Art. 20. 
The following is a simple and approximately correct method for 
computing the deflection of the crown of an arch: 

Assume the camber to be computed for the purpose of erection. 

Find the sectional areas and the stresses in the arch at different 
points, and from these compute an average stress and an average area; 
from the data thus obtained determine the amount of shortening of 
the arch axis, and thus the length of the arch axis when the falsework 
is removed. 

The length of the parabola = 

•=*C-I(i)'-I(i)'--]- 

For all practical purposes it is sufficiently accurate to assume 

Find the value of « from this equation, add the shortening of the 
arch axis as founa above, and call this length «' (8'=»8+ Js). 
Substituting a' for s and solving for f, 



NT -2' 



and is the rise of the arch axis when the arch is resting on the false- 
work. With this rise compute or draw a new parabola which will be 
the axis for the arch when resting on the falsework. 

5. Two-Hinged Arch Bridge Made by Bending a Rolled Steel 
Shape. — Though the caption may indicate a repetition of former 
paragraphs, the method used for the computation of stresses differs 
from the one previously employed. 

By bending an I-beam a graceful arch may be cheaply obtained 
for spanning a small opening. For computing the stresses in such 
an arch rib the method previously described is only partially .applicable. 
In such an arch rib there are no fulcrums for the chords or the web 
members, and the stresses in the arch rib are determined by the 
position of the line of pressure and the intensity of the forces, as 
shown in Chapter I and applied in Chapter II. Article 4. 

(a) In Chapter I all stresses caused by vertical loads were found 
by assuming these loads to be concentrated at panel points; in the 
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following paragraphs the live and dead loads will be considered as 
uniformly distributed loads, the dead load being taken as a permanent 
load and the live load as a moving load. The computation of the 
stresses is made with the* same facihty with this form of loading as 
with panel loads; but before entering into a description of the method, 
an introductory explanation is necessary to determine the point of 
intersection with the intersection locus of a uniformly distributed 
load. 

In Fig. 17 the line AB represents the deck of a bridge, and the 
points I, II, III, etc., are the panel points. 

Now, suppose that a uniformly distributed load extends from 
A to Bj and that this load is subdivided into the portions a, 6, c, and d, 
said subdivisions corresponding to the panel lengths. The portion a 
of the load causes reactions in I and II. Now, the simi of these 
reactions is equal to the load a, and the resultant, which is in equi- 
librium with these reactions, is a force p, equal to a; the point of 
application of this resultant coincides with the center of gravity 
of the load. The same is true of the loads 6, c, etc. Also, the force P, 
which passes through the center of gravity of the full load from A 
to Bj must be the resultant of the reactions at I, II, III, etc., and these 
reactions may be replaced by this single load P for the purpose of 
computing the reactions at the abutments. 

In Chapter II (Art. 4) the core points in an arch rib and their 
use have been mentioned, and in Chapter V [Art. 1 (a)], an analysfe of 
their value and meaning has been given. In Fig. 18 an arch rib CD 
is shown, at the section ZZ of which the point d is the upper, and 
the point e the lower, core point. As previously demonstrated, any 
force passing below d exerts compression in the lower fibers of the 
arch, and any force passing above d exerts tension in these fibers, 
the line Cf representing the division line. All forces passing below 
this line exert compression in the lower fibers of the arch, and to 
obtain the greatest compression all forces to the right of / should 
be considered in the computation. 

The points e and g are located on the line dividing the forces which 
cause maximiun compression in the upper fibers. 

In Fig. 17 the line CA represents the line Cf of Fig. 18, and J J' 
is the intersection locus. A small portion a' of the moving load will 
cause panel loads or reactions at I and II, whose resultant will be 
equal to p'. Now, the panel load I can be resolved into its components, 
and IC represents the left-hand component of load I, II C being 
the left-hand component of the load II. A'C is the resultant of the 
components IC and II C, and this resultant component passes below 
AC and will cause compression in the lower fibers of the arch. The 
smaller a' becomes, the nearer the resultant component AV will ap- 
proach AC, and when a' becomes infinitely small, the component 
A'C will coincide with AC, Therefore, to obtain maximum com- 
pression in the lower fibers of the arch, the load should extend from 
the point A to the right-hand support. This is true in both cases, 
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\dz., where the load acts directly on the arch, and where this action 
is transferred at the panel points to the arch. 

The next step in this discussion is to establish the fact that the 
resultant of any number of vertical, equidistant, and equal forces, 
such aa V, VI, VII, VIII, and IX (see Fig. 18), intersects the inter- 
section locus at the same point as the resultant of the components of 
these forces. This is true when these forces are all located on the 
right side or on the left side of the axis of symmetry, which in this 
case is a vertical line passing through the point h. 

The necessity of this last condition is self-evident. Thus, assume 
two parallel vertical forces, respectively located at the same distance 
to the right and to the left of the point h. The figure then instantly 
shows that, though the resultant of these two forces passes through 
the point h of the intersection locus, the resultants of their components 
intersect on the same vertical line, but above the point h, 

(Jb) In proof of the fact stated above the following computation, 
which ^^-ill be readily imderstood, affords an example of the analytical 
computation of a force diagram similar to Fig. 15a. 

A load p placed at V (Fig. 18) is resolved into its components VC 
and YDy and the horizontal thrust 6' and the vertical reactions a' 
and c' are to be computed. 

From two equal triangles 

a:6=a':6', and a:(Z-6)-c':6'. 
Now 6=AZ or A;=p and a^'\'C''^p. 

Substituting these values and reducing the above equations gives 

a'=p(l-ifc), c'=pjfc, 6'=—. 

These equations are sufficient to compute the diagram Fig. 18a. 

Example, — In Fig. 18 the rise of a parabolic arch is assumed as 
equal to 0.5, and the span Z=2 units of length; and the computation 
is to be made for a load of one unit weight at each of the panel points 
V, VI, VII, VIII, and IX. 

The ordinates of the intersection locus J J' are obtained from 
Fig. 14 and the following table is arranged: 

^l a h k a' (/ 6' 

V 2 0.6735 0.5 0.25 0.75 0.25 0.5581 

VI 2 0.661 0.6 0.3 0.7 0.3 0.6487 

VII 2 0.6525 0.7 0.35 0.65 0.35 0.7119 
Vin 2 0.645 0.8 0.4 0.6 0.4 0.7442 
IX 2 0.6416 0.9 0.45 0.55 0.45 0.7716 



3.25-A; 1.75 = A'; 3.4345-B. 
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With these results the force diagram of Fig. 18a is plotted, in which 
A is the vertical reaction at (T, A' the vertical reaction at Z), and B the 
horizontal thrust. When these forces are plotted in Fig. 18, the sum 
of the resultants of the horizontal and vertical reactions at each 
support intersects the locus at VII. To prove this: 

d'lE^AiB, d':l-E=^A':B; 

AAl 

In place of resolving each of the forces from V to IX into its com- 
ponents and drawing the force diagram of Fig. 18a, all these forces 
may be replaced by one force at VII, which force is equal to the 
sum of the five forces, and its intersection with the locus line will at 
once produce the resultant components. 

In computing the components of a uniformly distributed live 
load, stress is laid once more on the requirement that all the load 
must be located either on the right or on the left of the center line. 
When a load overlaps this line, it should be divided into two loads, 
each reaching to the center line; the components of each load should 
be computed separately, and the components thus obtained should be 
combined to obtain the resultant component. 

Another point which requires special notice is that in a paneled 
structure one-half of the load on the panels adjoining the abutments is 
directly supported by the hinge and the abutment, and for loads reach- 
ing to the abutments this length should be reduced by one-half of 
a panel length. 

With tlujs explanation the computation of stresses should present 
no diflSculty. To relieve all uncertainty the foregoing explanation 
is illustrated by an example. It hardly needs mention that this 
method is also applicable to the three-hinged arch, or the two-hinged 
arch described in Article 2 of this chapter. The first step in the 
computation is to determine the curvature of the arch axis, and then 
the influence of the live load and the changes in temperature. 

If desired, the secondary stresses may be considered, but in a 
small arch, like the one illustrated in the following example, the 
stresses in the material may not reach such considerable values as 
in larger arches; because, the mass in the bridge being relatively 
small as compared with that of the live load, safety dictates a large 
allowance for the impact of the live load, and this allowance will be 
sufficient to provide for the secondary stresses. 

6. Example. — Computation of Stresses in a Two-Hinged Arch 
Rib of Parabolic Form. — The arch rib is formed of a 20-in. Pencoyd 
I-beam having the following properties: weight per foot, 68.4 lbs.; 
gross sectional area, 19 sq. ins., net area, 17.7 sq. ins.; moment of 
inertia, 1,146; radius of gyration, 7.76. 

The span of the arch from hinge to hinge is 50 ft., and the rise 
of the neutral axis is 10 ft. 
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The deck of the bridge is composed of buckle-plates and granite 
paving. Dead Ioad= 140 lbs. per sq. ft. 

For the live load the tables of Chapter VI are used, and the com- 
putation is made for the heaviest highway traffic — class A = 112.5 
lbs. per sq. ft. for a span of 50 ft. 

The impact coefficient = 1.5, making a total of live load and impact 
= 170 lbs. per sq. ft. 

The I-beams are placed 6 ft. c. to c, making the dead load per 
running foot of beam =840 lbs. and the live load per running foot 
of beam =1,020 lbs. 

In Fig. 18 an arch of the above dimensions is drawn, and for the 
computation of stresses the core points only are of interest. The 
beam is to be investigated (see Fig. 186) at a distance of 0.2 of the 
span from the supports, that is, at 10 ft. from the support A, and the 
upper and lower core points are indicated by the letters d and e, 

Dead-Load Stresses. — In Fig. 186 the arch is omitted, as it is 
unnecessary for the computation of stresses and its lines would only 
lead to confusion; the core points d and e alone are shown. 

The line of pressure for a imiformly distributed dead load is a 
parabola which coincides with the neutral axis of the arch. (For 
construction, see Fig. 9.) 

In the center of the span twice the rise of the neutral axis (20 ft.) 
is plotted, which produces the point C, and the lines AC and BC 
are tangents to the curve at A and B. 

[Figs. 11 and 11a show that the lines Pn and Pf (Fig. 11a) are 
narallel to the lines of pressure in the arch (Fig. 11) between AI and 
VIIIC; and the intersection of these two lines produces the point 
D, which point is also the point of intersection of the resultant of 
all the vertical forces from I to VIII.] 

In Fig. 186 these two lines are known, viz.: one is the tangent 
AC (or the line PD in the force diagram. Fig. 18c); the other is a 
horizontal line which is tangent to the axis at the crown of the arch, 
or the line PE parallel to the same in Fig. 18c. The length of the 
line DE must then represent the dead load of the arch from the hinge 
A to the center of the span in Fig. 186. The dead load for one-half 
of the arch is 25X840=21,000 lbs. In Fig. 18c the point P is the 
pole of the force polygon, the line PE is the horizontal thrust, and 
the line DE is the vertical reaction caused by the dead load. As 
previously shown by Fig. 9, the points a' and a" on the end tangents 
in Fig. 186 are points of the tai^ent aV. This tangent is also 
the location and direction of the line of pressure at the section aa, 
and its magnitude is found by drawing a line parallel to it in Fig. 18c, 
viz., the line PF, Summing up the results obtained, The line a' a" 
is the location of the line of pressure of the dead load at the section aa, 
and the line PF represents its magnitude. 

hive-Load Stresses. (Maximum compression in the lower fibers 
of the arch rib.) — The arch is loaded from the point / to the sup- 
port B, and the left-hand components of any portion of this load 
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are in the section da. This distance is indicated by a heavy 
line and is equal to 31.4 ft. This length overlaps the half-span by 
6.4 ft., and the total load can be replaced by a load of 6.4 X 1,1)20 lbs. 
= 6,530 lbs. at g, and 25X1,020 = 25,500 lbs. at b. These two loads 
are resolved into their components j/" and p, the two components 
are added together, and a line which unites the points b and c is then 
equal to the magnitude and direction of the resultant of these two com- 
ponents, its point of location being at the hinge A. The line a'a'^ 
was found to be the line of pressure of the dead load, and, prolonging 
the line a'a^' and drawing a line AJ parallel to the line cb, the live- 
and the dead-load resultant components will intersect at the point 
J. At the point c a line ch is drawn parallel to PF of Fig. 18c, and 
ch is measured from c equal to the line PF, A straight Une joining 
the points h and b will be equal in direction and magnitude to the 
resultant of the live and dead loads, and a line Jk drawn parallel to 
hb will give the location of this resultant. 

(a) Temperature Stresses. — ^The equation Ht^ "1 gives 

the horizontal thrust caused by temperature changes. In this equa- 
tion 

£:= 29,000,000; 

7-1,145; 

<=60° above or below normal; 
i£?=0.000007 for 1° F.; 

/= 120 ins.; 
and • ^, = 1,820 lbs. 

This horizontal thrust is exerted at the hinge A. 

Increasing or Decreasing Temverature. — ^The line bh is equal to 
the resultant of the live and dead loads, and in Chapter V (Arts. 2 
and 3) it is explained that there are two causes which will in- 
crease the stresses in the extreme fibers, viz., an increase in the 
eccentricity of the force, or an increase in the force itself. 

With an increase in the temperature a force will be exerted in the 
arch acting from right to left, that is, in the same general direction 
as the resultant due to the live and dead loads, and an increase 
in temperature will increase the magnitude of this resultant. 

As regards eccentricity, the live- and dead-load resultant falls 
below the dead-load resultant Ja'' (this dead-load resultant is at the 
same time a tangent to the curve at the section aa), and an in- 
crease in the angle which aV and Jk make at J will increase the 
eccentricity. This occurs when hi is added to bh in a direction 
towards the left of h. But this is also the direction of the force 
when the temperature increases, and an increase in temperature 
not only increases the force, but it also increases the eccentricity 
of the force; and a line which joins the points b and i determines 
the magnitude and direction of the resultant of the live load, the 
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dead load, and the temperature stress. (For a full discussion of 
the effect which increasing eccentricity of a force has on the stresses 
in a beam, see Chapter V.) 

The live- and dead-load resultant Jk intersects the horizontal 
thrust at A, and a line kl drawn parallel to hi gives the location of 
the final resultant. Its magnitude is 56,300 lbs., and its eccentricity 
below the neutral axis of the arch at the section aa= 13.5 ins. 

This is the force which causes maximum compression in the lower 
fibers. It will not produce maximiun tension in the upper fibers 
of the arch, because all components passing between the points d 
and e exert compression in the upper fibers, the line Aeg being the divi- 
sion line. All the forces to the right only of the point g should enter 
in the computation. In this case, however, the stress variations 
in the upper fibers are not nearly as large as they are in the lower 
fibers, and for this reason their computation may be omitted. 

Maximum Comjjression in the Upper Fibers. — For this case the 
line Ag is the division line, and all the loads to the left of this line 
cause maximum compression. Part of the load is to the left of the 
section aa^ and its right-hand reaction is in the section. 

The live load is divided as follows: 

10 (ft.) X 1,020 lbs. = 10,200 lbs. (1) 
and 11.9 (ft.) X 1,020 lbs. = 12,140 lbs. (2) 

The reaction of (1) =p', 

The component of (2) =p"; 

and the two forces intersect at the point c'", which is the point of 
intersection of the resultant of these two forces. The reaction 
c"(?^, which is equal to the force p', is added to the compon^t 6'c'', 
and a line joining the points 6' and c»^ gives the direction and mag- 
nitude of the resultant of these two forces, or the resultant of the live 
load. A line c"V drawn parallel to 6'c'^ through the point c'" gives 
the location of this resultant, which intersects the dead-load resultant 
at J'. To the line 6V^ is added the line c'^^', which is parallel to 
PF of Fig. 18c and of the same magnitude. Drawing J^k' parallel 
to Vh' gives the location of the resultant of the dead and live loads. 
This resultant intersects the temperature thrust at ft', and, as the 
figure shows, this force has an eccentricity above the neutral axis of 
the arch at the section under consideration. 

Now, an increase in temperature will increase the magnitude of 
the resultant, but it will decrease the angle formed at J^ between 
the line J'fc' and the arch axis J'a'. (The tangent to the arch axis 
and the line of pressure of the dead load coincide, as demonstrated 
at the beginning of this article.) A decrease in temperature will 
decrease the magnitude of the resultant, but it will increase the 
angle, and consequently the eccentricity; and, in this case, the 
increased eccentricity will cause a maximum fiber stress in the 
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upper fibers of the arch. The horizontal thrust h'i' is added from 
left to right to the resultant h'h'j and a line parallel to h'i' is 
drawn through the point k', producing the line k'l', which is the 
location of the force causing maximuni compression in the upper 
fibers of the arch at the section aa. The magnitude of this force is 
42,500 lbs., and its eccentricity above the neutral axis is 14.5 ins. 

What was said in regard to the former system of loading is also 
true in this instance. In each case where the dead load is considerably 
less than the live load, four systems of loading should be investi- 
gated. 

(6) Distribution of the Stress Over tSe Cross-Sectiqn. 
A special article in Chapter V is devoted to this subject, but the fore- 
going calculation would not be complete without a computation of 
the stresses in the section, and it is therefore given here, referring for 
explanation to the chapter mentioned. 

Force =56,300 lbs. 

Eccentricity =13.5 ins. 

In Fig. \M the height of the I-beam ( = 20 ins.) is measured off 
and the neutral axis AA is drawn through its center; a vertical axis 
BB' is also drawn, making the point of origin. 

To obtain the core points of the beam the radius of gyration 
(=7.76 ins.) is set off on the neutral axis to the right of the point 0, 
and the core points a and a' can be found either by computation 
or graphically, viz.: 



aO=' 



Ob' 



or, a ri^t-angled triangle is drawn, which has for its hypothenuse the 
line ah' and for its height the radius of gyration Oc, 

This method is very simple, and the construction lines are omitted 
for the sake of clearness. 

The net area of the beam =17.7 sq. ins., and, if the load be 
uniformly distributed, the compression per square inch will be 

56,300 o lo/Mi. 
-j^= 3,180 lbs. 

This 3,180 lbs. is measured off by the scale of forces, viz., Od, and 
a straight line is drawn through the core point a and the point d, 
intersecting the force at e; another line is d'-awn through the point d 
and the core point a' to an intersection with the force at /. 

Perpendiculars ee' and /f through the points e and / cut off the 
distances 6V and hf, equal respectively to the maximum compression 
and the maximum tension in the extreme fibers. 

The same construction is employed for the force 42.500 lbs., and no 
further description is necessary. 

In order to check the computation the right-angled triangle Beg 
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has been drawn, giving the zero point g. The zero point g^ is found 
in the same manner, and these points must be located on a straight 
line which connects f with e' and W ^\ith i'. The points g and g' are 
neutral points in the beam where no stress occurs for the respective 
positions of the force. 

This diagram shows that the stress in the upper fibers varies from 
7,420 lbs. compression to 2,100 lbs. tension, and in the lower fibers 
from 8,460 lbs. compression to 2,620 lbs. tension. 

Magnitude of the Error Involved, — ^The locus of Fig. 14 Ls for a 
parabolic arch whose moment of inertia increases from the crown to 
the abutments in the same ratio that the secant of the angle which " 
the axis makes with the horizontal increases from the crown to the 
abutment. In an arch with a uniform cross-section, if the section 
is sufficient to resist the stresses near the abutments, it is larger than 
is necessary at the crown. This is equivalent to diminishing the 
flexibility of the arch, making it more rigid than is needed; but the 
error is on the safe side. (See also the influence of the moment of 
inertia on the intersection locus, Art. 18.) 

The forces k'V and kl in Fig. 186 should also be resolved into 
shear and axial stresses; such resolution has no material effect on the 
result, as the figure shows that the shear is very small. To investigate 
the beam for maximum and minimum shear, see Figs. 10 and 10a, 
Chapter II. The lateral bracing will strengthen the web sufficiently 
to withstand the shear, and any such computation is superfluous 
in this case. 

Every pair of I-beams, however, should be connected by lateral 
bracing to make the structure rigid. But this belongs to the duties 
of the designer and it is not a subject for present considera- 
tion. 

7. The Two-Hinged Spandrel-Braced Arch. — Among all the 
framed structures the two-hinged spandrel-h raced arch is one of 
the most rigid, and, when the conditions of the locality provide 
natural abutments, it is at the same time the most economical. 

Live loads and temperature changes wdll cause deflections, but, 
as compared ^dth those of the three-hinged spandrel-braced arch, 
they are considerably less. 

For spanning valleys the two-hinged spandrel-braced arch is one 
of the best forms of bridges that can be built, uniting beauty, rigidity, 
economy, and facility of erection. Though in many such localities 
this type of bridge has been built, there are numerous examples in 
existence where preference has been given to the cantilever, the 
suspension, or the truss bridge, when the arch, and especially the 
two-hinged spandrel-braced arch, should have been selected. 

The reason for this neglect must be ascribed to the difficulty 
or the uncertainty in the determination of the stresses in arches of 
this type. 

In the following paragraphs a method of computation will be 
illustrated which unites certainty with facility of application. It 
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is a combination of the elastic theory and the displacement theory. 
The elastic theory is used to compute the stresses in the structure, 
but the intersection locus is obtained by correcting the standard 
diagram of Fig. 14 by an empirical method which is derived from 
the application of the displacement theory. The temperature stresses 
are obtained by means of the displacement theory alone. (For the 
analysis of the displacement theory see Chap. X, Art. 1.) 

To compute the stresses in an arch according to the elastic theory, 
the curvature of the arch axis should be known. 

In other chapters it has been demonstrated that small devia- 
tions in this curve do not materially alter the intersection locus. 
In some arches the axis is not well defined. In such cases an axis 
must be assumed in order to make the computation of stresses possible, 
and this assumption may be considerably in error, resulting in the 
design of a defective arch. 

The two-hinged spandrel-braced arch is of this character. The 
axis is not defined and the assumed axis may differ very considerably 
from the true one. 

The following paragraphs will show how this difficulty is to be 
avoided : 

The first point to be considered is the erection of the arch. 
The spandrel-braced arch is especially adapted for erection with- 
out fiilsework, the arch being built out as two cantilevers from the 
sides of the valley until the ends meet in the center. The top chord 
and the last diagonal of each projecting portion form the top chord 
of the cantilever during erection. 

When the cantilevers meet, only the bottom chords are con- 
nected, after which all fastenings which were used to hold the 
cantilevers in place may safely be removed. 

In this position the bottom chord will be flexible at the crown, 
ana the arch will be a three-hinged spandrel-braced arch. 

In case the bottom chord should be too rigid to allow sufficient 
movement at the crown, special provision should be made, by pro- 
viding a temporary hinge and making the chords continuous after 
completion of the bridge. 

Now, all lateral and wind braces and the floor system can be 
put in place, and the bridge can be completely finished except the 
connection of the top chord at the crown. 

In this condition the arch will still be a three-hinged spandrel- 
braced arch, supporting its full dead load, and without temperature 
stresses. 

When the top-chord connection is made, all the stresses in the 
arch will still be those caused by the dead load in a three-hinged 
arch. Now, however, temperature changes will cause stresses in the 
arch also the live load will exert itself (the bridge being completed), 
and therefore temperature stresses and live-load stresses are exerted 
In a two-hinged spandrel-braced arch. 

This division can be adhered to in the computation of stresses, 
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and will simplify the method and reduce possible errors to a mini- 
mum. 

In an arch of long span the dead load exerts the greatest stresses 
in the members, and these can be computed for a statically defined 
structure. 

In addition a curve may be found for the neutral axis of the 
bottom chord of the arch, which coincides with the line of pressiuB 
in the arch resulting from the dead load. Then all the dead-load 
stresses in the arch will be resisted by the bottom chord, and only 
temperature changes and the live load will cause stresses in the 
web members and in the top chord. 

No great error is conmiitted when the dead load is assumed to 
be uniformly distributed over the arch; and to satisfy the condition 
of the previous paragraph, the axis of the bottom chord must be a 
parabola. 

Usually the dead load increases slightly towards the abutments, 
and when this increase is known, or can be estimated, the bottom 
chord may be as easily designed with such a loading as if the latter 
were uniformly distributed. 

Before taking up the computation of stresses, it will be necessary 
to consider the Williot Diagram, and also the construction of de- 
flection angles in connection with their resultant force- and re- 
ciprocal-polygons. These will not only show the reader the method 
followed for obtaining the intersection locus, but they will assist 
him in the computation of stresses in special cases. 

8. The WilUot Diagram.— In Fig. 19^ the bars AB and AC 
are two meriibers of a truss. The point B of the bar AB is subject 
to a displacement frqm B to B% and the bar is subject to compression 
which shortens it by the length A'^A^'b- 

The point C of the bar AC is subject to a displacement to C, 
and the bar is subject to tension which lengthens it by A'c A^q, 

It is now assumed that the bars move parallel to themselves, 
their new positions being B'A'^ and C'A'q, The changes in length 
result in bringing the point A'^ to ^"b, and the point A'q to A"q. 

The two bars, however, are united at the point -4, and the new 
position of the point A must be at the intersection of two arcs, one 
being drawn from the point jB' as a center and with the radius B'jV^^ 
and the other from the point C as a center and with the radius C'A"q\ 
the point of intersection of the two arcs is at -A"', and the new posi- 
tion of the two bars is B'A"'C'. 

The displacements of the bars, as well as their elongation or con- 
traction, are so small as compared with their length that there is 
no significant difference between the arc and the tangent to the 
arc; the line A'^A^'c is therefore taken as perpendicular to A*'(fl\ 
or to AC, and the line A"'A"b perpendicular to A'bB\ or to 
AB, 

In the figure the polygon A'"A"cA'cAA'bA"bA'" represents 
the various movements of the point A, as just described, and forms 
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a figure which can be drawn independent of the length of the bars. 
This affords a means of represencing these movements on a greatly- 
exaggerated scale, and it can then be applied to determine the move- 
ments or deflections of the panel points of any framed structure. 

Fig. 19^ shows one-half of a braced arch, which is supported on 
rollers at A and is equivalent to a simple beam. Now, a vertical load 
placed on this arch will slide the point A toward the left, and if 
a horizontal force of sufficient intensity be applied at A, it will slide 
this point back into its former position. From Maxwell's theorem 
(see Appendix) a vertical load = l applied, for instance, at the panel 
point 5 will cause a horizontal displacement at A, which is equal 
to the vertical displacement at the panel point 5 which would be 
caused by a horizontal force = 1 applied at the point A, 

This theorem may be used to compute the horizontal thrust 
caused by a vertical load. 

The displacement theory pro\ddes the means of computing the 
changes in the lengths of the members of the truss, and the W illiot 
Diagram is one of many methods for computin the displacement 
of the truss at the panel points caused by these changes in length; 
while Maxwell's law can be used to define the relation between the 
horizontal thrust and the deflectio '^ caused by any load. 

Fig. 19 shows the arch. In Fig. 19d the distance ab represents a 
horizontal force (=1) which is applied at -4, and the Cremona Dia- 
gram of Fig. 19rf is drawn which gives the stresses in the members of 
the arch caused by the force afe= 1. 

A table is now made similar to IV (Art. 14). The first column gives 
the index figures of the members; in this column each member is 
indicated by its two panel points and by a letter. The letter is used 
to indicate the elongation or contraction of each member in the 
Williot Diagram, and the figures indicate the panel points in said 
diagram. 

The second column gives the length (s) of each member in inches. 

The third column gives the sectional area (F) of each member in 
square inches. 

The fourth column gives the stress (u') in each member caused 
by a horizontal force=l. These stresses are measured from the 
Cremona Diagram of Fig. 19rf. 

The fifth column gives the change in length of each member, 

the equation Ejs=-^ being derived from equations (175) and 

(176) of the Appendix. In this case P=0, and H is equal to the 
horizontal force= 1. When the force is equal to 1 ton, then £= 14.500 
(ton-inches) and the changes in length of the members should be 
di\nded by 14.500 to obtain the actual change. 

(a) TheWilliot Diagram in Fig. 19^ is drawn to a scale of 1 in. 
= 200 ins., and to determine the actual deflections, those obtained 
from the diagram should be multiplied by 200 and divided by 14,500; 
or the deflections shown in the diagram are 72.5 times larger than 
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the actual deflections which are caused by a horizontal thrust of 
1 ton. 

In Fig. 19^ the vertical at the crown of the arch does not con- 
tribute anything to the deflection, and for this reason it does not 
appear in the computation. 

The panel point 10 is made the starting point of the diagram. 
The top chord a stretches 67.3 ins. -J- 14,500 (see Table IV). This 
14,500 is a common divisor to all the members, and for convenience 
the figures of the table will be mentioned as if they were the actual 
changes in length. (See Fig. 19^.) 

This stretch of 67.3 ins. is measured in the direction of the top 
chord and to the left of 10. 

The contraction of the diagonal h is 16.55 ins. and is measured 
in the direction of the diagonal to the right of 10. (Observe that -f 
or tension is measured to the left or downward, and — or compression 
is measured to the right or upward.) 

Perpendiculars are erected at the ends of a and h, which per- 
pendiculars intersect at 9 in Fig. 19C, and the location of 9 with 
reference to 10 shows the relative displacement of these two points. 

Members c and rf. — The member c contracts 24.35 ins., and 
this contraction is plotted to the right of 10. The member d elon- 
gates 2.29 ins., and is plotted downward from 9; again, perpendiculars 
are erected at the ends of these two lines, which perpendiculars 
intersect at the point 8, and the position of 8 with reference to 10 gives 
the relative displacement between these two points, etc. (In Fig. 
19^ the panel points 2 and 3 of the Williot Diagram have been shown 
on a larger scale.) 

Finally, the panel points 1 and are reached, and the location of 
these points with reference to 10 gives their relative displacements. 

The line AlO is the center line, and a diagram for the right half 
of the arch would be similar to the one in Fig. 19^ were the plane 
in which the latter lies revolved through 180° on the axis A\0, 

If the full diagram were drawn, the relative horizontal displace- 
ment of the right-hand support with reference to the panel point 10 
would be represented by a line equal to Ao measured to the left 
of Ay and the displacement of the point A with reference to the right- 
hand support would then be equal to twice the length of the line 
Ao=2Xi/^=ii:. 

The vertical upward deflection at the panel point 3 caused by 
the horizontal load= 1 will be equal to the vertical ordinate of the point 
3 above XX. 

The vertical upward deflection at the panel point 5 will be equal 
to the vertical ordinate of the point 5 above XX, etc. 

(6) Now a load equal to 1 placed at the panel point 3 will cause 
a horizontal displacement at A eaual to the vertical ordinate X^. 
A horizontal force equal to 1 applied at A will cause a horizontal 
displacement at A equal to twice Ao=^K. 

To prevent the horizontal displacement at the point A which is 
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caused by the vertical force=l placed at 3, a horizontal force of 
sufficient intensity should be applied at A to push A back a distance 
equal to Z3. 

X3 

The magnitude of this force H must then be equal to -^. 

In the same manner it can be proved that the horizontal thrust 
caused by a vertical load placed at 5 is equal to -rr-. 

Construction of the Intersection Locus. — In Fig. 19^ the ordinates 
X3, Xby X7j etc., have been plotted on the corresponding verti- 
cals 1, II, III, etc. (the scale for these ordinates has been reduced 
to one-fourth of that of Fig. 19^), and these ordinates are equal 
to the horizontal thrust. The line K is then the unit force, and 
A'B' is the horizontal thrust curve. 

These ordinates have also been plotted in Fig. 19^ on the axis 
AC, viz., AS^XS, A5=X5, etc., and verticals have been erected 
through these points. The line K has been plotted from A to D, 
and the line CE^^K. 

The line DE cuts off ordinates on the verticals I, II, etc., which 
are equal to the reactions at A when the load K is placed respectively 
at I, II, etc. 

These reactions have been transferred to the verticals erected at 
3, 5, 7, etc., giving the points a', 6', c', etc. The line Aa' is then 
the component for a load placed at I, and I is a point of the inter- 
section locus; -46' is the component for a load placed at II, and II 
is a point of the intersection locus, etc. The line FG which passes 
through all points similarly determined is the intersection locus. 

The line F'C is the intersection locus which is plotted from the 
standard diagram (Fig. 14) for a parabola with a rise equal to CC. 

9. Correction of the Standard Intersection Loctis.— Fig. 19^ 

shows that these two intersection loci coincide at the center of the 

span, and that the difference between their ordinates at A is equal 

4 4 

to -g-=X1.3/=Y=/, or to the depth of the arch at the crown divided 

by the depth of the arch at the abutments, this quotient being mul- 
tiplied by 1.3 (which is a factor of the structure), and by /, or the 
rise of the bottom chord. 

In Fig. 19^ the differences between the ordinates of the two 
lines FG and FG' have been plotted from the straight line AB, and 
are bounded by the dotted line BC, The line BC is so nearly straight 
that no material error is made in assuming it to be such. Applying 
this result to Fig. 19^, the correction of the standard diagram for 
the purpose of computing the stresses in a two-hinged spandrel- 
braced arch is very simple, as may be seen from the following: 

Plot the intersection locus of the standard diagram (Fig. 14) for 
an arch having a rise equal to that of the axis of the bottom chord. 
When the bottom chord does not form a parabola, first find the 
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equivalent parabola, and plot the intersection locus for a rise equal 
to that of the equivalent parabola (see Fig. 14). If necessary, this 
line may be corrected as described and shown in Fig. 14a. 
I' 
Plot -X1.3/ of Fig. 19^ as an ordinate from a straight line AB 

V 

in Fig. 19^, in which ilC=-X1.3/ {=^f in this case). Draw the 

straight line BC, and plot the ordinat^s of the line BC upwards fron 
the intersection locus G'F' in Fig. 19^; this will produce the inU 
section locus GF, which is to be used for the computation of th» 
stresses in the arch. 

All spandrel-braced arches for bridges are very similar in form, 
and the foregoing construction is generally applicable in the deter- 
mination of the intersection locus. Its advantage is evident: it 
enables the designer to compute the stresses in the arch from the 
start, and with great accuracy. Any other method includes in its 
application the unknown quantity F, viz., the sections of the mem- 
bers, for which assumptions have to be made; and the computation 
has to be repeated until the assumptions and the results correspond. 
Any one who has computed the stresses in the spandrel-braced arch 
knows how laborious this operation is. 

After the foregoing explanation the computation of the tem- 
perature stresses should be readily understood. 

10. Computation of the Temperature Stresses.— When one end 
of the bridge is free to move horizontally, there will be no tempera- 
ture stresses in the arch, and sliding will occur at A, When A is 
pushed back in place by a horizontal force, this force will represent 
the horizontal thrust caused by the change in temperature. 

From this it follows that the computation of the temperature 
stresses requires the same procedure that was described in the fore- 
going paragraphs. Its application, however, differs slightly. 

The construction of the Williot Diagram, like the construction of 
the Cremona Diagram, is subject to unavoidable errors in execution. 
In the computation of the intersection locus these errors are not 
serious so long as they are confined exclusively to the execution of 
the drawing. The purpose of the computation is to find the relation 
between the vertical deflections of the panel points and the horizontal 
displacement of the point of support, and the same errors will prac- 
tically obtain in both, and therefore balance each other. 

For the computation of temperature stresses, however, the actual 
displacements determine the stresses in the members. For this 
reason the magnitude of these displacements should be determined 
with great accuracy, and for this purpose the analytical method is 
better adapted. 

The method of finding the temperature stresses is not a direct one. 

First, the horizontal displacement is found which is caused by 
a unit horizontal force, say 10 tons. 
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The actual displacement of the support caused by a tempera- 
ture change is computed under the supposition that the arch is a simple 
girder, free to move at A; then the ratio between the displacements 
is the same as between the forces. To illustrate: If the displacer 
ment caused by 10 tons==Z), and that caused by a rise in tempera- 
ture =rf, then 

H:lOtonQ=-d:D. 

Taking the arch in Fig. 19 as an example, the distance ab of 
Fig. 19d is then equal to 10 tons, and all the stresses of colhmn IV 
should be multiplied by 10. This has been done and the stresses 
are inserted in column VI, Table IV. 

From equation (179a) of the Appendix, 

There are no vertical forces in this case causing horizontal thrust; 
there is only a horizontal force causing stresses P in the members. 

Now 2U=-Tr, the value of which was found before; these stresses 
r 

are given in colunm V, and multiplying the figures in column V 

Pu's 
by those in column VI will give -jt' These products are inserted 

Pu's 
in column VII, and the sum of all the figures in colunm VII = i'— rr- 

r 

for one-half the span, or for the whole span, 

2'ij£ = ll,247X2=£;jZ. 

Now E in inch-tons =14,500, and J^=22,494-^ 14.500 = 1.556 ins. is 
the horizontal displacement caused at A by a horizontal force of 
10 tons. 

Here the Williot Diagram can be checked, viz.: The line i4o (Fig. 
19^), which is 72.5 times as large as one-half the displacement of 
the support A caused by a horizontal force of 1 ton, gives 

1.556 ins. x^^^ = 5.64 ins. 

The maximum temperature above or below the normal is assumed 
to be 75^ F. 

The coefficient of linear expansion for steel per degree F. =0.000007. 

The length of the bridge =105X12 =1,260 ins. 

If the bridge were free to move at A the horizontal displacement 
would be 

0.000007X75X1,260=0.662 in. 
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The horizontal thrust caused by a change in temperature of 75® 
will be 

«||xi0=4.25tons. 

To obtain the stresses in the members caused by this horizontal 

thrust, the stresses of column VI of Table IV (which are for a hori- 

4 25 
zontal thrust of 10 tons) should be multiplied by -|--. 

These stresses are inserted in column VIII of Table IV, and it 
will be understood that these stresses are for an increase in tem- 
perature of 75°. 

For the computation of the temperature stresses it is necessary 
to assume the sections of the members. 

In connection with this it should be remembered that the stresses 
caused by the dead and Uve loads can be accurately obtained from 
the computation. 

The best method to follow is to compute the necessary areas 
of the members from the stresses caused by the dead and live loads, 
and to make the following additions: 

To the sections of the top chord 110% 

'* '' *' *' '* bottom chord 9% 

'' '* '' '' " diagonals 80% 

'' *' *' '* '' verticals 25% 

With the sections thus obtained the temperature stresses should 
be computed, and the final results should be compared with these 
assumptions, corrections being made if necessary. 

One trial will be found sufficient for computing the correct tem- 
perature stresses. 

II. Two-Hinged Spandrel-Braced Arch with Curved Upper 
Chord. — The foregoing method will give accurate stresses in the 
two-hinged spandrel-braced arch with a horizontal upper chord. 
Roof-trusses and bridges, however, are often built in which the upper 
chord is curved. In this case three methods may be used for the 
correction of the intersection locus. 

First Method. — When the hinge is located in the axis of the arch, 
the correction of the intersection locus may be made as illustrated 
and described in Article 1 of this chapter; the increase in the moment 
of inertia from the crown towards the abutments is neglected in 
this case, and as Article 18, etc. will show, this is an approximation 
which will produce an error in the stresses of the arch averaging 
from 0.5 to 4% on the side of safety. This error is distri])uted over 
the arch as follows; At the crown the stresses are slightly too large, 
and their increase toward the abutments depends on the ratio of 
increase in the height of the arch rib. 
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For the arch rib with parallel chords the error will be zero. 

For the arch rib with a horizontal upper chord the error will 
reach its maximum value (9%) at the abutments, and for a curved 
upper chord the error must lie somewhere between zero and 9%. 

It will be seen from the foregoing paragraphs that the error in- 
volved is not objectionable from the standpoint of practical engi- 
neering. 

Second Method. — This should be preferably used for arches with 
a curv'ed upper chord when the hinges are located in the axis of the 
bottom chord; it may, however, also be applied in place of the first 
method. Divide the height of the arch rib at the crown by its height 
at >the hinges, this height in both cases being measured radially (not 
along the vertical ordinates); multiply this quotient by 1.3 times 
the rise of the arch (when the hinges are in the axis of the bottom 
chord take the rise of the bottom chord; when the hinges are in 
the axis of the arch, take the rise of the arch axis), and proceed 
according to Article 9 and Figs. 19^ and 19^. 

This method yields somewhat closer results than the one first 
described, but the stresses found are also too high. A correction of 
the intersection locus can be developed, similar to that shown in Fig. 38, 
for the stifiF arch, but .the author believes that the foiegoing methods 
are sufficiently accurate for all practical bridge designing and that 
any further refinement would be superfluous. 

The horizontal forces which result ordinarily from wind pressure 
can be resolved into their components by the use of the standard 
diagram of Fig. 13; this will give stresses that are in error, but the 
error will not exceed 5%. The wind pressure, however, is a factor 
which is based on assumptions that -will vary a great deal more than 
7% from the actual conditions, and for this reason any correction 
of the standard diagram is unnecessar}'. 

Third Method. — The intersection locus for the vertical and hori- 
zontal forces may be obtained by the method described in Article 8 
of this chapter. This method should preferably be employed in 
special cases, and then the use of deflection angles will give results of 
greater accuracy. 

12. The Use of Deflection Angles for the Computation of the 
Intersection Loctis. — ^The construction of the Williot Diagram may 
give sufficiently accurate results for the computation of deflections, 
but it is, nevertheless, subject to a cumulative error which may be as 
large as 12%. It should not be understood, however, that its use 
would result in an error in the computation of stresses equal to 12%. 
As was previously pointed out, the computation of the intersection 
locus is based on the ratio which exists between the vertical deflec- 
tions of the panel points and the imaginary horizontal displacement 
of the support, and even a larger error than 12% in the deflections 
may give an accurate ratio. 

The following is a more accurate method, but its use involves a 
much greater amount of labor: 
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From previous paragraphs and Figs. 19^ and 19^ it is seen that 
the horizontal thrust is derived from the deflections of the panel 
points where the forces are applied; this line of deflection may also 
be obtained from the angular deflections and the changes in length 
of the members. 

If in Fig. 19^' the top chord 1-3 and its deflection angle were 
plotted, and to this were joined the top chord and the deflection 
angle of 3-5, etc., the deflections at the panel points would be repre- 
sented by a curve which is tangent to the polygon thus obtained. 

Instead of using the top chord, the deflection angles 1, 2, 3, etc. 
of the web members may be plotted, and the resulting panel points 
will be located on the same deflection curve which was obtained by 
plotting the angular deflections of the top chord. 

In proof of this (see triangle ABC, Fig. 19^ assume the angle 
A to increase to -4+ da, and the angle Bio B^db; then the angle C 
must decrease and it will become equal toC— (da+d6), and (da-\-db) 
will be the deflection angle of the bar AC. If the bar AC be hori- 
zontal in its original position, it will deflect upward from a horizon- 
tal line drawn through A, and the deflection angle will be equal 
to (da+db). 

These deflection angles can be obtained very accurately and on 
a greatly exaggerated scale. In Fig. 19^ the three bars ABy BC, and 
AC form a closed polygon. The bar AC shortens under compression 
the distance AA^c? the bar BC shortens the distance BB'c, and the 
bar AB elongates the distance B'B'j^. First conceive the bar AB 
to be moved parallel to itself, assuming the position A'cB\ and then 
that the elongation of this bar takes place; the new position of B 
rfter these two displacements will be B'^. 

The bar BC shortens, and the new position of the point B on 
the bar BC will be the point B'q, These two bars ?ire connected, 
and to find the final position of the point B, an arc should be described 
with the bar A'qB'j^ as a radius and the point A'c as the center. 
In the same manner the bar B'cC describes an arc around C as a 
center, and the intersection of these two arcs gives the point B'^\ 
and the new position of the bars is then indicated by the figure 
A'c^'T., As before explained, the arcs and the tangents coin- 
cide, B'j^B*' is perpendicular to AB, and B^c^*' is perpendicular 
to BC, It is clear from the figure that the arc (or perpendicular) 
B^A.^'^ measures the angular displacement of the hhr A^cB' a (or of 
the bar AB)^ and that the angle which it subtends is negative; the 
figure shows that the angle at A has become smaller. The projection 
of this deflection angle on the bar BC is then equal to the line B'^b. 

The figure shows that this angular displacement may be 
obtained without drawing the bars, the polygon B'oBB'B'jfi being 
all that needs to be plotted. 

To determine the angular deflection at the panel points of a frame- 
work, this polygon is drawn at the point where the angular deflection 
is to be cojnputed, viz., at A, and the polygon Acde completes the 
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computation. The lines Ag and ef are peq^endiculare on BCy and 

[For the analytical computation pf the deflection angle at -4, 
let the changes in length of the bars be da', db', and cfc': 

dA=dc'V^{da'-dc') cot (aV) + (da'-d60 cot {a'h'). 

Scale for Measuring the Angle. — Assume the line Ah to be the unit 
radius for measuring the angle gAf) then, if the side Af of the angle 
is prolonged and a perpendicular is erected on Ah at h which inter- 
sects Af at the point i, the line hi will be the measure of the de- 
flection angle gAf at the unit radius Ah, 

The same arch shown in Fig. 19 is redrawn in Fig. 19^. The 
computation of the deflection angles for the web members is prefer- 
able, because it saves labor, and by drawing a simple moment polygon 
the horizontal displacement at A is klso obtained, which is the unit 
of measurement for the deflections. 

The angular deflections are first computed and two force polygons 
are drawn, in one of which the deflections are considered as hori- 
zontal forces, and in the other as vertical forces; reciprocal polygons 
are then drawn from these force polygons. The ordinates of these 
reciprocal polygons give the horizontal displacement at A and the 
vertical deflection at the panel points, and adding to these the 
change in the length of the bars completes the computation, all 
according to equation (181) of the Appendix: 

Oaa 

The use of angles and lines as forces in drawing force and moment 
polygons is explained in the Appendix (see two-hinged arch, page 
261, etc., and also in Art. 10 of this chapter — Douro Bridge). 

In Fig. 19^ the angular deflections of the web members are 
computed, and the change in the length of the bars for computing 
these deflections is again taken from column V of Table IV. 

In plotting the changes in the length of the bars the scale used 
is 1 in. = 40 ins. 

The computation needs no further explanation, but the positive 
and negative deflections should be carefully noted. In Fig. 19^ 
the deflection obtained is negative and is measured toward the right 
of the perpendicular which is drawn from the panel point A on the 
bar BC. If the deflection angle were positive it would be measured 
to the left of this line. This is a convenient way in which to deter- 
mine the sign of the angle, and applying same to Fig. 19^ it is seen 
that all the deflection angles are negative except 5 and 7.* (In 
this figure p" is the unit radius.) 



* The author wishes to lay stress on the fact that the sign of the deflection 
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In Figs. 19^ and 19^ the deflection angles have been added in the 
two force polygons, the deflections V and VII being positive, and 
with the pole distance p' the reciprocal polygons of Figs, 19^' and 
19^' have been drawn. The arch being symmetrical with respect 
to the center line, only one-half of these polygons need be drawn. 

Scale, — For the purpose of comparison, it is desirable lo have 
the same scale for Figs. 19^, 19^', and 19^'. 

The Williot Diagram is drawn to a scale of 1 in. =200 ins. The 
figures of column V, Table IV, are computed for a imit of 1 ton, 
or £=14,500; and the ordinates of Fig. 19^ are one-fourth thoee of 
Fig. 19^, or to a scale of 1 in. =800 ins. 

In Fig. 19^ the changes in the length of the members are plotted 
to a scale of 1 in. =40 ins., and p" is plotted equal to 50 ins. on a 
scale of 1 in. =40 ins. 

When p^' is the unit of measurement for the angles, and the pole 
distance p' is made equal to p'\ then the ordinates of the reciprocal 
polygon of Fig. 19^, divided by Ej give the deflections at the panel 
points, expressed in the same units as those of Fig. 19^, viz., 1 in. 
= 40 ins. The ordinates of Fig. 19^ are measured with a unit of 
1 in. =8^ ins., and if in Figs. 19^ and 19^ the pole distance 
p^=£^^Xp'\ then the ordinates of Fig. 19^' can be measured ^ith 
the same scale as the ordinates of Fig. 19^. Figs. 19^ and 19^ 
would be too lai^e for the illustration, and for this reason they have 
been considerably reduced. 

In Fig. 19^' AB is the horizontal-thrust curve when the force =1 
=ab of Fig. 19^'. 

This curve includes only the angular deflections, and the changes 
in the lengths of the bars should be added. To compute these a simple 
Williot Diagram (Fig. 19^) of the web members only has been drawn, 
thfe changes in the lengths of the bars being again taken from 
Column V, Tabic IV. Only one-half of the diagram is to be drawn, 
as the diagram for the whole bridge is symmetrical with respect to 
the center line AlO\ 

This diagram is drawn to a scale of 1 inch =40 inches, and that 
of Fig. 19^ to a scale of 1 inch =800 inches. The ordinates of 
Fig. 19^ measured from the line XX to the panel points 10', 9, 7, 
etc., should be divided by 20 and the quotients added to the ordinates 
of the line AB; this will give the horizontal-thrust curve AB\ 

To the horizontal force g'aa should be added one-tenth of the 
line -40 (this is only one-half the displacement of the point of sup- 
port), which is equal to g''aay making the unit force K=ab + bc. 

angles 6 and 7 of Fig, 19^' is opposite to the sign of all the other deflection 
angles, because authorities state as a law that the deflection angles of the web 
members all have the same sign, and they partially base further deductiona 
on this cuBsertion. 

Though the error resulting from such an assumption may be small, its em- 
ployment, nevertheless, is confusing to the practising engineer, who has no 
time to investigate it. 
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There is a difference of about 7% between Figs. 19^ and 19^'; 
but there is the same difference between the unit forces of these two 
figures, and both will give the same intersection locus. 

The angular-deflection method commends itself for the accurate 
results- it gives, though the first method is sufficiently precise for 
the computation of the intersection locus. The author would advise 
that the Williot Diagram be drawn two or three times in order to 
reduce the possible error. 

When the arch is not symmetrical with respect to the center 
fine, the diagrams of Figs. 19^, 19^, and 19^ should be plotted in 
full. When the hinges of the arch are not in the same plane, the 
lines 2, 4, 6, etc., of Fig. 19^' are to be drawn parallel to the chord 
which unites the two hinges of the arch; and in Fig. 19^ the deflec- 
tion angles are plotted as forces on a Une which is parallel with this 
chord of the arch. In this case the Unes drawn through the top- 
chord panel points in Fig. 19^' do not coincide; the construction of 
the reciprocal polygon of Fig. 19^', however, remains the same. 

In this figure the segments of the reciprocal polygon come so 
close together that only one Une is drawn where two segments should 
be shown; this would, however, make the figure unintelligible. Its 
appearance is worse than its result, as a high degree of accuracy may 
be obtained. 

The method for obtaining the horizontal thrust in an arch by means 
of deflections is applicable to a framed arch of any shape. To apply 
the method the sectional areas of the members should be known; 
but the object of the computation is to find the sectional areas of 
the members, and this is the very factor which is assumed as known 
in this method! Various methods and approximations can be em- 
ployed to simplify the preliminary computation; notwithstanding 
this, it remains laborious and complicated. 

The author does not discuss these various methods, as the one 
which he presents for the correction of the intersection locus is 
simple and gives, in nearly all cases, results which are accurate 
or very nearly so, and in every instance as accurate as those obtained 
by employing the methods referred to in the preceding paragraph. 

He would recommend, however, that a final computation be 
made by the method of angular deflections, which will not only be 
a check on the work, but will furnish diagrams which can be used 
to compute temperature deflections, the camber to be given to the 
bridge for erection purposes, and also the deflections caused by the 
live load. 

These applications of the diagrams are explained in the following 
article. 

13. Deflection of the Two-Hixiged Spandrel-Braced Arch.~The 
deflections in the arch can be easily computed. (For analysis see 
Chapter X.) In the foregoing parasrraphs the ratio between the 
horizontal thrust and the vertical load which causes this thrust was 
found from the deflections. This same process can be reversed to 
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find the deflections of the arch under a given loading, viz.: First 
find the deflections caused by a load acting on the arch when the 
assumption is made that the arch is a simple beam. Then find 
the deflections caused by a horizontal thrust at the support, this 
horizontal thrust being caused by the load. 

The difference between these deflections must be the deflection 
of the arch. 

The deflections caused by the horizontal thrust are given in 
Figs. 19^ and 19^', and the unit of measmrement needs only to be 
determined. 

To find the deflections caused by a vertical load, assume in Fig. 
19^' a vertical upward reaction =1 ton at A, and draw the Cremona 
Diagram of Fig. 19^. When the arch is symmetrical, one-half erf 
the diagram is sufficient. In Table IV, Golunm IX, the stresses 
obtained from Fig. 19^ have been inserted. 

To find the stresses in the members caased by a load of 1 ton 
which is placed, for instance, at 7: The reaction at -4=0.7 ton, and 
that at B=0.3 ton. 

The stresses to the left of the line XX are equal to those in 
Column IX (above the horizontal lines) multiplied by 0.7, and the 
stresses to the right of XX are equal to those in Column IX mul- 
tiplied by 0.3; for example, the stress in 3-4= +1.358 tons, and 
that in 3'-4'= +0.582 ton; the stress in 7-9 =7'-9'= 0.3 X -9.02 
= -2.71 tons; the stress in 6-8= +3.47 tons, and in 6 -8'= +1.50 
tons, etc. 

In Fig. 19^" the deflection angles for the web members have been 
computed by using the values in Column X of Table IV (which are 
derived from Column IX, as explained in the preceding article for a 
load of 1 ton at the crown), and have been inserted in Column XI. 
The unit radius is the same as that in Fig. 19^. 

To find the deflection angles for a load placed at 7, the reaction 
at A= 0.7 ton and that at B=0.3 ton. 

The angles 1, 2, 3, 4, 5, and 6, as obtained from Column XI, 
should be multiplied by 0.7, and the angles 8, 9, 10, 9', 8', . . . , 1' 
should be multiplied by 0.3. 

The angle 7 is the only angle to be computed, and the sides of 
the triangle which affect it are 6-7, 6-8, and 7-8. Now, the changes 
in length of 6-7 and 6-8 are obtained by multipl3dng the values 
given in Column X by 0.7, and that of 7-8 by multiplying by 0.3. 

In the example which is illustrated in Fig. 19*^' it is assumed 
that a load of 1 ton is applied at the crown of the arch. From the 
thrust curve of either Fig. 19^ or Fig. 19^', it follows that ff= 1.306 
tons, viz.: the ordinate CS' of Fig. 19^' divided by the ordinate ac 
of Fig. 19^'. 

For a load of 1 ton at the crown the reaction at -4 = J ton, and to 
construct the force polygon the values in Column XI should be 
divided by two. 

The thrust curve of Fig. 19^' was found for a unit horizontal 
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thrust =1 ton, the horizontal thrust caused by the load placed at the 
crown= 1.306 tons, and the ordinates of Fig. 19^' should be mul- 
tiplied by 1.306; or, the pole distance of Fig. 19^ should be 1.306 
times smaller than that of Fig. 19^, or the figures of Colmnn XI, 
Table IV, should be divided by 2X1.306. The last course has been 
followed in Fig. 19^, which is drawn on the same reduced scale 
used in Fig. 19^. 

From this force polygon has been drawn the reciprocal polygon 
AB. 

In Fig. 19^ a simple Williot Diagram has been drawn for the 
changes in length of the web members, and, in order that the scale 
may correspond to that of Fig. 19^', the figures of Column X, Table 
IV, have been divided by 2X1.306. 

The ordinates of this diagram have been divided by 20 (see ex- 
planation of Fig. 19^) and have been added to the ordinates of the 
thrust curve AB of Fig. 19^', producing the line AB'. The line 
AB'' is the same as the line AB' of Fig. 19^', and m Fig. 19^' the 
ordinate B'B" is the deflection of the arch at the crown caused by 
a load of 1 ton. 

Scale of Measurement. — ^The ordinates of Fig. 19^' or the line 
AB" of Fig. 19^' give the deflections in inches caused by a hori- 
zontal force of 1 ton, when they are divided by 18.125 f = ' J. 

The horizontal thrust caused by the load of 1 ton at the crown 

= 1.306 tons and the ordinates of Fig. 19^' give the deflections in 

1 306 
inches when they are multiplied by the ratio ' ,-., =0.072. 

lo.l^O 

The ordinate B'S"=1.58 ins. and the deflection at the crown 
« 1.58X0.072=0.114 in. 

Figs. 19^ to 19^ give the following results: 

In Fig. 19^" the elongations of the bars are plotted from Column 
X, Table IV, on a scale of 1 in. = 40 ins. The unit force is 1 ton, 
or ^=14,500; the reaction due to a load of 1 ton at the crown = 
J ton. 

The unit radius p'' is 50 ins. measured on a scale of 1 in. =40 ins. 

The pole distance p' of the force polygon is plotted =1,000 ins. 

v' 
on a scale of 1 in. = 40 ins., or ^,=20. 

p 

The horizontal thrust is 1.306 tons, and the deflection angles are 

plotted to a scale of 1 in. = (40 ins. -h 1.306). 

The deflections are then measured in inches multiplied by 

' X 20 =0.072, and the deflection at the crown is obtained 

14,oUU 
asbefore=0.114 in. 

For a load placed at 7 in Fig. 19^ it is necessary to draw the 
full force polygon, Fig. 19^, the full reciprocal polygon. Fig. 19*^, 
and the full Williot Diagram, Fig. 19^. 
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The deflections can also be computed by the application of equa- 
tion (189), Chapter X. 

The computation of the horizontal displacement of the crown, 
or of any other part of the arch under a vertical loading, may be 
performed according to the method set forth in a later article. [See 
equation (192), Chapter X.] 

(a) Deflections Caused by a Change in Temperature and 
BY A Yielding ob the Abutments. — Yielding of the abutments 
affects the arch in the same manner as a reduction in temperature, 
consequently only the temperature changes need be described. 

According to Art. 10, a change in temperature of 75® F. causes 

a thrust of 4.25 tons, and the ordinates in Figs. 19^ or 19^', when 

4 25 
multiplied by "" ■> , will give the deflections in inches. (The ordi- 

nates are for a horizontal thrust of 1 ton.) 

14. Deflections of the Three-Hinged Spandrel-Braced Arch. 

(For the analysis and explanation of the principle underlying the 
following computations, see Chapter X.) 

Suppose a load of 1 ton is again placed at the crown of the arch. 
From equation (195) it follows that the angular displacement a^ 

at the crown hinge is equal to {^x — H^^, 

Now JCx is the horizontal thrust in the three-hinged arch which 
is defined by the ordinates of a triangle having its apex on the vertical 
line through the crown, and, from equation (21), Chapter VII, 

Now K^l ton, Z=105 ft., and 4/-62 ft.; 

105 
■ .••3C = -l|=1.695. 

Hx is the horizontal thrust in the two-hinged arch, and is equal 
to 1.306 (see Art. 13). In Fig. 19^' the ordinates of the line AB'' 
represent H^^ the ordinates of the line AB"' represent 3Ca;, and the 
difference between the ordinates of these two lines is equal to JC, — //x- 

The value of ga should now be found. 

For a horizontal thrust of 1 ton, (7a=ac of Fig. 19^', =jK of Fig. 
19*, and IMQXK^ga^ 

/= 15.5 ft. = 186 ins., p'^ of Fig. 19^"= 50 ins., and 

B''B''' a Jfc* 

^-j--% or a,^B"B"'x!^. 



*k (« 1.306) is a factor of the diagram, as explained in Art. 13. 
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Now, B''B''' measures 0.95 in. actual length in Fig. 19^', 
the pole distance p' of Fig. 19^ fa 1.000 ins.; consequently 

0^=0.95X1,000X^X1.306=334, 

and ttc fa the angular deflection of the crown hinge when measured 
with the scale used in Figs. 19^ and 19^. 

To compute the deflections in the three-hinged spandrel-braced 
arch: 

First compute the thrust curve in a two-hinged arch for a ver- 
tical load=l placed at the panel point of which the deflection is 
desired. (When this load is placed at the crown the line AB' of Fig. 
19^' will be this curve.) 

Next compute the horizontal-thrust curve for the horizontal 
thrust caused by this vertical load (=1) in the three-hinged arch, 
but as if this thrust were acting in the two-hinged arch. 

The difference between the ordinates of these two curves gives 
the partial deflection (or the deflection of an arch in which the 
abutments could approach each other a dfatance equal to a^ of the 
preceding article). 

The top chord is then assumed to be parted in two at the crown, 
and this increases the deflection. (This is equivalent to forcing the 
abutments back into their original positions, as a result of which 
the crown sinks.) To obtain this: 

Compute the horizontal-thrust curve for this same arch as a two- 
hinged arch, and also the horizontal-thrust curve of the three-hinged 
arch (these two lines are given in Fig. 19-^', viz., AB'' and AB"'), 

Now, for illustration, assume the line AB' of Fig. 19^' to be the 
deflection cun^e of the three-hinged arch with the top chord gg' 
in position. The angular deflection at the crown hinge fa foimd as 
described on a previous page. In Fig. 19^ this angular deflection 
has been plotted as the force of a force polygon "with the same scale 
and pole distance p' as that of Fig. 19^. From this force polygon 
of Fig. 19^ is drawn the reciprocal polygon (see Fig. 19^')> and the 
ordinate measured from the line AB^ to the line AB' gives the 
deflection of the three-hinged arch at the crown. 

(a) * For a full, uniformly distributed load when the hinges are 
located in the axis of the bottom chord, the deflection can be com- 
puted with sufficient accuracy for practical purposes by finding an 
average cross-section of the bottom chord and the average stress 
in this chord caused by the load. From these the modulus of con- 
traction of the chord can be computed, and, assuming the two 
straight lines uniting the crown hinge with the abutment hinges to 
contract in the same ratio as the bottom chord, the problem resolves 

* This method applies to the three-hinged spandrel-braced arch as well as 
to the three-hinged arch rib. 
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70 ANALYSIS OF ELASTIC ARCHES. 

itself into determining one side of a right-angled triangle, having 
given the hypothenuse and the remaining side. The hypothenuse is 
the contracted straight line uniting the crown and abutment hinge, 
and the known side of the triangle is equal to one-half the span; 
the remaining side is the rise of the loaded arch; and this deducted 
from the rise of the unloaded arch gives the deflection. 

Temperature deflections can be obtained in the same manner. 

In the three-hinged spandrel-braced arch the deflections caused 
by single panel loads may be computed direct from the stresses in 
the members by drawing a Williot Diagram, or by computing the 
deflection curve from the deflection angles. This, however, necessi- 
tates the computation of the values of u and s", and also the de- 
flection angles for each position of the load. In applying the method 
described in earlier paragraphs these values need be computed but 
once; they are then reduced according to the procedure given in 
Art. 13. 

15. Example. — ^The arch shown in Fig. 1 is used, but without 
the center hinge. 

In Fig. 19 one-half of the arch is shown, its span between the 
end hinges being 105 ft., its rise 15.5 ft., and its height at the crown 
4 ft. The top chord is horizontal and the hinges are in the same 
plane. 

In Fig. 19a the same arch is shown and the intersection locus is 
drawn by correcting the standard diagram of Fig. 14, the correc- 
tion being shown in Fig. 19^ (see also Art. 9). 

For the sake of clearness in illustrating the following compu- 
tations, the intersection locus has been drawn farther above the 
top chord at the crown of the arch than the true locus. 

In Fig. 19a the panel points have been indicated by short lines, 
indexed 0, I, II, etc. 

The line OC (Fig. 19a), which is the line of pressure in the arch 
caused by the dead load, must coincide with the neutral axis of 
the lower chord. 

The panel loads resulting from the dead load are 8 tons per 
panel, and in Fig. 19fe these loads are measured off in their proper 
order (it should be borne in mind that the reactions are each equal 
to 4.5 panel loads). 

In the equilibrium polygon OC (Fig. 19a) the points and C 
are known, and, as was described and illustrated in Figs. 11 and 11a, 
a trial pole P' is chosen in Fig. 196 and a trial polygon is drawn, 
from which the true pole P in Fig. 196 is found; this pole P will 
produce the polygon OC in Fig. 19a (as previously described). 

The tangent method should not be used to bbtedn the neutral 
axis of the bottom chord, because the member 0-2 is not the direc- 
tion of the end tangent, but is a tangent to the parabola at the center 
of the panel. 

(a) Live-Load Stresses. — ^The live load is 8.5 tons per panel 
or 0.81 ton per ft. 
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Maximum and Minimum Stresses (Fig. 19f) — Stress in 4-6: 
For this member the fulcrum is at 5 and the line Ah intersects the 
intersection locus at E. The section line is at ZZ, All loads to 
the left of E will have their reactions in the section, and all loads 
to the right of E will have their components in the section. All 
loads to the left of E cause tension in 4-6, and all loads to the right 
of E cause compression. The perpendicular through E divides 
the span in two lengths, one of 25.8 ft. and the other of 79.2 ft. The 
latter length overlaps the half-span by 26.7 ft. One-half of the load 
on each end panel is directly transmitted to the supports A and B, 
and the lengths of the loads which cause stresses in the arch are 
then 20.55 ft., 26.7 ft., and 47.25 ft.; and bisecting each of these 
lengths gives the points F'^ F', and F, through wWch points pass 
the resultants of the respective loads. 

For maximum compression in 4r-6 the point F' is loaded with 
26.7X0.81 =21.63 tons, and the point F with 47.25X0.81 =38.27 tons. 
The left-hand components of these two forces are equal to F^G' and 
FG and intersect at A, through which point their resultant passes. 
To obtain the magnitude and direction of this resultant, the com- 
ponent F'C is added to FG, viz., Gg*, and the line uniting g' with 
F gives the magnitude and direction of the resultant; and a line 
drawn parallel to g'F through the point A gives the location of this 
resultant, which intersects 4-6 at the panel point 6. This resultant 
is resolved into a force directed toward the fulcrum 5, and the stress 
in 4-6. This resolution is effected as follows: 

FD is drawn parallel to 5-6 and g'D parallel to 4r-6; the stress 
in 4r-6 equals 68.2 tons compression. That the resultant intersects 
at the panel point 6 is accidental. 

For maximum tension in 4r-6 the load F"h" is resolved into its 
reaction F'^G", which is in the section and intersects the prolonga- 
tion of 4r-6 at the point E\ This reaction is resolved into a force toward 
the fulcrum 5, viz., E'h, and the stress in 4r-6. This resolution 
has been effected, U'F'' being the stress in 4^6, and equal to 3.8 
tons tension. For a fully loaded bridge the stress from the live 
load would be —68.2+3.8=64.4 tons compression. Now, the dead- 
load stress is 70.6 tons compression, and the ratio of live load to 

dead load is as 8.5:8, or -^X 70.6 =75 tons compression. The 

o 

above figures give only 64.4 tons compression, which indicates that 
the center of pressure passes above 4-6, the difference between the 
two stresses being taken up by the top chord. It also indicates 
that the equilibrium polygon for the live load does not coincide 
with the equilibrium polygon of the dead load, and that a fully loaded 
bridge will have stresses in the top chord. In the three-hinged 
arch it was seen that a full load did not cause stresses in the top 
chord. 

Stress in 5-7. (Fig. 19^). — ^To find the stresses in this member 
the fulcrum is located at the panel point 6, and a straight line passing 
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through A and 6 intersects the intersection locus at E\ this point 
divides the span into two lengths — 50.5 ft. and 54.5 ft. The section- 
line passes through the center of the third panel and is indicated 
by ZZ, All forces to the left of ZZ have their reactions in the section, 
and all forces to the right of ZZ have their components in the section. 
All the components to the right of E have a positive moment around 
the fulcrum 6, and all components or reactions to the left of E have 
a negative moment around this fulcrum. 

To obtain maximum tension in 3-5 the bridge is loaded from 
S to B' with [(50.5- 5.25) X0.81 = ] 36.66 tons, and the resultant of 
this force passes through the point F, which bisects the distance 
EB' minus one-half of the end panel. Its component is equal to 
the line OF, which intersects the prolongation of the member 5-7 
at the point a. The component is resolved into a force a6 — which 
passes through the fulcrum 6 — and the stress in 5-7; and drawing 
a line GD parallel to a6 and a line FD parallel to 5-7 gives the 
stress in 5-7 which is equal to 17.5 tons tension. 

To find the maximum compression in 5-7 the bridge is loaded 
from A' to JS, that is, for a distance of 54.5 ft., which overlaps the 
half-span by 2 ft. Of the remaining 52.5 ft. for the first (26.25-4.25=) 
22 ft. the reaction is in the section; for the remainder of the load 
the component is in the section (22X0.81 = 17.82 tons), and its 
resultant passes through the point F^'. 

Next to be considered is a load of 21.27 tons, having its com- 
ponent in the section and its resultant passing through the point 
F'". Following this comes the load on the adjoining half of the 
span, viz., 2X0.81 = 1.62 tons, the resultant of which passes through 
the point F', The order of combining these two components with 
the reaction to find the resultant is not the best to follow. It is 
better to first combine the two components, and then combine the 
resultant thus found with the reaction. This order of combining 
the forces, however, would bring them too close together to be clearly 
indicated in a diagram. 

The component G'F' prolonged intersects the reaction F'^G" 
at the point 6, and measuring these forces in their respective direc- 
tions from the point h gives 6d, which is equal to F'^G", and 6c==F'(?'. 

The line dc is equal to the resultant of these two forces, and its 
point of application is the intersection point 6, through which point 
a line he is drawn parallel to the line rfc. This resultant intersects 
the component F'"G''' at the point e, and measuring again the two 
forces in their respective directions from the point e gives eg equal 
to F"'C', and e/ equal to dc. Joining the points g and / gives the 
magnitude and direction of the resultant of the three forces, and the 
intersection point e is the location of this resultant. 

Through e a line parallel to ^/ gives the line ei, which is made 
equal in length to the line ^/. The prolongation of ei intersects 
the member 5-7 at K and the resultant is resolved into a force fc6 — 
which passes through the fulcrum 6 — and the stress 5-7; and drawing 
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the line ij parallel to A6 and the line ej parallel to 5-7 gives the 
stress in 5-7, which is equal to 30 tons compression. 

From the one form of loading the stress was found = +17.5 tons 
From the other ** '* '' *' " *' " =-30. *' 



And for a full live load the stress is = — 12.5 tons, 

which is the equivalent of the discrepancy that was found in the 
bottom chord. 

Stress in 5-6. — A section-line through 5-6 (see ZZ in Fig. 19) 
cuts the members 5-7 and 4-6, and they intersect each other at D 
(see Fig. 19c). This point of intersection is the fulcrum for 5-6. 
The Ime which passes through the hinge A and point D cuts the 
intersection locus at E, and the line which passes through B and D 
intersects the locus at E\ The section hne passes somewhere between 
5 and 7. 

Maximum Compression in 5-6. — The reactions of the loads between 
A and E' have a positive moment around the fulcrum D, and the 
components of the loads between E and B also have a positive 
moment around the fulcrum D, The farther the section line is 
shifted to the right, the greater will be the load between the point 
of support A and the section line; and, consequently, the greater 
will be the resultant reaction of this load. 

TTie section line cannot be shifted any farther than the panel 
point III; if it were shifted still farther to the right it would cut 
the members in the next panel. Therefore to obtain maximum 
compression in 5-6, the bridge should be loaded from O to III, and 
Irom ^ to X. 

The resultant of the loads from £^ to X passes through the point 
F, its magnitude is [0.81(44.4-5.25)=] 31.71 tons, and its com- 
ponent is represented by the Une FG, 

The resultant of the load from O to III passes through the point 
F'y its magnitude is [0.81(31.5-5.25)=] 21.27 tons, and its reaction 
is given by the line F'G\ 

The component FG and the reaction FV intersect at the point 
g, through which their resultant passes. The length of the line F'G' 
is plotted from g as f^g, and the length of the line FG is measured 
from g as fg; then the line joining / and /' gives the magnitude and 
direction of this resultant, and the point g is its location. A line 
drawn parallel to ff through the point g intersects the diagonal 5-6 
at 6, and this Une is resolved into a force 6i), toward the fulcnim 
Df and the stress in the diagonal. To avoid confusion this resolution 
of forces has been made in Fig. 19c', the line f/ being in direction 
and magnitude equal to the resultant. From the point / a line 
is drawn parallel to 6D, and from f a line parallel to the diagonal; 
the stress in 5-6 eouals 10.6 tons compression. 

Maximum Tension in 5-6. — ^To obtain this stress the remainder 
of the bridge is loaded from III to E (Fig. 19c). This has been 
ehown in Fig. 19«, and the length of the load is equal to 21 ft. on 
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one side of the center line and 8.1 ft. on the other. The loads are 
respectively (21X0.81 ton = ) 17.01 tons and (8.1X0.81 ton =) 6.55 
tons, and the resultants of these loads pass through the points F' 
and F respectively. The fulcrum for 5-6 is again the point Z), 
and, after the foregoing description, the figures require no explana- 
tion; the stress in 5-6 equals 10.6 tons tension. 

Stress in the Vertical 4-5. — To obtain the stresses in 4-5 the sep- 
tion-line cuts the members 3-5, 4-5, and 4-6. The members 3-5 
and 4r-6 intersect again at D, and D is the fulcrum for 4-5 (see Fig. 
19c). The same method of obtaining the maximum stress in 5-6 
(which was given in the preceding paragraph) holds good for the 
member 4-5; and maximum tension is caused in 4-5 when the 
bridge is loaded from O to II and from E to X. 

The reaction is equal to F'^C and the component is equal to FG, 
The two forces intersect at g\ and their magnitudes are measured 
off from g' in their proper directions, viz., g'f and g'f"] and their 
resultant is equal to the line /"/" '. 

A line drawn through the point g' parallel to fy intersects 
the vertical 4-5 at the point fc, and the resultant is resolved into a 
force kD toward the fulcrum and the stress in the vertical 4-5. The 
computation has been made in Fig. 19c", and the stress in 4-5 equals 
4.3 tons tension. The stress caused by the other form of loading 
equals 11.6 tons compression and is indicated in Fig. 19e. 

For a fully-loaded bridge the stress caused by the live load=^ 4-4.3 
— 11.6 = 7.3 tons compression. 

Stress in the Vertical 4-5: 

Minimum. 

From dead load — 8 tons 

From live load + 4.3 " 



Total minimum stress in 4^5= — 3.7 tons 

Maximum. 

From dead load - 8 tons 

From live load -11.6 '' 



Total maximum stress in 4-5 = — 19 6 tons 

Stress in the diagonal 5-6 =±10.6 tons -11.6 tons 

Stress in the top chord 5-7 = + 17.5 tons — 30 tons 
Stress in the bottom chord 4-6=(-68.2-70.6)= -138.8 tons 

(h) The temperature stresses below are taken from Column VIII 
of Table IV, and are added to the above stresses to give maximum 
total stresses: 

Highest Temp. Lowest Temp. 

6-7, top chord +13.9 tons -13.9 tons 

4-6, bottom chord -9.1 " +9.1 " 

4-6, vertical +2.6 " -2.6 " 

6-6, diagonal -4.9 " +4.9 " 
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THE TWO-HINGED ARCH. 75 

And the maximum combined stresses in the members are: 

^7, (or 717.5+13:9) +.31.4ton8 -43.9 tons 

4-6, (-138.8 -9.1) -147.9 " 

4-6, (- 19.6 -2.6) -22.2 " 

5-6, (± 10.6 ±4.9) + 15.5 " -15.5 " 

In the arch of Fig. 19 the top chord has a uniform crossHsection 
consisting of two 8-in. channels (13.5 lbs. per ft.), the bottom chord 
is made from two 12-in. channels (40 lbs. per ft.), and the web members 
are two 6-in. channels (10 lbs. per ft.). While a small saving in material 
can be obtained by varying the sections at different points according 
to the stresses, the uniform sections adopted admit of simple connec- 
tions, result in lower unit prices, and enhance the beauty of the 
structure. 

For long spans this unifonnity is not economical; a discussion of 
this subject, however, does not belong in this book. 

The intersection locus obtained in Fig. 19^ can be used for the 
computation of the dead-load stresses as well as for those of the 
live load. 

The advantages, however, of following the division used in the 
foregoing example are self-evident. 

One, moreover, that is worthy of special mention is that the com- 
puted stresses and the actual stresses in the structure will closely 
correspond when the bridge is mounted as two cantilevers and 
completed as a three-hinged arch. 

16. Two-Hinged Arch with Variable Moment of Inertia. — 
The foregoing articles have described an arch which might be placed 
under this head; the spandrel-braced arch, however, is not an arch 
rib in the true sense of the word, but a framework. 

In many structures in which the arch rib is composed of chords 
and web members, the chords are anchored to the abutments. The 
rib may also increase in height from the crown to the abutments, and 
such an arch has the decided advantage of great rigidity as compared 
with the two-hinged type of the same dimensions. This has been 
• specially described in the chapter dealing with the hingeless arch. 

(a) Structures exist, however, in which this arch has been built 
with two hinges. 

When, in such an arch, the hii^es are located in the axis, the stresses 
can be computed by the application of the elastic theory, using 
the standard diagram of Fig. 14, and making such corrections as are 
necessary according to the method of Article 1, Chapter II. In 
this case the center line of the arch rib is the axis of the arch. 

Also the correction of the intersection locus may be made accord- 
ing to the rules given in Article 11 of the same chapter. 

The latter method, however, results in greater accuracy when 
applied to an arch having the hinges in the axis of the bottom chord. 
In making the correction the axis of the bottom chord should be 
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considered as the axis of curvature. Either of these methods may 
be used to compute the stresses in the structure, and the general 
method described in Article 18 may be appUed as a check to the 
sections thus obtained. 

(6) There is, however, a two-hinged arch which is very rigid, and 
which, in contradistinction to those thus far described, increases 
'ts moment of inertia from the hinges to the crown. 

The crescent-shaped arch is of this type and is much favored for 
bridges, and particularly for roofs. 

The analysis of the two-hinged arch is given in Giapter VIII, 
and in Article 18 of this chapter the application of this analysis 
is described. 

In Article 2 (d) of Giapter VIII the analysis has been developed 
for such an arch when special conditions (there enumerated) are 
satisfied, and in Art. 18 it has been shown that, notwithstanding 
such special conditions, equations (95a) and (98) are general in 
their appUcation. 

These equations are [see Art. 2 (d), (e), Giap. VIII]: 



J^y"dx=J^ydx 



for vertical forces; when the arch axis is a parabola, equation (96) 
appUes: zo^^f^or vertical forces, and equation (98), Xo=k{S'\-k^-'6k) 
for horizontal forces. 

With the last two equations the standard diagram of Fig. 20 
is drawn for an arch in which the rise= 1 unit and the span =2 units. 
Multiplying the ordinates of this diagram by one-half of the span 
and by the rise of the arch axis will give the intersection loci for the 
horizontal and vertical forces. 

As stated before, the point of intersection of the load line with 
the intersection locus is also the point where the components of the 
load intersect. 

The method described for the computation of stresses in Chapter 
II, Article 1, may be used, and each member of the structure may 
be investigated independently. In the case of a roof-truss the wind 
should be considered as pressing on either the full right half or the 
full left half of the truss; to treat the wind pressure as a moving 
load which may come on any one or more panels, but not on all, 
is in this case a refinement which has no place in practical engineer- 
ing. 

(c) If the arch is supported on rollers at one hinge, and the hinges 
are held in position by a tie-rod, the stress in this rod can be 
measured directly from the force diagrams for different forms of load- 
ing, as will be seen below. 

As an example a roof-truss has been selected, and the method 
of computing the stresses can be applied to either the three-hinged 
or the two-hinged arched roof. 
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17. Example: Crescent-Shaped Roof-Truss. — Fig. 21 shows 
a roof for a railway station. Its axis is a parabola. The span 
from il to jB is 110 ft., and the rise of the axis at C above AB is 36 ft. 
The depth of the arch rib at the crown is 8 ft. 3 ins., or 



A 8.25 
y 36 ^ 



n 

48' 



The trusses are placed 25 ft. apart. 

Wind pressure =35 lbs. per sq. ft., its direction making an angle 
with the .horizontal =15®. This produces a pressure per sq. ft. of 




horizontal projection =9 lbs., and a pressure per sq. ft. of vertical 
projection = 34 lbs. 

Dead load =30 lbs. per sq. ft. of horizontal projection, 

Snowload=17 " *' " " " 
and the stresses are computed for three cases: 

The snow covering the roof (1) from 7 to the center; 

(2) from the center to 7'; 

(3) from 7 to T. 
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The weight of the trusses is 115 lbs. per lin. ft. 
With the above data the panel loads are computed and the re- 
sults indicated in Fig. 21. 

The locus for the vertical forces is JJ' (1.33X36=48 ft.). 

The locus CB for the horizontal forces is obtained by multiplying 







Flg.2id. 



HORfZONTAL Tf/RUST 
OFlONlT 



the horizontal ordinates in Fig. 20 by 55 ft., and the vertical ordinates 
by 36 ft. 

(o) Stresses Caused by the Dead Load. — The dead loads at 
the panel points I, II, ... , XV are re*^olved into their components 
1, 2, etc. The components toward B are omitted, as they are not 
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required in the computations. It should be remarked that the 
components toward A of the loads from IX to XV are equal to the 
components toward B of the loads from I to VIII, and therefore that 
the resolution into components need only be made for the loads 
from I to VIII. 

These components toward A are added in Fig. 21a, forming the 
broken line DE, and the straight line DE is equal to the resultant 
R of all these components, as previously explained. The reaction 
/2 at il is equal to this resultant, its direction being indicated by 
an arrow. 

A section ZZ is made in Fig. 21, and the portion of the truss 
to the left of this section is removed. The forces in the section are 
R (the reaction) and the stresses in A\ and A2\ these three forces 
are in equilibriiun, and R must be the resultant oi A\ and A2, The 
computation has been performed in Fig. 21a, and the directions 
of the arrows indicate that the forces in ill and A2 are exerted 
against the portion ZZB of the truss and cause compression. 

The remaining members of the truss have been computed in a 
similar manner in Fig. 21a, which is known as the *' Cremona Dia- 
gram," and the results are entered in Table V. 

In Fig. 21a the line DF is equal to the horizontal thrust caused 
by the dead load, and, using the point /) as a pole, the reciprocal 
polygon il . . . C is drawn with a solid line in Fig. 21. The dotted 
line is the center line of the arch, and the distance between these 
two lines indicates how the center of pressure shifts above and below 
the neutral axis. This shows, for example, that the compression 
in 3-5=19,700 lbs., in 2-4=34,400 lbs., and in 4-6=31,000 lbs. 
It also affords a means of checking the Cremona Diagram by the 
moment method, as previously explained. 

Another check upon the computation consists in independently 
determining the stress in any given member by the method described 
in Art. 1, Chap. II, for the three-hinged braced arch. 

When the hinge A is supported on rollers and the hinges A and 
B are united by a tie-rod, the stress in this rod is equal to the line 
BF measured by the scale of forces. 

(6) Stresses Caused by the Snow Load. — Where the roof has 
an inclination which makes an angle with the horizontal of more 
than 45°, no snow will rest; the snow loads are distributed as shown 
m Fig. 21. 

Snow Covering the Roof from Panel Point 7 to the Center, — In the 
<ame manner as described for the dead load, the resultant DE in 
Fig. 21f> for the snow load has been computed, and a Cremona Dia- 
(rram has been drawn with these loads (see Fig. 21?)). 

The results are entered in Table V under the heading "Left Half." 

Srum Covering the Roof between Panel Points 7 and 7'. — ^The re- 
sultant DE of the left-hand components (see Fig. 21c) is obtained 
according to the previously described method, and the Cremona 
Diagram is drawn. 
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The results are entered in Table V under the heading *'Total." 
Snow Covering the Roof from the Center to 7\ — ^These stresses 
are the differences between the stresses caused by the snow load on 
the left half and the total snow load. The computation of these 
stresses resolves itself into a simple deduction, and they are entered 
under the heading *' Right Half " in Table V. 

(c) Stresses Caused by a Change in Temperature and by the 
Secondary Stresses. — ^To obtain the temperature stresses, the 
horizontal thrust caused by changes in temperature must be com- 
puted [see equation (100), Art. 2 (/), Chap. VIII]. 

Ht^itwEk^F* 

where <= change in temperature =±60*^ F.; 

•7 

«?= coefficient of elongation for 1° F. 



1,000,000' 
S= modulus of elasticity of steel =29,000,000; 

i=-=?^ = 0.229; *2=0.0525; 
y t)0 

F= sectional area of one chord at the crown =8.5 sq. ins. 

Then 

Ht =2,720 lbs. (or, roughly, 2,800 lbs.). 

For the secondary stres.ses [see equation (101)], 

where n= stress per sq. in. of gross section caused by live-load, tem- 
perature, and secondary stresses =1,300 lbs. (assumed 
for the purpose of illustration) ; 
k and F as before. Then 

^n = iXl,300X0.0525X8.5=280 lbs. 

In these two equations P and n are values which are obtained 
from the final results of the computation; the value 280 lbs. 
can be obtained only by trial, for which reason the Cremona Diagram 
of Fig. 2 Id is drawn for a horizontal thrust equal to one unit. When 
the intensity of the horizontal thrust which is caused by a change 
in temperature or by the secondary stresses is computed, the stresses 
obtained from Fig. 21d are multiplied by these horizontal thrusts. 

In the example the horizontal thrust caused by a temperature 
change of 60° is 2,800 lbs., and the stresses caused in the members 
by this thrust are inserted in Table V. 

The secondary stresses are also inserted in this table. 

♦ See Art. 20 (6) before applying this equation. 
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(d) Stresses Caused by Wind Pressure. — In Fig. 2l6 the wind 
is assumed to blow from right to left, and the vertical and hori- 
zontal pressures are considered independently in order to compute 
the reactions at A and B, 

The points of intersection of the horizontal and the vertical 
forces with the intersection loci are indicated by black circles, the 
loci being left out to avoid confusion. 

The vertical loads are resolved into their components: d in 9 
and 9', e in 10 and 10', etc. The components 9, 10, 11, etc., are 
drawn in their proper sequence in Fig. 21/, forming the broken line 
KM) also the components 9', 10', etc., are drawn, forming the broken 
line KL, As a check on the computation LI (the vertical reaction 
at A) plus IM (the vertical reaction at B) should be equal to the 
sum of all the vertical loads de . . . /. It should be specially noted 
that the directions of the forces are indicated by arrows, and great 
care should be exercised in this, as an error would produce extremely 
faulty results. 

The horizontal loads are resolved into their components: D 
into 9 and 9', E into 10 and 10', etc. 

The components 9, 10, 11, etc., toward B are added together 
in their proper sequence in Fig. 21/, forming the broken line MiV; 
and to obtain the resultant of tiM and KM the forces must follow 
in the same direction. 

In the same manner the components toward A (a*? 9', 10', etc.) 
are drawn in their proper sequence in Fig. 21/, forming the line lO, 
and, as before, their direction must be a continuation of the broken 
line LK, And the line liK represents in magnitude and direction the 
resultant of all the components toward B of all the vertical- and 
horizontal forces, and similarly the line OK is the resultant 
toward A. 

As a check on the computation the line Jim, which represents the 
vertical reaction at B, must be equal to the line On, which is the 
vertical reaction at A of the horizontal forces. 

Computation of the Stresses, — ^The reaction at B must be equal 
and opposite to the force NKy and the reaction at A must be equal 
and opposite to the force KO, These two reactions are added in 
their proper sequence in Fig. 21gr, and a Une which would unite the 
points N and would be the resultant of these reactions, and would 
also be the resultant of the forces IX, X, . . . XV in Fig. 21e. This 
condition is indicated in Fig. 21^ and forms a check on the com- 
putation, and the Cremona Diagram in Fig. 21^ gives the stresses 
in all the members. 

The drawing of this diagram furnishes another check on the 
computation, because, if the diagram is commenced. at B with the 
reaction NK, it must meet the point of the reaction OK at A, and 
any deviation from this point shows the computation to be de- 
fective. 

With the wind acting from left to right the Cremona Diagram 
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will be the reverse of Fig. 2lg, and the stresses 5'-7', 7'-9', 6-8', 
8'-9', etc., will become equal to 5-7, 7-9, 6-8, etc. 

If the arch shown in Fig. 21 is used for a highway or railroad 
bridge, as, for instance, the bridge over the Douro, the maximum 
and minimum stresses are obtained in the same manner as are those 
for the two-hinged spandrel-braced arch, and the intersection locus 
for the forces is obtained from Fig. 20. 

For the maximum and minimum stresses of Table V, the cross- 
sections are determined by adding together the larger stress and 
J of the smaller stress and allowing 16,000 lbs. per sq. in. of net 
section in the member for the combined stresses. This shows that 
the cross-sections of the chords increase very closely in the same 
ratio as does the secant which the arch nni^kes with the horizontal; 
and with the variable loading shown in Figs. .21 to 21g the accuracy 
resulting from tliis assumption is striking. 

(e) Tie-Rods. — When the hinges are kept in position by a tie- 
rod, the stress in this rod caused by the wind pressure acting on 
the right of the roof is equal to the line Ln (Fig. 21/) =26,400 lbs., 

It is assumed that the hinge A rests on a roller bearing. 

Now, the stress in this tie-rod (caused by the dead load) is 36,150 
Ibe. tension ( = DF of Fig. 21a), and the stress in the rod will be 
27,600+36,150 = 63,750 lbs. tension. 

When the wind exerts pressure on the left side of the roof it causes 
17,790 lbs. compression (Une mM of Fig. 21/), and the stress in the 
rod will be 18,360 lbs. tension. 

Also a full snow load causes a tension in the rod equal to the 
line DF of Fig. 21c = 16,250 lbs. 

When the condition of the roof -truss assumed for the computation 
is that at normal temperature and with the dead load, any change in 
the stresses or the length of the tie-rod will alter the span of the arch. 

When the tie-rod is equally exposed to the changes in temperature 
with the roof, there will be no temperature stresses; but when the 
tie-rod is placed under the station platform, it is safe to assume 
that its temperature does not change, and the temperature stresses 
as previously computed can then be used. 

The change in the length of the tie-rod caused by the variation 
in its stresses will influence the stresses in the arch. 

When the stress in the tie-rod above or below the normal = P 

PI 
and its area=F, its change in length will be equal to Jl^^; from 

equation (99)^ Chap. VIII, 

.;_ 2ffl _ PI 
^'' Ek^F FE' 

and 

Pfc2 
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Now the wind will cause an additional stress of 27,600 lbs. tension 
or 17,790 lbs. compression, and a full snow covering will add an 
additional tension of 16,250 lbs. Or, with the wind blowing on the 
left side, the stress in the rod will be 17,790 lbs. below the normal stress. 

With the wind blowing on the right side and a snow covering 
from 7 to 7', there will be an increase of 27,600 + 16,250 = 43,850 lbs. 
tension, and substituting these values for P in the above equation 
gives (when *=J^), 

ff = - 935 lbs. and H=-+ 2,290 lbs., 

which act respectively in the same manner as a rise or a drop in 

temperature. Multiplying the stresses obtained from the diagram 

(Fig. 21d) with the above values will give the stresses in the members. 

[For deflections see Art. 4, Chap. Ill; also Art. 20 (b) ei seq,] 
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THE DOURO BRIDGE, OPORTO. 

i8. Computation of the Intersection Locus for the Two-Hinged 
Arch. — General Method. — In Arts. 1 to 14 of this chapter the hori- 
zontal thrust is computed from an intersection locus which is drawn 
for a two-hinged parabolic arch rib whose moment of inertia in- 
creases from the crown to the hinges in the same ratio as the secant 
of the angle which the arch axis makes with the horizontal. In 
Art. 2 (h), Chap. VIII, the principle is explained on which is based 
the correction of this intersection locus for an arch of any other 
curvature. 

Special cases, however, may present themselves in practice, 
and, as an example of such a case, the author has chosen the crescent- 
shaped arch bridge over the Douro, at Oporto, Portugal. 

The conditions which are set forth in Art. 2 (d). Chap. VIII, 
are not satisfied in this arch, and it is specially adapted for demonstrat- 
ing the influence of a variation in the moment of inertia upon the 
intersection locus. 

A description of this bridge by T. Seyrig, its designer, may be 
found in **M6moires et Comptes Rendus des Travaux de la Soci6t4 
des Ingenieurs Civils," Sept., 1898. 

Fig. 22 is an elevation of this bridge, in which the span is 160 
meters and the rise of the neutral axis 42.65 meters. (All dimen- 
sions given are in meters.) The bridge deck is supported by the 
arch at the points Z), E, F, and G. In Figs. 22a and 226 the mo- 
ments of inertia and the sectional areas of the arch have been plotted 
from the above description in the metric system. These figures show 
that the moment of inertia near the hinges is 0.246 m .*, at the crown 
4.696 m.*, and that the sectional area near the hinges is 0.293 m.^, 
and at the crown 0.228 m.2. 

The ordinates of the line GJ (Fig. 22a), measured from the axis 
GLy represent the moments of inertia of the arch, and are seen 
to vary widely. The line GL is equal to AC, or one-half the length 
of the arch axis, and the abscissas of the points on the line GJ corre- 
spond to the points a:, t/, of the arch axis measured along the curve. 

The analysis of the two-hinged arch is given in Art. 1, Chap. VIII. 

In applying equations (71) and (72) of the Appendix the 

approximation Vm=Y-ym (70) is sufficiently correct, and the panel 

lengths are all assumed to be equal to rf©- The ordinates of Fig. 22a 
represent the values of /,; and /o, or the average moment of inertia, 
should be computed. The graphical method is specially adapted 
for this purpose. (See Fig. 22c.) The computation is based on 
the principle of reducing the figure abc ... A to a triangle having 
the same area and the same base; then one-half the height of the 
triangle is the desired average. Let ab be the axis and cdefg be the 
Une uniting .the ordinates, which are plotted in their proper sequence. 
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The average ordinate ak should be found. Unite e with g and draw 
fh (parallel to eg) to an intersection h with the line ia. The triangles 
egh and egf have the same base and the same height, and must there- 
fore have the same area. The figure has now been changed into 
ahcdehy having the same area as the original figure. The same 
method is applied to the points d, e, A, etc., until finally the triangle 
abi is obtained, and one-half its height is equal to ak. (To make 
the computation only the intersection points on the line ai are marked; 
no other lines should be drawn, as they only confuse the computer.) 
This method has been applied in Fig. 22a; GLM is the desired triangle, 
and the distance NL is the average moment of inertia =/o. 

In the same manner the average area Fq of the arch is obtained 
in Fig. 226, the line GM representing the side of the equivalent tri- 
angle, and 00= Fq. 

Construction of the Horizontal'Thrust Curve, — Vertical Forces, — 
Equation (62) of the Appendix gives the horizontal thrust 

I j-yds + EiDtB cos a - EJl 
Equation (71) gives 

and substituting for Vm the approximate value Vm=Y^m gives 

'f-yds=yI'JPflmj^yfn. 

In the same manner is obtained 

Py^ds do yi ^.^ 

The interpretation of these summations is given in Chap. VIII, 
Art. 1. 

In equation (62-*) the term EwtB cos a represents the influence 
d the temperature, the term EJl the influence of a turning or shift- 

ing of the abutments, and the term ^pcosa the influence of the 

change in length of the axis of the arch (in this book termed ''the 
secondary stress")* 
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Neglecting the influence of temperature and shifting of the abut- 
ments, equation (62^) may be written 



and if the denominator of this expression is made the unit of measure- 
ment, then 

The computation, either graphically or analytically, is very 
easily performed; it consists in either drawing a reciprocal polygon, or 
computing the bending moment of a simple beam supporting the loads. 
The graphical method is here given, with an incidental explana- 
tion of the analytical method. 

(a) Equation (73) of Chap. VIII gives the value of 

ll,^rnVn.-'K^il-'9)lf^+^^^ ^^ (73^) 

In Fig. 22d the axis ACB of the arch is shown and equation (73-*) 
is interpreted as follows with reference to this figure: 

It is desired to find the horizontal thrust caused by a load K 
placed at 5. 

The arch is divided into twenty equal panels whose centers are 
indicated b.y 1, 2, 3, etc. 

Now, the first part of equation (73-*) means that loads vi, V2, 
^3, V4, and ^6, placed on a simple beam supported at A and B, will 

cause a reaction at B which is equal to i'g , ^ , and this reaction 

will cause a bending moment in the beam at 5, which is equal to 

The second part of this equation gives in the same manner the 
bending moment in the beam for all the loads from v^ to vi,, and 
the sum of these two bending moments is the total bending moment 
in the beam. 

Vm= 7^ Vm, and from Fig. 22cf., /o= ordinate GO. 

To facilitate the computation Fig. 22a should be so changed 
that the value of /,„ is given to correspond with the panel centers 
1, 2, 3, etc. For this purpose the lengths Aa, ab, he, etc., of the 
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axis in Fig. 22d are plotted on the line GL in Fig. 22a, and perpen- 
diculars are erected through these points intersecting the Une GJ 
at the points a', b\ c', etc.; and drawing lines throu^ these points 
parallel to GL and to intersections with their corresponding panel 
centers, will determine the points 1,2,3, etc. The ordinate of the point 
1 to the axis GL is the average moment of inertia for the panel 1 ; and 
the ordinate of the point 2 to the axis GL is the average moment 
of inertia for the panel 2, etc. 

The ratio —. should now be computed. To make this division 

any arbitrary unit may be selected — in Fig. 22a the imit taken is 
equal to two panel lengths, or he== 1. 

The line/8 is drawn and gf parallel to it, and from equal tri- 
angles 

y«-^; now, gh-=^Io, and hS^^Iml 

• • T^M' 
The next step is to compute the values of Vm'* 

For this purpose the point / of Fig. 22a is transferred to f in 
Fig. 22dy a line is drawn uniting the points e, and 8, and the line 
fg, is drawn parallel to c'8, and to an intersection with the panel 
center 8. 

Now, A,8=yw, A///=7^ (for the unit h^e,), and from similar 

triangles 

The same procedure is followed for each panel center, and the 
ordinates so obtained define the line DE. 

The foregoing explanation shows the simplicity of the compu- 
tation and the special adaptability of the graphical method for that 
purpose. 

The next step is to obtain the value of equaticm (73-^). For this 
the ordinates a'a"y Vh", c'c", etc., are plotted as the forces of a force 
polygon in Fig. 22e (a'a"=l, &'6"=2, etc.), and a pole distance is 
chosen. 

The best results are usually obtained by making the pole distance 
p equal to about J2't?m. In l^ig- 226 a reduction in the scale of the 
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figure has been required for illustrative purposes; in practice no 
such reduction is necessary. 

With the pole P and the forces 1, 2, etc., the reciprocal polygon 
(in this case the moment polygon) ACB is drawn in Fig. 22E in 
the well-known manner, and the ordinates of this curve, measured 
from the axis AB^ are equal to the horizontal thrust; for example, 
when the load K acts at the panel center 5, the ordinate H equals 
the horizontal thrust, and when the unit of measurement is established 
the problem is solved. 

As stated on a preceding page, the unit of measurement is the 
value of the denominator, viz.: 



-S'^mt) 



B cos a Iq 



This value is composed of two terms, and the second may be 
assumed as a constant. 

The first term is the bending moment of a cantilever supporting 
the forces Vm» which act at the distance ym from the point of support. 

In Fig. 22e the forces 1, 2, etc., are equal to the ordinates v at 
1, 2, etc. For the purpose of clearness these forces are shown on 
FG reduced to one-fifth their values. 

To obtain the moment of the horizontal forces v the same force 
polygon with the same pole distance p has been reproduced in Fig. 
22e', but with this difference: the forces v act horizontally. 

From this force polygon the reciprocal polygon A'C'B' has been 
drawn in Fig. 22J?^ and the line A'B' is the moment of all the 

forces u, and is equal to -ToVrnVm- 

The constant should now be added. For this it should be remem- 
bered, from the graphical properties of the moment polygon, that 
the moment is equal to the ordinate of the moment polygon multi- 
plied by the pole distance of its force polygon, and that the distance 
Bcosa/o 

Now, B=185 m. (meters); 

cos a =0.525; 

/o=2.78 m.* =0(? of Fig. 22a; 
Fo=0.235 m.2=0G of Fig. 226; 
p=275 m.; 
di)-A^=8m. 

Also, BA/= 0.518 

Afi, =-57.0 

il,B,,= 57.5 + 
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and Afi^^ is the unit with which to measure the ordinates (rf Fig. 22J5, 
or ff=r^XK=0.47X. 

07.0 

To obtain the intersection locus it is necessary to find the points 
of intersection of the component on its respective load line for suc- 
cessive positions of the load. This construction has been shown in 
Fig. 22d. 

The distance FB equals K of Fig. 22E', and the points F and A 
in Fig. 22d are joined by a straight line; the line L(?=line NM is 
equal to the reaction at B caused by the load K placed at 3'. The 
horizontal thrust caused by the load K is equal to MN of Fig. 22E. 

This horizontal thrust has been plotted in Fig. 22d from the 
point By viz., MB, and a perpendicular erected through the point 
M, A line LN is drawn through the point L and parallel with the 
line MB J and the intersection point N and the hinge B are two points 
of intersection of the component; and prolonging the line BN to an 
intersection with the load line 3' gives a point of the intersection 
locus. 

(6) The heavy solid line OP is the intersection locus for the verti- 
cal loads. 

Figs. 22 to 22E' are for the purpose of illustrating the method 
of computation, and no especial pains have been taken to obtain 
accurate results, the original scale being 1 inch =20 meters. To 
show the great degree of accuracy which can be obtained by the 
graphical method, even with this scale, the author gives below the 
results obtained by Seyrig and also those obtained from the figures 
above mentioned. 

Table VI. 

Equation Equation H H 

(86). (96a). Oeyrig). (Fid. 22-225). 

LoadatD 0.370X 0.370 0.370X 0.368/i: 

'' "E 0.646X 0.690 0.692X 0.603X 

" "F 0.696iS: 0.640 0.631iS: 0.U2K 

*' "0 0.730X 0.670 0.660X 0.65SK 

Equation (95a) of Chap. VIII gives for the ordinates of the 

intersection locus: Jy"dx^ Jydx. The intersection locus is the 

straight dash-and-dot line 0,P^ in Fig. 22d, and as a means of com- 
parison, the horizontal thrusts obtained by its use have been in- 
serted in the foregoing table under the head "Equation (95a)." 

The heavy dotted Une 0''P'' is the intersection l(xjus obtained from 
equation (85) and the standard diagram of Fig. 14. A comparison 
of the values in the table shows that for practical purposes equa- 
tion (95a) gives accurate results for the arch under consideration. 
This is of great importance in designing the crescent-shaped arch, 
as it enables the engineer to make his computations with absolute 
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certainty from the start, while the methods described in Figs. 22 
to 22E' involve a great deal of labor and require in advance knowl- 
edge* of the dimensions of the arch at various sections. The com- 
putation, however, is for the very purpose of determining these 
sections, from which it follows that preliminary assimiptions have 
to be made by means of which computations may be effected; the 
results form a basis for further computations, upon which to make 
a second computation, and so on until the final result is in sufficient 
agreement with the assumptions. This is a laborious operation which, 
even with the graphical method here described, involves a great deal 
of time for an arch of the dimensions of the Douro Bridge. 

The values in the table due to equation (85) are obtained by 
means of the intersection locus of a parabolic arch, whose moment 
of inertia increases from the crown to the supports in the same ratio 
as does the secant of the angle which the axis of the arch makes 
with the horizontal. This line 0"P" is indicated by heavy dots 
in Fig. 22d. 

The table shows that this intersection locus causes an error in 
the center of the arch of 12% ; this error is on the side of safety, but 
it is entirely too large to be incorporated into a design. 

At the same time the table shows that the variation in the moment 
of inertia must be very large to have any appreciable effect on the 
horizontal thrust; and, with the exception of a few special cases, 
of which the Douro Bridge is an example, the intersection locus of 
Fig. 14 and equation (85), with the corrections as described in con- 
nection with Fig. 14fl, give sufficiently accurate results for all prac- 
tical purposes. 

19. Horizontal Forces. — ^The graphical method described in Art. 
18 not only gives the horizontal thrust for vertical loads, but also 
for horizontal loads. 

From equation (75), Chap. VIII, 

J ^ (75^) 



.0/m./m. ^^^ 







In this equation the denominator is the same as in the equation 
for vertical forces, and its value is equal to the line A^ B,, of Fig. 22E\ 
From equation (76) , 

i'>'mt^m==Q[ji'i(Z-a:)T;,„-J^(g-y)v^J. . . (76^) 

As explained in Chap. VIII, -jlj^(l—x)vm is the vertical reaction 

at A of a beam of the span I which is loaded with the vertical 
forces Vm- 
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jl 1^(1— x)vm^ the moment caused by this force when it acts in 

a horizontal direction (see Fig. 227). 

'^Q{g—y)Vm'= the negative moment caused by the forces Vm acting 

in a horizontal direction on the beam between the support A and the 
panel center 5 (Fig. 22d), or the whole expression is represented by 
the difference between the lines A^fi' and DC" in Fig. 22£'. 

Ie\U 

To this should be added the value of rrr^ — . Now 

/o=2.78m.S- 
tt=36m.; 
Fo= 0.235 m.2; 
do=S m.; 
p=275m. 

.-. -^ — 0.1935, a value so small that it disappears in the drawing. 

The horizontal thrust is then equal to Hi when A^B,, is the unit 
of measurement in Fig. 22£^ 

^,=21^=0.38Q, 

and to obtain the abscissa OR of the intersection locus, 

0.38X160=60.8 meters. (See Fig. 22d.) 

The heavy line COB is the intersection locus thus computed for 
the horizontal forces. 

The heavy dash-and-dot line is the intersection locus for the 
crescent-fihaped arch of Fig. 20 and equation (98) of Chap. VIII. 
This gives 

/fi=0.361Q, 

which contwns an error of 4J per cent, and is a maximum at this 
point; towards the crown and the hinges it decreases to zero. For 
H2 the reverse is the case and the average error is about IJ per cent. 
Horizontal forces are usually caused by Mind pressure, which 
is a force subject to wide variations in direction and intensity, and 
a IJ per cent, error is insignificant when compared with the error 
that may be made in assuming a particular intensity for the wind 
pressure on a roof. 
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The heavy dotted line is the intersection locus of equation (88) 
of Chap. VIII, or of Fig. 13 of the standard diagram. Even this 
intersection locus may be used for the computation of wind stresses 
and yet produce sufficiently accurate results. 

20. Deflections Caused by Vertical Forces (General). — Equa- 
tions (111), (113), (114), (115a), (112a), (113a), (114a), (116), and 
(117) of Chap. VIII are: 

-EIoJy'='Y r oil-x)dx- /'''o(^/-«)<^a'+Ci; (113^) 

EIi^x^^ro(l-x)dx- f{y,-y)dx+C2; . (114^) 

Cx=/o(|-S«rf)t/,; 
C2'--IoUr-Ewtjx/, 

EIoJoo^Oa. (112«^) 

-EIoJy=Mo,+Ci (113.4) 

EIoJx=Moh+C2; (114„4) 

0-ff[@^-y)^+c]; (116^) 

(^_EFW\ /o ^1, p^jj (117^) 

\ H J For cos a ^ ' 

When the values of o are assumed to be forces acting on a beam, 

then T / o(l—x)dx is the vertical reaction £)^ of these forces at 

IJo 
the support A. 

^ / o(l—x)dx is the bending moment in the beam caused by 
I Jo 
this reaction Va' 
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0{x^-'X)dx is the negative bending moment caused by the 

Jo 
forces which act between the support A and the point z,. Ci is a 
constant. 

The whole expression of equation (113-^) is then the bending 
moment at the point x, of a simple beam supporting the loads o. 

Equation (114-*) has the same significance when £)^ and o are 
considered as acting in a horizontal direction, and when the values 
of the forces o are known, the problem resolves itself into the simple 
construction of a moment polygon. 

Equation (116-*) is composed of two parts: 

(1) 77- -r+c, in which 77- is the moment polygon of a single load 

and is drawn from a force polygon with the pole distance H. The 
ordinates of this moment polygon are to be multiplied by the ratio 

j-y and to the ordinates thus obtained the value of c is to be added. 

^' J 

(2) This part, yy-, has been obtained before, being=i?^ of Art. 

*/ 
18(a), and is represented by the ordinates of the line DE in Fig. 22d. 
In substituting the two values of in equation (113-^) or (114^) 
there results for each equation two moment polygons, and the deflec- 
tion is the difference of the ordinates between these two polygons. 

The substitution of the value yj- [Art. 18 (a)] in equations (113^) 

and (114-^) produces the horizontal-thrust curves of Figs. 22e, 
22-B, 22e', and 22F/, and their construction is fully described in 
the article mentioned. 

The value of 77- 7^ should now be found. 

Suppose the deflections of the arch are required for a vertical 

load K, acting at the panel center 5 [Art. 18 (a)]. When the value of 

K is equal to Afi^^ of Fig. 22S', its horizontal thrust is equal to -ff in 

Fig. 22jE, and the force polygon has been drawn in Fig. 22/, from 

wUch the moment polygon ABC has been drawn in Fig. 22F; 

the ordinates of this polygon measured from AB to the line ACB 

9ffl 
are equal to the bending moment =w-. 

Next, the value ^^ 'u j- should be determined. 

The points / and e of Fig. 22a are reproduced on the axis AB 
of Fig. 22F, and a line fg is drawn parallel to a line uniting the points 
e and 8; from similar triangles, 
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qrvy I 

Now, /i8=77-, ^t='T'^ ^ formerly obtained, and he—l; 
n I, 

All the panel centers are similarly computed, and the ordinates 
so obtained determine the line DE of Fig. 22F, 

The value of c should be added to these ordinates (c= =; — ^ — ) : 

\ For cos aj ' 

the effects of temperature changes will not be considered at this 

time. 

Substituting in this equation, 

2 78 
'^°° 0.235X96.5X0.525 °Q'^^ (approx.); 

and this value is nearly constant for all the ordinates and should 
be added to those of Fig. 22F by drawing a line parallel to AB and 
above it at a distance =0.24; this distance, however, is so small that 
it is unnoticeable in the scale of the drawing. 

The ordinates of the line DE of Fig. 22F have been plotted in 
Fig. 22^. For the purpose of clearness this figure has been drawn 
to a scale which is one-fifth of that for Fig. 22F. For the force 
polygon the same pole distance is used as that in Fig. 22^, and with 
this force polygon the moment polygon AC'B has been drawn in 
Fig. 22E, 

The ordinates included between the curves ACB and AC'B repre- 
sent the vertical deflections of the arch caused by the load Ky when 
measured with the proper scale. Not only this, but from the law 
of reciprocal action, the deflection at 5 is known for any position of 
the load; for instance, when a load is placed at D, the deflection 
at 5 will be upward and equal to Dd. For a load placed at E the 
deflection at 5 will be downward and equal to Ee^ etc., and the line 
ACB may be termed the influence line of the deflections. 

(a) Horizontal Displacement Caused by Vertical Forces. — 
To obtain the horizontal displacement caused by the vertical load K, 
Fig. 22g is reproduced in Fig. 22g'; the moment p9lygon A'C'B' 
has been drawn in Fig. 22E' and requires no further explanation. 

Unit of MeamremerU, — ^The differences between the ordinates of 
the moment polygons as obtained from the figures are equal to EloJy 
and EIqJx [(113a^) and [(114«^)]. For the load at 5 the ordinate H 
of Fig. 22E is equal to the horizontal thrust when A,B„ (in Fig. 22^') 
is the intensity of the load. To obtain the bending moment, the 
ordinates of the moment polygon should be multiplied by the pole 
distance of the force polygon from which the moment polygon origi- 
nated; the panel lengths are=rfo. 
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To obtain the actual deflection for a unit load, say 1 ton, the 

ordinate should be reduced by the ratio -in-,—. 

Now, iy=0.47, do=8 m. (meters), p=275 m., E (for steel) = 
22,000,000 tons per sq. m., and /o=2.78; consequently the ratio 

"22,000,000X2.78^-^^^^^^^- 

For example, at 5 the vertical deflection measured by the scale 
of the drawing is 6.5 m., or 6,500 mm.X0.0000173=0.112mm. is the 
deflection caused at 5 by a load of 1 ton placed at 5; and when the 
left half of the bridge is loaded with a load of 24 tons at each panel 
point, the vertical deflection at 5 is equal to the sum of the ordinates 
from 1 to 10 between the two polygons, viz., 43.5 m., or 

43,500X24X0.0000173=18.06 mm. 

For the same form of loading the horizontal displacement of the 
point 5 towards B will be the sum of the differences between the two 
polygonal lines A'C and A'C" in Fig. 22J5;', or 

37,000X24X0.0000173= 15.36 mm. 

Q>) Deflections Caused by Secondary Stresses. — ^To the 
above values the value of the constant C should be added. From 
equations (1150"^), 

Ci loHy, Hy, 
^y^wT= — 



Ax^ 



EIq EIqFq EFq 

Cg _ IqHx, ^ Hx, 
Elo~ EIqFo EFq' 



and the deflections caused by the secondary stresses are propor- 
tional to the ordinates of the axis of the arch. As an example, 
assume a load of 1 ton at panel center 5, when 

H=0.47, 

^=22,000,000 (tons per sq. m.), 
and Fo= 0.235; then 

47ty 

a:=36 m. and y^=30.5 m., 
or Jy= 0.003276 mm. 

and Jx= -0.002775 mm. 
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The deflections caused by the secondarj'^ stresses are very small, 
— about 3% of the deflections caused by the impressed load — and 
can usually be neglected. 

21. Deflections Caused by Horizontal Forces.— These deflec- 
tions are also given by the differences of the coordinates of two 
moment polygons, and equation (116-^) applies when the value 
of 9fR' is substituted for that of SfH. 

According to equation (76), Chap. VIII, 

9Il' = i/-a:^T"'* and sn'^CZ-x^T" . 

*Jx-0 ^J«-u 

Substituting these values in (116-^) gives for the first part of the 
equation: 

The second term of this equation (116-^) is again =t/^ and is the 

same horizontal-thrust curve ACB of Fig. 22E which has been re- 
produced in Fig. 22h, 

In Fig. 22/ the arch axis ACB has been reproduced and it is de- 
sired to find the deflections caused by a horizontal force Q acting at 
the panel center 5 (where maximum value of a:='u). 

The values of xj are measured by the ordinates between the axis 

AB and the line AD, and those of — yxj by the ordinates of the 

arch axis measured from the line AD. 

The values of (Z— a:)j are simply the ordinates measured from the 

line AB to the line i)"-B. The multiplication of these ordinates by 

the ratio j- is accomplished as before, viz., the point / is reproduced 

from Fig. 22a in Fig. 22/, etc., and the lines ED' and D''B define 
the ordinates of these products. 

The horizontal-thrust curve was produced by an equation of 
which the denominator was equal to Q of Fig. 22£' (see earlier para- 
graphs). 

The denominator of the first term of equation (116-^) is H,, 
and to draw the two polygons so that they will correspond, the pole 

distance of the latter should be reduced to v'^Vt^- This has been 

done in Fig. 22/. 
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The ordinates 1-1', 2-2', 3-3', etc., of Fig. 22/ are plotted as 
forces 1, 2, 3, etc., in Fig. 22t. For the sake of clearness the scale 
of this figure is reduced to one-half that of Fig. 22/. 

With the pole distance p' (see also Fig. 22;) the moment polygon 
AC'B has been drawn in Fig. 22A, and the differences of the ordinates 
indicate the horizontal displacements caused by the horizontal 
force Q acting at 5; for example, the panel center 3 will move the 
distance Dd toward 5, and the point 5' will move the distance F/ 
toward B. 

Again, from the laws of reciprocal action, a horizontal force applied 

at 5' will move the point 5 the distance fF toward A^ and a force 

applied at 7 will move the point 5 the distance Gg toward B. 

21 8 
Unit of Measurement. — ^The load unit is equal to /f/^r^^ =0-380, 

and the ratio for the reduction of the deflections to the scale of the 

drawing is -^;p. 

Now, fl^,=0.38, d=8 m., p«275 m., jE=22,000,000 (tons per 
sq. m.), and /o=2.78. 

.-. *Jx=0.0000137Jx, 

and when Q=l ton and fc= 7,200 mm., the displacement at 5 toward 
B will be 7,200X0.0000137=0.099 mm. 

Fig. 22A shows that horizontal forces acting on one-half of the 
span cause maximum horizontal deflections. 

(a) Temperature Stresses Caused by a Temperature Change 
OP 1° C. — From equation (110) of the Appendix, 

ff,= ±273 ^2B£^^ . 

, -, loB cos a 

doIoymVm+ ^? 

The denominator of this equation is equal to the line A'B" of 
Fig. 22jE' multiplied by the pole distance p and the panel length do, 
and 

„ ,^^2.78X0.525X185 ^ -^- , 
^^^ ±^^ 8X275X57.5 ^^'^^^ ^'^^ 

(6) Deflections Caused by a Change in Temperature. — 
From equation (120), Chap. VIII, 



EIody^Htm^ +2(Ewt^p)loy, 
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where nix is the moment caused by the loads yy- on a beam of the 

J ^' 

length L The values of y-^ are the ordinates of the line DE in Fig. 

22d, and the values of mj. are the ordinates of the horizontal-thrust 
curve ACB of Fig. 22E. For the crown of the arch, m^=^FfXpXdo, 
k^Ff (Fig. 22E) =38.5, p=275, do-=8, i=30^C., Ewt-=8,190, 
£ri=0,525, Fo=0.235, /o=2.78, t/=42.65, and £=22,000,000; 



(2,200A:+l,505.5y)< 
22,000,000X2.78 



_ [(2.200X38.5)+ (1,505.5X42.65)]30 _^ 
22,000,000X2.78 ^'^^^ °»^*^'' 

The crown, therefore, will rise or sink for a difference in temperar 
tureof SO^C, 

Jy=73mm. ^ 

Equation (93), which neglects the secondary stresses, gives 

„ 15^273X2.78 ^ .^^ , 

Special equation (110) (see previous article) gives 

Ht^0.b25, 

and it is thus seen that in the crescent-shaped arch the temperature 
stresses are only two-thirds of those in an arch rib in which the moment 
of inertia increases from the crown to the hinges as the secant which 
the axis makes with the horizontal. 

Special equation (100) of Chap. VIII, for the crescent-shaped 
arch, gives 

Ht^iEiMk^F. 

In the arch of Fig. 22, * averages about J and F=0.228 (see Fig. 
226), or 

273 
^£=-^2X0.228= 1.95 tons. 

This shows that the equation should only be used when the con- 
figuration of the arch satisfies the conditions on which the equation 
is based, viz., A=fty and F=Fo sec a. 
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THE TWO-HINGED ARCH. 99 

To apply equation- (100) in this case the value of A; should be 
substituted in equation (99), which will result in equation (93) 
when J/i2F=/o. 

To compute the temperature stresses in a crescent-shaped bridge- 
truss, it is better to use two-thirds of the value obtained from equar 
tion (93) for the preliminary computation, and then for the final 
computation to use equation (120). 

In the preliminary computation of the secondary stresses in the 
crescent-shaped arch, equation (101) of Chap. VIII may be used. 

(c) Stresses and Deflections Caused by Yielding op the 
Abutments. — ^To obtain the stresses caused by a sliding or yielding 
of the abutments which causes an increase in the span: Equation 
(1106) of the Appendix gives 

jj -EJIIq 



In this equation the denominator is equal to the line AjB„ of 
Fig. 22E' and is equal to Qpdo. 

(Q=57.5, p=275, dcS, 7o=2.78.) 

Assume that abutment slides 0.05 m. ; then 

„ -22,000,000X0.05X2.78 „^ ,_ ^ 
^ 57.5X275X8 24.15 tons. 

To obtain the deflection of the crown caused by the shifting of 
the abutments: Equation (121) of the Appendix gives 

In this equation the denominator is again the length of the line 
A^B,, of F g. 22E\ = Qdop, and m^p is again the ordinate of the hori- 
zontal-thrust curve at the center of the span, =k; 

.•. inj.=kpdo. p==275, rfo=8, 

Jl^0.05, il'5"=57.5, m,= 38.5X275X8, 7o=2.78, 
Fo=0.235, y=/=42.65; 

••• 'y - 57.5X275x8 fo-^><^^X«-2|^-^) 
=0.033 meter. 
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CHAPTER IV. 
HINGELESS ARCHES. 

I. Introductory. — As compared with the other types of arches, 
the hingeless arch is the most rigid, and often the most economical 
as regards cost of construction. It has been built in metal, stone, 
and reinforced concrete, and with few exceptions it can be safely 
stated that the stone arch is built as a hingeless arch. 

The advantages which the stone arch possesses over every other 
form of bridge are its nominal cost of maintenance and its durability; 
many examples existing of arches now in use which were built more 
than 1,800 years ago. 

Combine with these advantages its ability to stretch over wide 
spaces with a single span, and that it can often compete success- 
fully with the steel arch as regards the first cost of construction, 
and the question presents itself forcibly, why is its adoption limited, 
even for bridges of moderate size? 

The uncertainty which exists in determining its stresses gives 
the answer to this question. 

It is generally admitted that the analysis of the stresses according 
to the elastic theory is the only reliable one, but few have the time, 
the training, or the patience to grapple with its intricacies. In the 
following articles the author has not only unravelled these, but he 
also presents the elastic analysis of the stresses in the hingeless arch 
as the clearest and simplest of all methods. Moreover, this is done 
without sacrificing anything on the part of accuracy and without 
making assumptions which would cast doubts upon the results obtained. 

Before entering into a discussion of the method, however, an 
introductory explanation is advisable for the purpose of preparing 
the reader for a clear understanding of the subject. 

In Chapter I the meanings and uses of the intersection locus and 
the tangent curves have been defined; the Appendix deals with the 
analysis of the elastic theory as applied to arches, and the following 
articles are devoted to its practical application. 

The ordinates of the intersection locus and of the tangent cur\'^e8 
are dependent on (I) the curvature of the axis of the arch, and (II) 
on the form of the arch rib at the various planes of section. 

100 
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I. The Curvature of the Arch Axis, — ^This is not arbitrarily deter- 
mined. A relatively small change in the curve will aftect the stresses 
in the arch very materially, from which it fol ows that for an arch 
of given span, rise, and form of loading there must be a curve the 
adoption of which will result in minimum stresses, and therefore in 
maximum strength and economy. 

A change in the curvature of the arch axis can be relatively large 
before it causes an appreciable change in the intersection locus or 
the tangent curves, provided the area enclosed by the arch axis and 
its chord does not alter. This is demonstrated later in the chapter 
and also in the Appendix. 

II. The Form of the Arch Rib at the Various Planes of Section 
varies according to the stresses. The steel arch rib is usually of uni- 
form depth, and consists of a web plate with flange angles and flange 
plates; and changes in the section are made by increasing or de- 
creasing the size or number of the flange plates, or both. An altera- 
tion thus made in the section of the arch rib produces a change in its 
moment of inertia. The relative change in the moment of inertia 
of such an arch rib is small as compared with that of a solid arch. 
Any change in the section of the rib increases or decreases its depth, 
and comparatively small changes in depth influence the moment of 
inertia materially. For instance, a solid rib whose depths at three 
planes of section show increases of 10%, 20%, and 30% respec- 
tivelv. will have corresponding increases in the moment of inertia 
of 33%, 73%, and 120%. 

In the computation of the Douro Bridge (Chapter II, Article 18) 
it was shown that the moment of inertia in a two-hinged arch miist 
change considerably to influence the intersection locus. This is also 
true for the hingeless arch. 

In the two-hinged arch all components pass through the hinges; 
in the hingeless arch the components are tangents to curves, and a 
change in the moment of inertia influences these curves. 

Special attention is given to this subject in Art. 5 et seq.; it 
suiflces here to say that the ''character" of the variation in the 
moment of inertia i^ also a factor to be considered. This means that 
a large increase in the depth of the arch rib near the abutments 
will not influence the tangent curves materially, provided the re- 
mainder of the arch rib has no large changes in depth. For example, 
in a flat arch the moment of inertia may increase from the crown 
towards the abutments in the same ratio as does the secant of the 
angle which the arch axis makes with the horizontal. This ratio 
of increase may extend over a distance equal to seven-tenths of the 
span, and for the remaining length the increase may be more rapid. 
In such a case the tangent curve is only influenced near the abut- 
ments by this variation. But those are the regions where a change 
in the tangent curve does not materially affect the positions of the 
components or the stresses in the arch. 

Flat arches closely satisfy the above .conditions, and this, taken 
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in connection with the characteristic of the intersection locus and 
tangent curves described under II, leads to the conclusion that for 
flat arches the intersection locus and tangent curves may be plotted 
from a standard diagram. 

When once these locus and tangent lines are known, the compu- 
tation of the stresses in the arch is simple. 

This, however, would confine the application of the elastic theory 
to special cases. The manner in which the standard diagram has 
been made general in its application is specially dealt with in Art. 7, 
which treats of the Correction of the Intersection Locus and Tangent 
Curves. 

The author has divided the subject of hingeless arches into three 
parts: 

The first deals with the application of the elastic theory to a 
special case, viz., the stresses in a flat arch of 105 ft. span and 11.7 ft. 
rise. 

The second deals with the application of the elastic theory in 
its broadest sense — and without special conditions — to the computa- 
tion of j^ tresses in the hingeless arch, and is exemplified by a dis- 
cussion of the Syra Valley Bridge, which is a masonry arch of 300 ft. 
span and 55 ft. rise. 

The third is a comparison between the first and the second cases, 
from which the correction of the standard diagram is derived. De- 
flections and their influence on erection are also treated in this 
part. 

In computing the stresses in a hingeless arch by the use of the 
standard diagram, as analyzed in Chap. IX of the Appendix, the 
arch axis is assumed to be a parabola. 

The axis of a well-designed stone arch is never a parabola, its 
rise in proportion to the span being less. There is, however, a relation 
between the two curves, viz.: when the area enclosed by the arch 
axis and its chord is equal to the area enclosed by the parabola and 
its chord, when the difference in the ordinates of the two curves is 
relatively small, and when the two curves are so placed that their 
chords coincide, they will have the same intersection locus and tan- 
gent curves. This parabola is always referred to as the equivalent 
parabola. 

The stresses in the arch are caused by vertical and horizontal 
forces. 

The vertical forces are the dead load and the live load. 

The horizontal forces are caused by changes in temperature and 
the conjugate pressure of the spandrel filling. The latter can be 
neglected in flat arches. 

In the designing of masonry arches the first steps in the com- 
putation are the determination of the curvature of the arch axis, 
and the dimensions of the arch rib. These two factors determine 
.the dead load, which in turn fixes the position of the line of pressure 
in relation to the axis of the arch; and the form of the arch in which 
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these two lines most closey approaxih each other is the best that 
can be designed. 

Live loads and temperature changes exert stresses; these, how- 
ever, vary, and cause either an increase or a decrease in the stresses, 
as the case may be; as the curvature of the axis can only be defined 
for one form of loading, and the dead load is large as compared with 
the live load, it can be stated as a rule that "the dead load defines 
the curvature of the arch axis." 

The dead load is also defined by the dimensions of the arch rib, 
and the rule just given may be extended to state that *' the dimensions 
of the arch rib also define the curvature of the arch axis." 

The dimensions of the arch rib, however, are also controlled by 
the Uve load and temperature changes, and under their influence no 
part of the arch should be subjected to excessive stresses. 

Though all these factors affect either directly or indirectly the 
curvature of the arch axis, there is a difference in the magnitude of 
their influence. 

Relatively large changes in the dimensions of the arch rib exert 
great kifluence on the stresses in the arch, but, as compared with 
the distribution of the dead load, these changes are comparatively 
small — ^in fact, in most instances, too small to influence the line of 
pressure or the curvature. This fact facilitates considerably the 
determination of the curvature of the arch axis. 

Another factor which should be considered is the conjugate pressvire 
of the spandrel filling in arches with a large rise. How the curvature 
of the arch axis is defined by this pressure is for the present neglected; 
it will be considered in the article dealing with the "Influence of 
Horizontal Forces on the Arch." 

The first step in the computation of stresses is then to find the 
line of pressure caused by the dead load alone, and to determine 
from this line that curvature of the arch axis which approaches 
the nearest to the line of pressure. (See The Law of Winkler, in 
Appendix.) 

The intensities of the secondary stresses depend largely on the 
dimensions of the arch rib. In a flat arch these stresses should not 
be neglected; to include them, however, in the computation of the 
curve of the arch axis is difficult and inconvenient. Up to this point 
the only assiunptions made concerning the dimensions of the arch 
rib have been for the purpose of determining the dead load. An 
error in these assumptions can be considerable b^ore it materially 
influences the line of p;ressure in the arch. 

It is not so with the secondary stress, as the moment of inertia 
is one of the factors which determines its intensity, and, as previously 
mentioned, though a slight change in the depth of the arch rib may 
not appreciably change the dead load, it will change the moment of 
inertia. 

For this reason the secondary stress is treated as a decrease in 
temperature. 
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When the arch axis has been determined, very close assumptions 
can be made for the dimensions of the arch rib. 

From this the secondary stress can be computed, and then those posi- 



FIG .24. 




tions of the live load are to be detennined which, in com- 
bination with secondary and temperature stresses, will 
produce maximum and minimum stresses in the arch rib. 
Before illustrating the application of the foregoing 
method, a brief digression will be made in the following 
paragraphs for the purpose of demonstrating the distinct 
features of the computation. 

(a) In Fig. 24 the standard intersection locus and 
tangent curves are shown for a parabolic arch with a 
rise equal to 1 and a half-span equal to 1. (See 
equations (152) and (153) of Appendix.) To obtain the 
intersection locus and tangent curves for any other arch 
whose axis is a parabola, multiply the vertical ordinates 
of the diagram by the rise of the arch axis, and the 
horizontal ordinates by one-half the span of the arch. 
For a flat arch whose axis is not a parabola, first 
find the area enclosed by the Arch axis and its chord; 
from this compute the height of a parabola having the 
same area (the equivalent parabola), and this height 
multiplied by the vertical ordinates of the diagram will give the 
ordinates of the intersection locus and the tangent curves. 

The line of action of the temperature and secondary stresses in 
this case is to be found in the following manner: 

The area enclosed hetween the arch axis and its chord is reduced 
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to a parallelogram whose length equals the span; its height is then 
the distance above the chord of the arch axis where these forces act 
(for the parabola this distance is equal to two-thirds of the rise of 
the axis). 

Any corrections to these curves should be made according to the 
method of Art. 7 (d) and Figs. 38 and 38a. 

The graphical methods of determining the area of any plane 
figure are shown and described in Art. 18 of the previous chapter 
and Fig. 22c. 

(6) The first step in the computation of stresses is to assume 
a curve for the arch axis and the dimensions of the arch rib; from 
these the dead load is computed. 

The experience of the designer is the most important factor in 
making these assiunptionS; for there are no rules or equations to 
guide him. 

Various empirical equations have been developed for the deter- 
mination of the depth of the arch rib at the crown, and though the 
results obtained may be sufficiently accurate for small arches, they 
are not so for large spans, and at best yield only dimensions upon 
which assumptions may be based for preliminary designs. 

For this reason those equations which are simplest in form and 
yield at the same time close results, recommend themselves. 

There are fifteen or more of these equations which may be found 
in pocket-books, etc., to which the reader is referred. 

For small arches with circular or elliptic intrados the following 
rule gives satisfactory dimensions: 

Find the radius of a circular arc which most closely coincides 
with the intrados; add to this radius one-half of the span and take 
the square root of the smn. Divide this result by 4 and add 
0.2 ft. 

The dimension thus obtained is for good masonry; for inferior 
masonry, rubble or brick, the depth thus obtained should be mul- 
tiplied by from IJ to 1 J (Trautwine). 

The empirical equation which the author uses in his practice 
is very simple in form. It was developed by Schwartz and gives 
satisfactory dimensions upon which to base preliminary estimates, 
even for large arches. 

For arches with a rise of less than one-third of the span, 

d-3.333n+j^3.^A;* 
for arches with a rise of more than one-third of the span, 
d-3.333n+^g* 

* These equations are correct for arches with spans not exceeding 100 ft.: 
for longer spans the value of d obtained from these equations should be reduced 
2% for each additional 11 ft. of span. 
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d= depth of arch at the crown in feet; 

Tr= weight in lbs. of one-half of the arch, including paving and a fill 
of less than 3.5 ft. in depth at the crown; 
«« stress in the arch in lbs. per square inch; 
i= length of span in feet; 
/= rise of the arch axis in feet; 
71= a coefficient which is usually assumed for bridges «0.2.* 

The first equation is applied to the arch shown in Fig. 25. 
The maximum stress allowed in the arch is 600 lbs. per square inch, 
and assuming that there will be no tensile stresses in the arch, and 
the minimum stress does not drop below zero, the average stress 
in the arch is assumed to be, for the preliminary computation, 

600:2=300 lbs. per sq. in. 

The rise of the axis— 11.7 ft. 
The span =106 ft. 

The total dead load of oneJmlf the spans 56,700 lbs. for an arch 
ring 1 ft. wide. 

d=3.333X0.2+^x5^X^-2.35 ft., 

which is the depth for the arch rib at the crown to be assumed for a 
good quality of concrete or stone. 

This figure can be increased for an inferior quality of material, 
or it may be decreased 15% for a reinforced-concrete arch. 

The additions or deductions to be made cannot be expressed 
by any equation; experience combined with good judgment will 
decide these. 

For the semicircular arch the rise of the arch can be substituted 
for /, which is then measured from the springing line to the intrados. 

When the dead loads have been computed for each panel, a pre- 
liminary force polygon, like Fig. 27, may be drawn, I, II, etc., being 
the panel loads, and the point a being assumed as a trial pole. 

With this pole a trial polygon ill, I-II, etc., may be drawn, as 
in Fig. 26. This will enable the designer to check the accuracy of 
his assumptions, and corrections can then be made accordingly. 
The experienced designer can dispense with this process and in- 
stantly commence his computations. 

2. Computation of Stresses: Vertical Loads. — ^In Fig. 25 is 
shown a reinforced-concrete arch highway bridge of 105 ft. span 
and 16.5 ft. rise. The loads are as follows: 

* There are many more equations, among which those developed by Low 
and by Tolkmitt give close results. These forms, however, are not as simple 
as the one given above, and none enters into the curvature of the arch axis 
as a factor; still, this is of great importance in the distribution of stresses in 
the arch, as this chapter wilTshow. 
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Live load, 100 lbs. per sq. ft. 

For a 16-ton road-roller an equivalent concentrated load of 
3,000 lbs. per foot width of the arch is assumed. 

Concrete, 150 lbs. per cu. ft. 

Earth-fill, 120 lbs. per cu. ft. 

Pavement, 150 lbs. per cu. ft. (1 ft. thick). 

All calculations are for an arch rib 1 ft. wide. 

In Fig. 25 the earth-fill has been reduced to an equivalent weight 
of concrete, and the total dead load for one-half of the span is repre- 
sented by the area abed. 

The half -arch is divided into eight panels of equal length. The 
line ef is a line midway between ab and cd, and on this line the centers 
of gravity are located. 

The distance gk=ijy and fl=^gh; the points k and I are united 
by a straight line, and at its intersection with mn the center of gravity 
is located. This is a well-known construction for determining the 
center of gravity of a trapezoid. Multiplying kh by one-haff the 
height of the trapezoid and by 150 lbs. gives the weight of this panel 
of the arch for a width of 1 ft. 

The rise of the axis of the arch is 11.7 ft., and the axis is assumed to 
be a parabola. The intrados of the arch is composed of three parabolas, 
one with its main axis vertical at d and the other two with their main 
axes horizontal at the springing line c. 

This combination gives a pleasing elliptical curve to the arch. 

In Fig. 26 the arch is drawn with its locus LM and its tangent 
curves J'K' and JK for a rise of 11.7 ft.; the points of application 
for the live and dead loads are at I, IT, . . . XVT. 

(a) The dead loads are resolved into their components and these 
are added in Fig. 27, in the same manner as described for the three- 
hinged braced arch in Chapter I. The broken line abc . . . p repre- 
sents the left-hand components, aq the horizontal thrust, and pq 
the vertical reaction at A (Fig. 26). 

It may not be superfluous to point out that though the com- 
ponents are tangents to the curve JK, Fig. 26, yet the resultant 
of two or more components is not tangent to this curve. 

To find the resultant, for example, of 1, 2, and 3: first find the 
resultant of 1 and 2 in Fig. 26 by bringing 1 and 2 to an intersection 
at r, and drawing through this point the line ac parallel with a line 
uniting a and c in Fig. 27; then intersect component 3 with ac in 
Fig. M and draw a line through the intersection point 8 parallel 
to ad in Fig. 27, etc. These resultants may be drawn at the same 
time with the broken line of Fig. 27. 

This method may sometimes be useful for making a preliminary 
computation with a full load, but as it does not give the resultant 
of the components of a partial load, it is not general in its character. 

When the location of the resultant of all the components from 
1 to 16 is computed, the starting point A in Fig. 26 of an 
equilibrium polygon is found, which polygon is the reciprocal of a 
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force polygon with a pole distance equal to the horizontal thrust 
ag, Fig. 27, \dz. : ap parallel to AI, Fig. 26; a-I-II, Fig. 27, parallel 
to l-II, Fig. 26, etc. 

(6) General Method for Finding the Location of the Re- 
sultant OF the CoMPONE^Ts. — A pole P is chosen arbitrarily in 
Fig. 27, and a reciprocal polygon is drawn in Fig. 26 between the 
components 1 to 16, viz., Pa. Fig. 26, parallel to Pa, Fig. 27; Pb, 
Fig. 26, parallel to Pb, Fig. 27, etc. 

The intersection of the end rays Pa and Pp in Fig. 26 produces a 
point through which passes the resultant of all the components from 
1 to 16, and a line is drawn through this point parallel to ap of Fig. 
27. The resultant thus found is the same as the one found by the 
former method. 

This method is general in its application, and in dealing with 
maximum and minimum stresses its use will be further described. 

(c) Analytical Computation. — If it is desired to treat the arch 
analytically, the point of intersection A in Fig. 26 may be found by 

jl -computing the ordinal es Cq, Ci, and C2 from 

I the equations (152) and (153) of the Appen- 

^ dix; the horizontal thrust for each of the 

forces I, II, etc., may then be measured 

from Fig. 27 or may be computed (see Fig. 

23). 

The values of a, 6, d, and e are given; 
&4-d= length of span, and a and e are obtained from the equations 
for ci and C2; e'-|-a'=the force P, and g is the horizontal thrust 
caused by P. 

a'la^g : b, 
and (fi e^g : d; also €^^P—a\ 

.". P'-a':e'=g:d, 

and this substituted in the first equation gives 

Pbd 
a=r — ; — 5= horizontal thrust of P. 
^ be+ad 

An arbitrary point is now assumed, the most convenient one 
being L in Fig. 26, and the horizontal thrust multiplied by its dis- 
tance from L is computed for each force I, II, etc.; these products 
are added and the total is divided by the sum of all the horizontal 
thrusts of the forces from I to XVI, the resulting quotient being 
the distance from L at which the total horizontal force is applied, 
viz., the point A; from this as a starting point the polygon may be 
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drawn or computed. For a complete analysis see Appendix; for an 
analytically computed example see *'Syra Valley Bridge," in the lat- 
ter part of this chapter. 

If the analytical method is to be applied throughout, Fig. 27 gives 
all the data necessary. The location being known of the points p 
and q and of all the intermediate points of the forces from I to VIII 
on the line pg in relation to the pole a, if the same methods which 
are applied in computing a survey are followed, the intersection points 
(of Fig. 26) on the vertical forces from I to VIII will be determined. 

From the foregoing explanation it will be clear that the line of 
presszire in the arch is not an arbitrary line passing through the middle 
third of the arch, or which is drawn according to any other arbitrary 
assumption, but is a true line of pressure defined by the static law 
of forces and the elastic law governing the material. 

For the analytical computation of the starting point ^4. in Fig. 26, 
the horizontal thrusts of the forces I, II, etc., are preferably used, 
because they are parallel forces. These parallel forces can also 
be employed in the graphical method, but their use involves two 
sources of inaccuracy, viz. : the horizontal thrusts of all the forces from 

V to XVI are located closely together on the drawing, and the hori- 
zontal thrusts of the forces I and II are located outside of the draw- 
ing; the first of these will produce an inaccurate reciprocal polygon, 
and the second makes its starting point and end rays indeterminate. 

When the left-hand components are used, as shown in Fig. 26, 
the resultant component 1 ... 16 can be found with great accuracy. 

In using the reciprocal polygon in the following computations, 
no intersection of its lines, such as Pa and Pp, should be obtained 
by prolonging these lines in Fig. 26, except for a point of location; 
and Fig. 27 should always be referred to for the direction of these 
lines. 

{d) Live Loads (Figs. 28 and 29).-- In Fig. 29 the components 
1 to 16 and the reactions 1' to 8' of the live load are added,, as ex- 
plained in Chapter II. To obtain their magnitude a larger unit of 
forces should be taken than is used for the dead load. (A good ratio 
to use is a unit for the live load which is fi\G times as large as that 
for the dead load.) With the pole P' the reciprocal polygon of the 
live-load components is drawn, as previously explained, and with 
the pole P" the reciprocal polygon of the live-load reactions may 
be constructed; in most cases, however, this is not necessary. (The 
letters and numerals in Figs. 28 and 29 correspond.) 

Maximum and Minimum Stresses. — ^The distribution of the stresses 
in the arch rib when the position and magnitude of the resultant 
component are known, has been already partially treated, and Chapter 

V is specially devoted to this subject. In Fig. 26 the lines of pressure 
in the arch (from the dead load) are shown as rays of a reciprocal 
polygon, viz., AI, I-II, II-III, etc. 

Now, at the sections A and /, the center of pressure is at the 
greatest distance (eccentricity) below the axis of the arch, and at 
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D the maximum eccentricity is above it; these are the weakest 
sections, and any forces which tend to displace the center of pressure 
farther down at A and / and farther up at D, will increase this weak- 
ness. 

Section at A (Fig. 26). — Here / indicates the upper third of the 
arch rib and g the lower third; any force passing below / will increase 
the pressure in the arch at h, and any force passing below g will exert 
tension at i. 

In Fig. 30 a tangent has been drawn through the point / to the 
curve JK, which tangent intersects the intersection locus LM at the 
point Af. All the components to the left of this point pass below 
/ and will increase the compression at A, and the points I to VII 
are loaded. The point Ag is the separation point for the point g 
at the section A, etc. 

Road-Roller. — With the road-roller placed at III in Fig. 28, its 
component will pass the farthest below either / or g, and the magni- 
tude of the component will be the largest. (In order to avoid con- 
fusion, the tangent is not drawn in Fig. 28.) 

Maximum Compression. — / to VII Loaded with Live Load. — In 
Fig. 29 the resultant of the components 1 to 7 is ah\ in the re- 
ciprocal polygon Fig. 28 the rays P'a and P'h intersect at q^, and 
a line is drawn through this point parallel to ah in Fig. 29. In Fig. 28 
this line is drawn to an intersection with the component of the dead 
load Al. 

In the same manner the resultant for the loads at I ... VI has 
been obtained by draining a line through the point q" in Fig. 28 parallel 
to the line ag in Fig. 29. 

From Fig. 26 the resultant ill of the dead-load components 
1 to 16 has been transferred to Fig. 28a, and also the live-load re- 
sultant of the components from 1 to 7; the magnitude and location 
of the following forces are then known: 

The dead-load resultant, ill; 

The live-load resultant (of 1, 2, 3, 4, 5, 6, and 7); 

The road-roller. 

In Fig. 27 from the point p is drawn a line ps parallel to the line 
ah in Fig. 29. In Fig. 27 from the point s is drawn a line rs parallel 
to the component 3 in Fig. 28a (representing the road-roller com- 
ponent), and the line connecting p with r in Fig. 27 is equal to the 
resultant of the live load and the road-roller combined. In Fig. 28a 
the resultants of the live load and the road-roller intersect at p, and 
this point of intersection happens to be also a point of intersection 
of the dead-load resultant .41. 

In Fig. 27 the dead-load resultant is equal to ap^ and a line con- 
necting the point a with the point r is equal to the resultant of the 
live load, the road-roller, and the dead load; and a line ps in 
Fig. 28a drawn parallel to ar gives the location and direction of this 
resultant. This line ps has been left out of the drawing to avoid 
confusion. 
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(e) Temperature and Secondary Stresses. — In an earlier 
article it was explained how the compression in the arch tends to 
shorten it and consequently has the same effect as a decrease in 
temperature. 

The horizontal thrust caused by temperature changes acts in a 
horizontal line at two-thirds of the rise of the axis [for analysis 
see Appendix, equations (164a) and 1646)], and its magnitude is 
expressed by the equation 



The secondary stress 



„ 45n/ 



4/2- 

In these equations 

i^= modulus of elasticity (for concrete 1:2:4, and the stresses 
caused in this arch, £^=2,000,000, approx.); 

n= stress per square inch above erection stress (usually the stress 
caused by live load, temperature, and secondary stress); 

^= degrees F. above or below normal (in this case assumed as 20** 
on account of the great mass of material in the structure) ; 

t£?=coefl5cient of expansion and contraction for concrete— p^ ; 

/= average moment of inertia of a unit width of arch (12 ins.) 

expressed in inches; 
/=rise of the neutral axis in inches. 

In this case the secondary stress exerts a horizontal thrust of 
700 lbs., and the temperature a thrust of 3,000 lbs. 

(f) All the forces have been redrawn in Fig. 28a. 

The line jw is (as previously determined) the resultant of all the 
loads and intersects NO at « {NO is the location of the temperature 
thrust). In Fig. 27 the horizontal thrust caused by the secondar}^ 
stress is represented by the line at, a decrease in temperature by the 
line tUy and an increase in temperature by the line tv. The liqe 
joining r and v gives the stress in the hottest weather, and the line 
joining r and u gives the stress in the coldest weather; and drawing 
in Fig. 28a, through the point of intersection s, a line parallel to ru 
or TV of Fig. 27 gives the location of these stresses. In Fig. 28a these 
two forces are indicated by the same letters — rv and nt. 

Minimum Stress in Upper Fibers of the Arch, — In Fig. 28 the line 
through q" is again found as the resultant of the live load (for the loads 
from I to VI), and it intersects the road-rofler component at R' in 
Fig. 28fc. In Fig. 29 ag is the resultant of the live-load components 
1 to 6, and is transferred to Fig. 27 as ps'; here it is combined with 
the road-roller component r's', giving the resultant pr', and in Fig. 
285 the line ft'j/ il drawn parallel to pr' in Fig. 27. This line in- 
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tersects the dead-load resultant ill at p', etc. All the forces are 
shown in Fig. 28fc, the final results being the forces r'v and /u, both 
obtained in the same manner as described for Fig. 28a. If in 
Fig. 27 the resultant of all the loads is combined with the horizontal 
thrust caused by secondary stress and highest temperature, r'v will be 
the total stress; the figure shows, however, that r't? will practically 
coincide with rv and will be less in magnitude by the distance r'r; 
also, in Figs. 28a and 286, this line will closely coincide with rv and 
cause less stress in the extreme fibers than rv] and therefore it will not 
cause maximum compression. 

In the coldest weather the stress will be equal to r'u (Fig. 27), 
and drawing a line parallel to r'u through s' in Fig. 286 gives r'u. 
The section A will receive the greatest tensile stress per square inch 
from r'u, and the greatest compressive stress per square inch from 
rw, as the following figures will show. 

Before finding the stress per square inch, the forces should be 
resolved into axial pressure and shear, since they are inclined con- 
siderably downward toward the plane of section; this has been 
done in Fig. 27, and (for section A) 

rM= 107,200 lbs. compression and 25,600 lbs. shear. 
^^=105,600 '* " '* 25,700 " *' 

n?=112,900 '* *' " 23,300 '* " 

ig) Distribution of the Stress Over the Cross-Section. — 
(See also Chapter V.) — In the following illustration the arch rib 
is assumed to be of concrete mixed in the proportions 1 :2:4. 

Depth of arch rib = 56 ins = 4.66 ft. 

The axis of the arch rib is distant from the 

upper side of rib (4.664-2) 2.33 * ' 

rv is distant from the upper side of the rib . . 2.66 " 

_ . it a 1 1 it it tt t i It it ^10'" 

^/^ . it a a 1 1 II (I it 1 1 it '^lO" 

Sectional area of arch rib = 56x12 = 672 sq. ins. 

. If the force acts in the axis of the arch the stress per sq. in. will 
be equal to the force divided by the area. 

rv ru r'u 

Intensity of the force, in lbs 112,900 107,200 105,600 

Compression per sq. in., in lbs 168 159.5 167 

Eccentricity of the force, in ft 0.33 0.77 0.79 

* * expressed in terms of the depth of arch 

rib as a unit (0.33-^ 4.66, etc.) 0.071 0.165 0.17 

Unit stress in lower fibers (see Chap V, Art 3) 

(6X0.071)+1 « -1.426 -1.99 -2.02 

Unitstressinupper fibers (-2+1.426) =• -0.674 -0.01 +0.03 

Max. compression in lower fibers, in lbs. per sq. in. 

(168X1.426, 169.5X1.99, and 167X2.02)..= -239 -318 -311 
Max. stress in upper fibers, in lbs. per sq. in. 

(168X0.674, etc.) 97 - 1 + 3 
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These figures show that the increase in the eccentricity of the 
force caused by temperature changes is an important factor in the 
computation. 

If the maximum shear for concrete is assumed as 50 lbs. per 
sq. in., then the concrete can safely resist a shear of 33,600 lbs. 
and the maximum shear at this section will be 25,700 lbs.; the 
dimensions of the arch rib are therefore sufficient to resist the shear 
and are well inside the safe limit. The arch rib could be reduced in 
depth at this point, but such a procedure would detract from its 
esthetic appearance. 

(/') Section D, Fig. 30.— All the forces to the left of the point 
Df will cause maximum tension in the lower fibers, and all the forces 
to the left of the point Dg will cause maximum compression in the 
upper fibers of the arch. The eccentricity of the dead-load resultant 
III-I V in Fig. 26 is above the neutral axis of the arch, and the magni- 
tude of the live load is only a small fraction of that of the dead load; 
for this reason no form of loading could cause the eccentricity of the 
resultant of all the forces to shift below the neutral axis. 

The computation for determining the maximum tension is not 
shown in the diagrams, as the resultants of all the forces in the two 
forms of loading are nearly alike in value, and the computation fines 
would only confuse. The force VII comes very close to the neutral 
line Dg in Fig. 30, and the computation will show that, whenever 
this is the case, it makes no difference in the maximum stress whether 
this load is included in the computation or left out of it; the two 
following forms of loading are used in the computation: 

I, II... VI loaded, and 
I, II . . . Vll loaded. 

I to VI loaded, (See Fig. 28.)— The reactions 1', 2', 3' and the 
components 4, 5, 6 are in the section. 

In Fig. 29 the resultant of the components 4, 5, 6 is a line joining 
the points d and g. At d the ray to the pole P' is dP', and at g it 
is P'g, Drawing fines parallel to these rays in Fig. 28 produces the 
intersection point Q, which is also the point of intersection of the 
resultant of the three components; and drawing through this point 
a line parallel to the fine dg in Fig. 29 gives the location and direction 
of this resultant. 

For the reactions 1', 2', 3' the same construction may be followed, 
but Fig. 28 will show that all the reaction lines from I to VIII are 
drawn as tangents to the curve K'J\ and the tangent points of all 
these forces differ very fittle; and no error is made by drawing the 
resultant of these forces as a tangent to the curve K'J\ Fig. 29 
gives the resultant of these three reactions, and drawing in Fig. 28 
a fine tangent to the curve K'J' and parallel to 1', 2', 3' of Fig. 29, 
gives the location and direction of this resultant. 

This line intersects the resultant of the components at T. In 
Fig. 29 the reactions are added to the components, viz., the lino 
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ge' is added to the line dg, and the line e'd gives the magnitude and 
direction of the resultant of these forces; and drawing in Fig. 28 
a line through T parallel to e'd of Fig. 29 gives the location and 
direction of this force. 

The point T' in Fig. 28 is found in the same manner to be the 
intersection point of the resultant when the points I, II, ... VII 
are loaded. 

Road'RoUer. — When the road-roller is placed at either I, II, 
or III, the reaction is in the section, and the comparative values of 
these reactions can be judged from Fig. 29, in which 1' is very small 
and 3' the largest, while their distances from the core point / differ 
but slightly; when the road-roller is placed at III it will give the 
largest value of these three positions. If the road-roller is shifted 
still farther to the right, its component will be in the section, and 
if it is placed at either IV or V, the comparative value of each com- 
ponent can be judged from Fig. 29; when placed at V, the magni- 
tude of the component is the largest. But, as Fig. 29 shows, the 
difference between components 4 and 5 is relatively small, and, as 
Fig. 28 shows, the distance from the component 4 to the core point / 
is a great deal larger than the distance from / to component 5; con- 
sequently, of the two positions of the road-roller, that at IV will give 
the larger value.* The two following positions have to be investigated : 

Road-roller at III and the reaction in the section; 

Road-roller at IV and the component in the section. 

The relative intensity of 3' to 4 is as 4:9.5. 

The relative distances from 3' and 4 to the point / are as 6.3:2.7, 
and the road-roller placed at III will cause the greatest stresses in the 
extreme fibers of the arch. 

Though the moments of both forces with respect to the point / 
are nearly alike, the reaction deflects upward from the neutral axis 
at the section, the component deflects downward, and the final re- 
sultant is drawn from an intersection point to the right of section Z). 

When the road-roller is placed at III, its reaction (see Fig. 28c) 
intersects the live-load resultant at V. 

The dead- load, t the temperature, and the secondarj^ - stress 
resultants have been transferred from Fig. 27 to Fig. 27c, viz. : ap'' 
is the dead-load resultant, vt an increase in temperature, tu a decrease 
in temperature, and at the secondary stress. 

At the point p" is added the live-load resultant p^'a'", and at 
the point s''' is added the road-roller reaction s"V"; and the line 
connecting p" with r'" is the resultant of these two forces, and draw- 
ing in Fig. 28c a line SV through the point V and parallel to p' V" 
gives its location and direction. This resultant intersects the tem- 
perature and secondary thrusts NO at S in Fig. 28c. 

Rise (or Fall) in Temperature. — In Fig. 27c the final resultant of 

* The reader can draw pencil lines on the diagram. No lines are drawn, as 
they would only make the figure confusing. 

*t The dead load is resolved last in order to avoid parallel forces. 
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all the forces will be the greatest at the highest temperature, viz., 
the line joining the points v and r"'; the eccentricity of the dead- 
load resultant is above the neutral axis, and Fig. 27c shows that 
the line /"t; tends to increase this eccentricity; and the line connecting 
u with /" is not only shorter than r"'Vy but will also tend to lessen 
the eccentricity, and maximum stress is caused during the highest 
temperature.* 

In Fig. 28c the temperature is combined with the force SV^ viz., 
the MneSW; the resultant of these combined forces intersects the 
dead-load force at W\ which is the point where the resultant of 
all the forces intersects, and a line should be drawn through this 
point parallel to the line vr^" of Fig. 27c. 

The point W is obtained in the same manner, and the magnitude 
and direction of the resultant are given in Fig. 27c, viz., the line vr". 

(g^) Stresses m the Arch at Section D.— The results of the 
three forms of loading are as follows: 

a. I to V loaded; total force, 94,200 lbs.; eccentricity above 

07 
the axis, 0.7 ft., or m units, Tr-= = 0.28. 

J.o 

6. I to VI loaded; total force, 95,400 lbs.; eccentricity above the 
axis, 0.69 ft., or in units, -^=0.276. 

c. I to VII loaded; total force, 96,900 lbs.; eccentricity above 
the axis, 0.67 ft., or in units, -^=0.268. 

The height of the arch rib is 2.5 ft. (30 ins.), its width 1 ft. (12 ins.), 
and its sectional area =360 sq. ins. 

If there were no eccentricity, the pressure per square inch would 
be (section D) : 

a.— 94,200 lbs.-^360 = 262 lbs. 
fc.— 95,400 '' -^360 = 265 *' 
c— 96,900 *' -^360 = 269 " 

The stress (in units) is divided as follows: 

a = (0.28 X6)+l=« -2.68 units miniw 2= +0.68 unit 
6= (0.276X6)+! --2.656 '* ** 2=- +0.656 ** 
c= (0.268X6) + ! 2.608 " ** 2= +0.608 *' 

The stresses per square inch in the extreme fibers are: 

a. Upper fibers: 2.68 X262 704 lbs. Lower fibers: 0.68 X262«+180 lbs. 

6. '^ '* 2.656X265= -704 '* *' '* 0.656X265- +!74 " 

c. *' " 2.608X269= -703 " " " 0.608X269- + 166 " 

An arch with such stresses is dangerously weak and should there- 
fore be reinforced; more is said on this subject in Chap. V. 

♦The intersection point from which the final force is drawn is T^', which is 
located at the nVht ot the section. 
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(/") AND (^'0 — Section at /. — In Fig. 30 / indicates the upper 
third and g the lower third. The reactions 1', 2', . . . 8' and the com- 
ponents 9, 10, 11, ... 16 are in the section. The dead-load pressure 
VIII-IX in Fig. 28 passes below the axis of the arch (see Fig. 30); 
all forces passing below / cause compression in the lower fibers, and 
all forces passing below g cause tension in the upper fibers of the 
arch rib. 

Maximum compression is caused, as previously explained, by 
the reactions 1', 2', 3', 4', 5', and 6', and the components 11, 12, . . . 
16; the road-roller is placed at Xlll.* 

The resultants are obtained as before, and are drawn in Figs. 27d 
and 28d; the dead-load stress is also drawn in these figures. The 
road-roller component is combined with the live loads, and the re- 
sultant of these forces intersects the dead-load resultant at V. The 
magnitude and direction of the resultant of the live load, the road- 
roller, and the dead load are those of the line ar^ in Fig. 27d, and 
drawing a line parallel to ar^ through V in Fig. 2Sd gives the loca- 
tion, direction, and magnitude of the resultant of these forces, all 
as formerly described. V is the point of location of the resultant 
of all forces that will cause maximum tension in the top of the arch 
rib. 

These forces are combined with the secondary stress and the 
highest temperature stress NO by the moment method, resulting in 
rr'^ and vf^ in Fig. 27d. All the numerical values are inserted in 
Fig. 28d, and no further explanation is needed, vr^ causes a com- 
pression of 691 lbs. per sq. in. in the bottom fibers, and a tension of 
81 lbs. per sq. in. in the top fibers. 

These figures indicate that the dimensions of the arch rib of a 
stone, a brick, or a concrete arch should be increased. 

The foregoing completely outlines the method for determining 
the maximum stresses in the hingeless arch rib which are caused 
by vertical forces; the following additional notes thereon, however, 
may not be out of place. (See Influence of Change of Form.) 

Maximum and Minimum Stresses. — ^The determination of the 
maximum and minimum stresses in the arch rib differs in this respect 
from methods thus far in vogue: that the eccentricity of the dead- 
load pressure in the arch rib above or below the neutral axis is the 
starting point of the investigation. 

This results from the fact that the stresses caused by the live 
load are very small as compared with those caused by the dead load, 
and are, for this reason, able to cause only a relatively small increase 
in the intensity of the pressure; they are, however, able to increase 



* The road-roller can shift its i)08ition over a considerable distance without 
materially influencing the stresses in the arch, and a close investigation for the 
purpose of ascertaining the position which causes maximum stresses is there- 
fore unnecessary. 
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the eccentricity of the point of application of the total load to a 
greater degree, and increased eccentricity is equivalent to increased 
stress in the extreme fibers of the arch. 

One of two forms of loading will produce a maximum stress; 
but which of the two will yield the larger can only be found by trial, 
because the resultant of all the forces shifts up and down according 
to the manner of loading. This graphical method presents a survey 
of all the work performed, indicating instantly to the eye the causes 
of maximiun stresses, and the locations of the weakest points. 

It also shows that the application of the elastic theory to the 
computation of stresses in the hingeless stone arch is simple and 
offers much less difficulty than any other method. This is one of 
the purposes of the present work; because, notwithstanding its ac- 
curacy and the able analyses in which Winkler, Miiller-Breslau, Mohr, 
Melan, and others have presented it, the elastic theory finds only 
a limited application on account of its intricacy. 

Various methods for finding the stresses in arches are extensively 
employed, which are more or less of an experimental character. 

The one in which the reciprocal polygon is so balanced that its 
rays are confined to the middle third of the arch rib is most 
favored. In this method one-half the span is loaded with live load, 
temperature and other stresses being generally neglected. This 
is known as the *' one-third method." 

The application of this method to the arch in the preceding ex- 
ample would indicate that the dimensions given to the arch rib were 
sufficient for concrete; the computation by the correct method, how- 
ever, proves the arch to be weak. 

The one-third method really makes an assumption and then 
proceeds to shape the computation to prove the assumption correct. 

Though it may be true that the many factors which influence 
the erection of the arch will modify its stresses, it is, nevertheless, 
a rational method, employed in all engineering constructions, to 
first ascertain the true stresses exerted in a structure, and then make 
such allowances as are dictated by a regard for safety. 

It is not the object of this work to condemn any method ; on the 
contrary, for large arches the author has recommended at the be- 
ginning of this article the application of the one-third method for 
the preliminary determination of an approximately correct arch rib; 
and after that his method is to be applied for the purposes of deter- 
mining the maximum stresses and of making such changes in the 
arch rib as may be indicated. 

In making graphical computations of this nature a wooden straight- 
edge, at least 30 inches long, should be used, the sides of which are 
parallel and true; also one large triangle (about an 18-inch) and 
several smaller ones, — all a])solutely true. 

Do not use a steel straight-edge or a parallel ruler — the one is 
too heavy, and the other too unreliable to produce accm-ate 
work. 
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3. Horizontal Forces Acting in a Longitudinal Direction. — 

These may be caused by the wind pressure on a roof or by the spandrel 
filling on a bridge. 

As previously explained, the intensity of either of these forces 
is rather indefinite. This is especially true of the conjugate pressure 
of the spandrel filling, as its intensity may vary from zero to a maxi- 
mum caused by hard-packed damp fill. To make the computation 
of stresses possible, some assumption regarding probable earth pres- 
sure should be made, the usual one being the average between two 
forms of earth pressure. This assumption seems reasonable and is 
made the basis of the following computations. 

One form is determined by considering the pressure of loose 
earth against the vertical projection of the extrados.* 

The other form is determined from the abutting pressure of 
damp earth packed against the same area. 

Rankine gives for the pressure of loose earth: 

, l-sina . . 

p^qh- ; ; (a) 

'^ ^ 1+sma ^ ^ 

and for the abutting pressure of packed earth: 

, . 1 +sina ... 

p'^qh : — (6) 

^ ^ 1-sma ^ ^ 

In these equations, p=the pressure per square foot of vertical 
projection; /i=the depth in feet of the center of the pressed vertical 
surface below the top of the fill; a = the angle of the natural slope of 
the earth with the horizontal (usually assumed as 30®; sin a =0.5); 
g=the weight per cubic foot of earth=120 lbs. 

In Fig. 25 the pavement was assumed as 1 ft. thick and weighing 
150 lbs. per cubic foot.f This should be reduced to the weight of 
earth, or 1 ft. is increased to 1 Xf|^= 1.25 ft. 

The same panel division made in Fig. 25 has been adhered to 
in Fig. 32, and axi' equals the vertical projection of the surface ab 
which is subjected to the earth pressure I'; its point of application 
is the point a", and the height of the earth causing the pressure 
is equal to a"a"\ For the surface he the vertical projection equals 
hh\ the depth of the resultant earth pressure equals 6"6'"^ and the 
pressure equals II', etc. The numerical values have been inserted 
in the figure, viz., aa'= 1.6 ft., a"a'"= 11.25 ft., etc. All com- 



* Some engineers use the first form only; which of the two methods should be 
followed depends largely on conditions and the character of the filling material. 

t Only tor arches supporting a high bank or for arches with a large rise 
should the earth pressure be computed. In flat arches, such as the one used 
in the illustration, earth pressures are neglected, the computations being made 
only to show the method used. 
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putations are made for an arch 1 ft. wide, and 1.6 ft., 2.25 ft., etc., 
are then the areas of pressure in square feet. 
The average pressure per square foot is: 



p+p 



■-a^«)$-i^- 



Now, 9=120 lbs. and ^ ^ =200A, which is the pressure in lbs. 

per square foot of vertical projection of the pressed area. Calling 
this area F, then Q=200^F, and F= 1.6 sq. ft., 2.25 sq. ft., etc. 
Proper substitutions will give the following pressures in lbs. : 

At I' ir III' IV' v VF VII' viir 



I' 


II' 


III' 


IV' 


V 


VI' 


VII' 


3,600 


4,140 


2,800 


1,628 


912 


504 


267 



(a) The Standard Diagram and Its Use. — In computing the 
stresses in the arch caused by horizontal forces, equations (154), (155), 
and (156) of the Appendix * define the intersection locus and tangent 
curves of the standard diagram of Fig. 31. This diagram is based 
on the assumption that the axis of the arch is a parabola, and that 
the moment of inertia of the arch rib increases from the crown to 
the abutments in the same ratio as the secant of the angle which 
.the axis makes with the horizontal. 

Any other curvature of the arch axis produces a diagram which 
will differ from that shown in Fig. 31; this difference, however, 
is small and can be neglected. (See also Art. 6 of this chapter.) 

Though the intrados of an arch may be elliptical, or of any other 
similar curvature, the axis of the arch is the line to be particularly 
considered, its curvature defining the loci, and its deviation from 
the parabola being relatively small, even in arches of large rise. 

A considerable change in the moment of inertia of the arch rib 
will produce a diagram which will differ still more from that of Fig. 31; 
but, for the reasons given at the beginning of the article, this de- 
parture may be ignored and Fig. 31 be generally applied to the com- 
putation of the stresses caused by horizontal forces in a hingeless 
arch. 

The course to be pursued in the computation is practically the 
same as that followed in the treatment of the dead load; such differ- 
ences as are necessary to insure greater accuracy are specially pointed 
out in the following paragraphs. 

* See also Appendix for the analysis of the stresses caused by horizontal 
forces in a hingeless arch. 
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Use of the Standard Diagram (Fig. 31). 

Components of the Horizontal Forces, — In Fig. 31 the neutral 
axis of a hingeless parabolic arch rib ACB is shown. The horizontal 
forces (as Q) are assumed to act from right to left. The intersection 
locus is the line CF, and the tangent curve for the left-hand com- 
ponents is the line DE; the right-hand components all gather at 
the point E\* 

The rise of the neutral axis and one-half the length of span are 
each equal to unity; to obtain the curves for an arch of any rise 
or span, multiply the vertical ordinates of diagram by the rise of the 
neutral axis of the arch, and the horizontal ordinates by ore-half 
the span of the arch. It will, however, rarely be necessary to do 
this, except in dealing with the wind pressure on a roof (where the 
pressure is exerted either on one side or the other side of the roof, 
but never on both sides at the same time). 

The computer should draw for himself, once for all, on a large 
scale, the diagram shown in Fig. 31, using for the vertical ordinates 
a scale about twice as large as that for the horizontal ordinates. 

To resolve (for example) the force Q into its components, the 
force line is prolonged to an intersection a' with the intersection 
locus; the right-hand component a^a'' is drawn to the intersection 
point E\ and the left-hand component aa' is drawn tangent to the 
curve DE, If the force Q acts from left to right, the operation is re- 
versed. 

In Fig. 32 the forces F, II', etc., are the horizontal pressures caused 
by the earth fill against the arch ring, and, the arch being symmetrical, 
these forces are symmetrical with respect to the center line of the arch. 

If in Fig. 31 the arch ACB were a free body subjected to two 
equal and opposite forces, Q, acting horizontally, these two forces 
would tend to bend the arch and bring the points A and B closer 
together, until this bending created (internal) forces in the material 
of the arch and formed a system of forces in equilibrium ^ith the 
forces Q. The arch as a body would not move or change its posi- 
tion, all vertical forces caused by symmetrical forces Q would be in 
equilibrium and their resultant would be equal to zero. 

Horizontal forces only remain, and the resultant of these must 
be a horizontal force. The arch is not a free body but is held 
rigidly at A and B, and the tendency of these points to come 
closer together is resisted by the abutments ; from which if 
follows that the resultant horizontal force must he in equilibrium with 
the resultant of the bending stresses created in the arch, and vnth the 
reactions at the abutrnents. 

*The intersection points of all the right-hand components lie so closely 
together on a curve tangent to DE that no appreciable error is involved in 
assuming them all to meet at E'. 
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If more than one pair of symmetrical forces act on the arch, 
all these forces will have a horizontal resultant, and the location 
of this resultant above the horizontal axis AB will bear a certain 
ratio to the rise of the arch; and, so long as all vertical distances 
of the horizontal forces from the axis AB, the ordinates of the 
neutral axis, the loci, and the tangent curves are increased or 
diminished in the same proportion, the ratio will not change. 

If the loci and tangent Unes in Fig. 32 were plotted to corre- 
spond to a rise of 11.7 ft. and a span of 105 ft., the components 
of the horizontal forces would make a very small angle with the 
horizontal; and to determine with any degree of accuracy the in- 
tersection point of the two components into which each horizontal 
force is resolved, would be impossible. This would render the com- 
putation ineffectual. The ratio mentioned above, however, will 
obviate this difficulty. 

The ordinates of all the horizontal forces in Fig. 32 are measured 
and plotted on the line xx of Fig. 33. The points C and C are 
joined by a straight line, and lines are drawn parallel to CC through 
the points T, 11', etc., the points of intersection of these lines with 
the line CG being the ordinates for the proportional location of tb** 
horizontal forces. 

Fig. 33 is a duplicate of Fig. 31, in which the intersection points 
I, II, etc., of the horizontal forces with the intersection locus only 
are indicated. The point E is the gathering point of all the left-hand 
components of the horizontal forces which act on the left side of 
the arch, and the curve E'D' is the tangent curve for the right-hand 
components of these same forces. The curve ED is^the tangent curve 
for the left-hand components of the horizontal forces acting on the 
right side of the arch, and the point E' is the gathering point for the 
right-hand components. 

(b) Computation op the Resultant of the Left-Hand Com- 
ponents. — ^To obtain the relative magnitudes and directions of 
the components of the horizontal force XV, its intensity is plotted 
from the intersection point h (which the horizontal force makes 
\\ith the intersection locus) to the scale of forces; the line ac is drawn 
parallel to bD, which is tangent to the curve DJ?, and the line cb 
is drawn from the point b to the gathering point E\ The line ac 
is then equal to the relative magnitude of the right-hand component, 
and the line cb is equal to the left-hand component of this horizontal 
force. A perpendicular dropped from the point c divides the hori- 
zontal force into the left-hand horizontal thrust adj and the right- 
hand horizontal thrust db; and the line cd is equal to the vertical 
reactions at the supports, these reactions being equal and opposite 
in direction.* 

* The computation shows that so long as the ratio of the vertical ordinate 
of the point b to the rise CG does not change, the horizontal thrusts ad and db 
do not change, no matter what the rise of the arch may be. In dealing with 
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The magnitude of the left-hand component of the horizontal force 
II is equal to the magnitude of the right-hand component of the 
horizontal force .XV. In the following computation only the left- 
hand components of the forces are needed. A line from II to the 
gathering point E gives the direction of the left-hand component 
of II, and cb gives its magnitude; for this reason the two compo- 
nents ac and ch are numbered 15 and 2. 

In a similar manner the left-hand components of all the other 
horizontal forces are obtained and added together in Fig. 33a. 
In performing the addition notice should be taken of the direction 
in which the components act (the left-hand components of the forces 
I to VIII act from left to right, and those of the forces IX to XVI 
from right to left). 

The resultant of all these components is the horizontal line HJ, 
and this resultant is held in equilibrium by the stresses in the arch.* 

(c) Location op the Resultant. — Assuming an arbitrary pole 
P and drawing in Fig. 33 a reciprocal polygon for the components 
from 1 to 16 will determine the intersection point L of the end rays 
PJ and PH] this is the point through which the resultant passes. 

Fig. 33a gives the magnitude of the resultant as 7,880 lbs., and 
Fig. 33 gives its distance from the axis xx as 0.238 X the rise C,G, 
or 2.79 ft. for a rise of 11.7 ft.f 

{d) Resultant of the Earth Pressure and the Abutment 
Reaction of the Dead Load. — Fig. 26 gives the line ^I as the 
location and direction of the abutment reaction of the dead-load 
components from 1 to 16, and this line has been transferred to Fig. 32; 
Fig. 27 gives the direction and magnitude of this resultant. The 
portion enclosed by the triangle a'pq of Fig. 27 has been reproduced 
in Fig. 32a. 

In this latter figure the resultant of the earth pressure is plotted 
in its proper direction dp, and the line joining a and d gives the magni- 
tude and direction of the resultant of both forces (or the reaction at 
the left-hand abutment). In Fig. 32 the two resultants intersect 



wind pressure the actual magnitude of the components ac^ and c'6 should be 
obtained. For this purpojse the true intersection locus and tangent curves 
should be plotted to scale in Fig. 32 and the actual comp>onents drawn in this 
figure. If now the lines acf and bc^ are drawn in Fig. .33 parallel to these actual 
components, Fijj. 32 will give their direction and location and Fig. 33 their 
magnitude, — which can now be measured with great accuracy. 

* Assume the forces IX to XVI in Fig. 33 to represent the concentrated 
pressures at the panel points of the arch caused by the wind acting on the 
right side; then a straight line joining H and /C, measured to the scale of 
forces, will be eaual in magnitude and direction to the reaction at the left 
abutment. In tne same manner a straight line joining J and K will give 
the direction and magnitude of the reaction at the right abutment on the ex- 
aggerated vertical scale employed; a reduction to the true scale should be then 
made. 

t To obtain the comiwnents a piece of tracing-cloth is placed over the standard 
diagram (like Fig. 31 ), and upon this all the computations are made. Figs. 33 
and 33a were drawn in this manner and will serve as a gui'^c. 
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124 ANALYSIS OF ELASTIC ARCHES. 

at Ey and this is also the point of intersection of the total reaction. 
A line AE drawn through this point and parallel to the line ad in 
Fig. 32a gives the starting hne of the reciprocal polygon in the arch of 
Fig. 32. In Fig. 32a the forces I, II, etc., are drawn parallel to the 
forces I, II, etc., in Fig. 32, and the polygon AC is drawn as previously 
described. 

{e) Effect of Earth Pressure on the Arch. — From the very 
nature of its construction the force ^I in Fig. 32 has increased in 
eccentricity and diminished in magnitude. 

Fig. 32a shows that the resultant arch pressure in section II-III 
of Fig. 32 has not changed in location or magnitude, and also that 
the force III-IV has not changed its eccentricity but has increased 
its magnitude — not sufficiently, however, to appreciably affect the 
stresses pre\dously obtained. 

At the crown of the arch it is different; here the eccentricity has 
increased, and the magnitude of the force has increased by the 
distance qq', and for this point a new set of stress values will be 
obtained which are larger than those previously computed. 

A comparison between Figs. 26 and 32 shows that the addition 
of the earth pressure has had the effect of increasing the curvature 
of the line of pressure in the arch from A to III, and has caused a 
decrease in the curvature from III to C, the two curves coinciding 
between II and III. This is due to the fact that in both figures the 
force II-III results from the same ray in the force polygon [viz., 
a-(II-III) of Fig. 32a], and if the line of pressure in the arch be 
transferred from Fig. 26 to Fig. 32 it will clearly show the effect 
of the earth pressure. The difference between the two lines, how- 
ever, is too small to be clearly shown in the figure, and they are 
consequently omitted. 

4. Influence of Change of Form on the Arch.* — In Figs. 26 and 
32 the line of pressure AC is shown, and its rays Al, III-IV, and 
VIII-IX deviate considerably from the axis of the arch rib and 
cause very high stresses in the extreme fibers. The axis of the arch 
is a parabola, and the amount of the deviation in Fig. 26 is repro- 
duced in Fig. 34, AB being the parabolic axis and A'B' the line of 
pressure caused by the dead load. If the form of the arch could 
be changed so that the neutral axis and the line of pressure would 
coincide, and at the same time the area enclosed between the new 
neutral axis and the line AC were equal to the area enclosed by the 
parabola AB and the line AC, the intensity of the forces would not 
change materially, but the eccentricity of the line of pressure caused 
by the dead-load forces would become zero. But this, as Fig. 34 

♦ In the Appendix will be found the analysis of the elastic theory as applied 
to hingeless arcnes, and various deductions tnerefrom are specially described in 
the followinfi; articles. (See Art. 7 of this chapter.) 

This article shows the application of the author's method to the hingeless 
masonry arch; it is scarcely necessary to mention that it is equally applicable 
to the two- or the three-hinged arch of either steel or masonry. 
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shows, is impossible. Previous computations, however, have shown 
that the maximum stresses in the extreme fibers of the arch rib are: 





Lbs. per sq. 


in. 


At section A: 


-318 


Lower 




+ 3 


Upper 


a a 2): 


-704 


<< 




+ 180 


Lower 


a a r. 


-691 


t i 




+ 81 


Upper 



(a) At ^ the stress could be higher, but at Z> and / the stresses 
are too high and should be reduced. The next best change in form 



^ IC^ 



« r- > 








r 






^3 


o 








4 


Fig .34. 










would therefore be to have the neutral axis coincide with the line of 
pressure at the point B' and at the force III-IV. 

The area enclosed by this assumed neutral axis and the line AC 
should again be equal to the area enclosed by the parabola AB 
and the line AC. This result is not possible; but a line can be 
drawn which very nearly coincides with the given points and satisfies 
the second condition. This line will intersect the parabola at -4, 
and the line of pressure at II, and thence pass below the line 
of pressure at the remaining points, the greatest eccentricity occur- 
ring near the point V.* 

This neutral axis has been drawn in Fig. 34a, its rise is 11.35 ft., 
and it consists of two circular curves — with radii of 152 ft. and 
104 ft., respectively. The equivalent parabola has been drawn as 
a dotted line. 

The effect of this change on the stresses in the extreme fibers of 
the arch at the section / is as follows: — 

The maximum stresses at the crown were 691 lbs. compression 

♦ Railroad curves are very useful for drawing such lines. 
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126 ANALYSIS OF ELASTIC ARCHES. 

per sq. in. in the lower fibers and 81 lbs. tension per sq. in. in the 
upper fibers. 

These stresses change to 508 lbs. compression per sq. in. in the 
lower fibers and 102 lbs. compression per sq. in. in the upper fibers. 

The height of the arch rib is 27 ins.* 

These figures show clearly the effect of a change in curvature of 
the arch axis on the stresses in the arch; not only that, but they show 
the difference between the methods now used and the proposed 
method, viz., instead of adapting the forces to the arch, as is done in 
the one-third or any other method, the arch is designed to suit the 
forces. 

This is a sound principle that should govern the design of any 
structure. 

After the change in form has been settled on, a new computation 
of stresses can be made; but in most cases this is not necessary, when 
the change does not materially influence the distribution of the dead 
load. 

To modify the arch axis of Fig. 32 so that it will approach as 
closely as possible to the line of pressure AC is not as difficult as 
the correction of Fig. 26. This latter has been left for the reader 
to determine, and it will give him an opportunity to test his compre* 
hension of the method. 

SYRA VALLEY BRIDGE. 

5. Determination of the Intersection Locus and the Tangent 
Curves for the Hingeless Arch. — General Method. — In the fore- 
going articles the horizontal thrust is computed from an intersection 
locus and tangent curves which are drawn for a hingeless parabolic 
arch rib whose moment of inertia increases from the crown to the 
supports in the same ratio as the secant of the angle which the arch 
axis makes with the horizontal. 

To illustrate the general method, the treatment of the hingeless 
arch which is given in the Appendix is here analytically and graph- 
ically applied to the masonry arch over the Syra Valley, near Plauen, 
Saxony. This is a rubble-masonry arch with a span of 300 ft. and 
a rise of 60 ft. The arch rib is 6 ft. deep at the crown and 13.33 ft. 
at the abutments. With the above-mentioned ratio applied to this 
arch rib its depth should be only 6.54 ft. at the abutments. The follow- 
ing computations will show that the tangent curves are strongly in- 
fluenced by the wide variations in the moments of inertia of this 
arch rib. 

It will also be seen that the computation of the intersection locus 
and tangent curves is laborious and complicated, and further that 
the form and dimensions of the arch must be assumed before any 

* If the height of the arch rib were 24 ins., the stresses would be 602 lbs. 
compression per sq. in. in the lower fibers and 86 lbs. compression per sq. in. 
in the upper fibers. 
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computation is possible. The computation may show that the assump- 
tions are greatly in error and that all the labor expended is, in con- 
sequence, useless. Add to this the intricate calculations necessary 
to obtain the intersection locus and the tangent curves, and it is not 
astonishing that the application of the elastic theory to the com- 
putation of stresses in hingeless masonry arches has found little favor 
with the profession. And yet the fact is admitted that it is the 
only theory whose use results in accurate and reliable dimensions. 

If the intersection locus and the tangent curves are known at the 
beginning of the computation, the application of the elastic theory, 
according to the author's method, is no more laborious or intricate 
than any other method now in vogue for proportioning the arch. 
Preceding articles have shown this. 

The factors which determine the ordinates of the locus and the 
tangent curves are: 

1st. The curve of the arch axis. 

2d. The variation in the moment of inertia. 

If a simple correction be made to the diagrams shown in Figs. 24 
and 31 so that these two variables are included as factors which 
define the ordinates of the lines mentioned, the application of the 
elastic theory changes from the most intricate and laborious to the 
simplest and clearest method for the computation of the stresses in 
arches. 

How the author has arrived at this solution will be demonstrated 
in the following paragraphs. It hardly needs to be added that these 
paragraphs are also applicable to a metal arch. 

(a) Computation of the Average Moments of Inertia. — 
Fig. 35 shows a longitudinal section of the Syra Valley Bridge, and 
the line ABC is its axis. For the analytical, as well as the graphical, 
method the arch of this figure is divided into twenty equal panels, 
the lines I, II, etc., representing the centers of these panels. 

In Fig. 35a the area AA'C'C represents the arch rib developed, 
AC being the length of the semiaxis, the points I, II, etc., in Fig. 35 
corresponding with those in Fig. 35a. 

To find the moment of inertia of the arch rib at the points I to 
X, the computation may be made analytically; the graphical method, 
however, is short and simple. 

The moment of inertia of an arch ring 1 ft. wide is 

13.333X1 ,^^e rx^ X >i 
j2 — =" ^^^-^ f^- ^* -^> 

and 

~^= 18ft.4atC. 

Now assume the moment of inertia at A equal to unity; then 
the moment of inertia at C== 

18:197.5=0.0913, 
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128 ANALYSIS OF ELASTIC ARCHES, 

and the depth CC of the arch rib expressed In units is 

CC'=-«/u:u9l3=0.451. 

The depth of the arch at ^='i/l = l, and the point D can be 
found by construction or from the two similar triangles AA'D and 
CCD, the ordinates measured from AD to the line A^D representing 
the depth of the arch rib at I, II, etc., expressed in the unit AA', 

To find the square of the height C&y a hne C'A" is drawn parallel 
to ADy and the line A"D is drawn to an intersection with CC, giving 
the point C", 

From similar triangles, 

CD C'V C'C 

or 



AD A'' A C'C 

Now A'A^ly 



CV _CV 
A' A C'C 



In the same manner it is proved that 
CV^ = C'''C. 

The same construction can be applied to the points I, II, etc., 
successively. The points so found are joined by the line A'C"\ 
and the ordinates of this line measured from the line AC represent 
the moments of inertia expressed in the unit A' A. 

In Fig. 226 (Chap. Ill, Art. 18) was illustrated the method of 
obtaining the average moment of inertia. This same construction 
has been applied to Fig. 35a, and the ordinate measured from the 
axis AD to the line EF is equal to the average moment of inertia 
(/o), expressed in the unit -4' A. 

For the purposes of the computations which immediately follow, 
the moments of inertia have been transferred to the panel lines 
I, II, III, corresponding to those of Fig. 35, and are indicated by 
small black circles. 

When the analytical method is applied, a table like VII should 
be arranged (see end of chapter). The first line gives the values 
of the ordinates of the arch axis at the panel points 1, 11^ etc. 
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The second line gives the values of the angle which each plane of 
section makes ^ith the vertical at the panel points. The third 
line gives the angle of the curve for each panel, and the fourth the 
length of the curve in each panel. 

In the fifth line is given the depth of the arch rib at each panel 
point, and in the sixth the moment of inertia at each panel point. 

(The average moment of inertia =90.7 ft.*) 

(h) Graphical Computation op the Horizontal Thrust H. — 
Vertical Forces. — In the Appendix the following equations define 
the locus and tangent curves for vertical forces: 



.+4 



/"^2 311 
1 V 



ydx 



.+4 



(128il) 



1 h ^Fo 



.+4. 



/+2afn , 



Xi ^i ; (129A) 



4 ^> 



2 

I 



r^2m. HB 

J^L h Por 



X2 ^ i il30A) 



/^2dx 
4 I. 



Also, 



»»-^^(2j/„+y„-i)+^p^(2y«+V«+i), (13U) 
»'»=fe- #(2^-.+^-i) +%r- /7^(2x„+*».+i>. (132-4) 

^--2 5o"rr^2 do rm^i ^^^^ 
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130 ANALYSIS OF ELASTIC ARCHES. 

Substituting these latter values in (128A), (129-4), and (130il) 
gives 

g=^ ^O^mVm (j35^j 

Xi=4^!!^, (136^) 

Further, for the location of the axis DD, 



y.'4i %^. .... (1384) 



Again, 

litfm„v„==^-^I^x'„,v„+^l'gil-x'„)v„, etc. 

In Fig. 35 d„t-=do, etc., all panel lengths being equal. 
In the present example the following modifications of equations 
(131il), (132A), and (133il) will ^ve sufficiently accurate results: 

»«=^«, (131B) 

t^m-r^, (132iB) 

t/'»=^ (1335) 



The first value to be computed is -=? (see Fig. 35a). For instance, 
to obtain the value of -S at the panel center X, a panel length be 
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may be made the unit, and the line ad be drawn parallel to the line ce.- 
From similar triangles, 

be 



Now, be is the unit, a&=/o, and bc^lfi 

Jo 



.-. M^^ 



w 



The point d has been transferred to d' on the panel center X. 

In the same manner the remaining values of -f- have been com- 

puted, and the upper points on the ordinates are connected by the 
Une d7> *'he ordinates of which, measured from ADy represent the 

values of j- at the panel points when one panel length is the unit 



of measurement, 



h 



The values of j- have been inserted in the seventh line of Table 

VII. 

The next value to be computed is that of 1/2, or the distance 
of the axis DD from the axis AB (Fig. 35). From equation (138^1), 

l\iy'mV"m 

and from equation (1335), 

If the moment of inertia is assumed to be a constant, it will dis- 
appear from the equation; and when numerator and denominator 
are multiplied by cfo, the numerator of equation (138A) will simply 
represent the sum of all the areas= 2*2/^^0= area ACB, and the de- 
nominator will represent the span AB^Sdo^^l, or, the value of the 
fraction will represent the height of a parallelogram which has the 
same area as the figure ACB, 

In the above equation the variation of the moment of inertia 
appears as a factor in the fraction. 

In either case the values of t/'m can be considered as horizontal 
forces acting in the axis of the arch, and the value of the numerator 
is equal to the moment of these horizontal forces with reference 
to the line AB, 
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The values of -p- are given in Fig. 35a by the ordinates of the 

line d'/; these ordinates have been plotted as the forces of a force 
polygon in Fig. 356, and, with a pole distance =ii'i;",n; the reciprocal 
polygon AB has been drawn in Fig. 35JB. The intersection of the 
first polygon segnaent between and I with the vertical BD gives 
the point E. This is the point through which the resultant of all 
the horizontal forces passes, the line ED is then the height of the 
equivalent parallelogram, and the point E is the location of the axis 
DD of Fig. 35. It should be observed that in Fig. 356 the pole 
distance ilP=^i'i;"^= AP', and the line PP' forms an angle of 45° 
with the line AP\ Now, in Fig. 35B, ^42)= one-half of the moment of 
all the forces v"^, EA is parallel to PP' of Fig. 356, and in Fig. 35B 
the line ED=AD; or 

i^i y'mv''m-2XEDXiIv''^=EDIf/'n.s 
or 

The values of y can now be obtained by simple subtraction, and 
these values have been inserted in line 8 of Table VII — negative in 
sign when the ordinate is below the axis DD, and positive when above. 

The value of Vm can be computed analytically or graphically, as 
follows: The point d is transferred from Fig. 35a to the axis DD 
of Fig. 35, and the Une ad is drawn parallel to the line ce; from similar 
triangles, 

ao^coj--. 



Now, c6=y, hd^Y, and 6e=l; 

.-. a6=yy-=t;m. 

The values for Vm have been found in a similar manner for all 
the panel points, and lie on the line a/ in Fig. 35. These values have 
been inserted on the ninth line of Table VII. 

The computation can here be checked, viz.: the sum of the ordi- 
nates of the line af above the line DD should be equal to the sum of 
the ordinates below the line DD. 

The next value to be computed is that of equation (135-4) : 
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In this equation Iq SfRmt'm is, as stated before (Art. 18 (b), Chap. 
Ill), the bending moment caused by the vertical forces v„t at a point 
x/, IVmOm is the maximum bending moment with relation to the 
axis AB caused by the horizontal forces Vm] 

lol , , 90.7X300 ,e^ 

• = a constant = -TrTTXTTTTr- = 188. 



Fq^o 9.66X15 

Computation of MmVm- — ^The ordinates of the line af of Fig. 35 
measured from the axis DD have been plotted as vertical forces in 
the force polygon Fig. 35c'. Of these forces, 7, 8, 9, and 10 are 
positive, and 1, 2, 3, 4, 5, and 6 are negative, and the sum of the 
positive forces is equal to the sum o( the negative forces (all of which 
is shown in Fig. 35c')- Now, with an arbitrary pole distance p, 
which is here chosen as equal to 80 ft., the reciprocal polygon ACB 
of Fig. 35C' has been drawn, and, for the load A' placed at IV, the value 
of 

^^mVm = line ab X p. 

Computation of lymVm- — In Fig- 35c the forces Vm have been 
plotted as the horizontal forces of a force polygon with the pole 
distance p (=p in Fig. 35c' =80 ft.), and the reciprocal polygon ACB 
of Fig. 35C being drawn, 

2y„,Vm=\\ne ABXp. 

The constant was found on a preceding page to be equal to 188, 
and in order to plot the same it should be divided by the pole dis- 
tance, or 

188-^80-2.35, 

which is equal to the distance B^B^, and 

i^J/mVmH-^ =the line A'B\ 

For the panel point IV, 

^0 ^mVm line ah of Fig. 35C' 



H = 



I _L J2L ^^^^ ^'^' ^* ^*S. 35C* 



The horizontal thrust is given in a similar manner on the load 
line for any position of the load A, as the ordinates of the curve ACB 
(rf Fig. 35C", and these ordinates are to be divided by the constant 
value A'JB' of Fig. 35C. 
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(c) Analytical Computation op H, — Following this method 
the denominator of equation (135-4) is found to be equal to 4,974 
+ 188=5,162. 

On line 13, Table VII, are given the vulues of ^S^Vm at the re- 
spective panel points, and on line 14 the values of H, 

For example, a load of twenty, tons placed at panel point VIII 
of Fig. 35 causes a horizontal thrust 

ff«20X1.1654=23.308 tons. 

(d) Computation op X\. — ^The value of equation (136il) should 
now be found. 



From equation (132B), 

v'm^-r^m (see Appendix); 

Xm is measured from the center of the span, and its various values 
are represented in Fig. 35 by the ordinates of the line EF measured 
from the axis AB; EF forms an angle of 45® \\ith the axis AB. 
These ordinates are reduced in the same manner as previously de- 
scribed, in the ratio -^, resulting in the line OH. 
h 

The ordinates of this line OH have been plotted as vertical forces 
in the force polygon of Fig. 35d', and in Fig. 35Z>' the reciprocal polygon 
ABC has been drawn with the pole distance p'. 

In the force polygon of Fig. 35d' the first ray AP should make 
an angle of 45° with the line AB; and to obtain a horizontal closing 
line AB in the reciprocal polygon ACB of Fig. 35Z>', a trial pole 
should be chosen in Fig. 35d'. From this force j)olygon a trial polygon 
can be drawn in Fig. 35Z>^ and from this the true pole can be found 
in Fig. 35d'; the polygon ABC of Fig. 35D' can then be drawn, its 
end segment BD forming an angle of 45° with the line -4B, and AD 
being equal to J/; or if the whole polygon be drawn, the length of 
the line which is intercepted by the end segments of the reciprocal 
polygon on the center line will be equal to 2XAD=^L The reason for 
this construction will be seen from the following: 

For a load placed at IV', 

ImfnV'm = line a'V X p^, 
Ixmv'm = 2 X line ADXp^ 
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Now, 2XAD=Z: consequently 

y _ aVXp, _a'b' 

(e) Computation op Z2. — ^The value of X2 remains to be solved: 
Y- r actor 

^' — iw^ • 

From equation (133B) the values of !?''«= 7^= the ordinates of 

the line fd' of Fig. 35a. These ordinates have been plotted 
as vertical forces of a force polygon in Fig. 3Se', and with a pole 
distance =J2't>" the reciprocal polygon A'C of Fig. S5E' has been 
drawn. When a load is placed at IV, 9fn:t»i;"m=line a"f Xpole dis- 
tance ilv", and H v''^^2XiIt/'=It/. 

In the expression H „\ , 

„ line ab of Fig. 35C' , hB ^ ^ 

^^ hneA-i?-ofFig.35C ^^ :F^='^ ^^'^"^^^J 

hM^^0.32^X 90.7X325.56 



Fodor 9.66X15X234.36 

=0.3298X0.869=0.2866, 
and ^^^^inea"f,"X^iIv"+0.2S7 ^^^^^^^ 

Une a"b" . 0.287 
- 2 "''TiP^' 

But Jv" is the sum of all the. ordinates of the line fd' of Fig. 
35o=2X 17.12-34.24, consequently 

Z2-li5£|:^+0.00837. 

This addition caused by the secondary stress is so small that it 
is negligible, and the equation may therefore be written 

^ line a"6" 
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From equations (125) of the Appendix, 

X^^H^^, and Xi^Heo. . . . {125A) 

For the load placed at IV, Figs. 35C and 35C" give, as before, 
ab _21.37_ 

-. „ line a"6" of Fig. 35£' 

A2 = /l<^) = 



or «o= 



2 
a"b" 



2H • 

To obtain the value of e^, a reduction should be made: 

. , , ^ „ 06 of Fig. 35C' 
As previously found, ^= ^.g. ^f Fig. S lC ' 

In Fig. 35C' the line DD has been drawn parallel to AB and at a 
distance therefrom =ii4'fi'=iiiC. One panel length is again as- 
sumed as the unit, and, from similar triangles, crf=ae-r ; 

ab 

a€=l, ce^^Ky 
^_iK_ 1 

Similarly, by transferring the point d from Fig. 35C to d" ia 
Fig. 3bE' on the prolongation of the line 6"6'', 



a"e' 



c'V'-c"d' ,„ .. 



Now,c"d"=«i of Fig. 35C'=^, a"e"=\; 

•'• '^^ =-2tf-='^- 

In Fig. XX of the Appendix it will be seen that the distance 
from the axis Dx to the closing Kne of the moment polygon at the 
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center of the span is equal to sq. In Fig. 35-B' the axis DD has been 
drawn and also the axis ACS of the arch in its proper position with 
respect to this axis. 
From Fig. 35Z)', 



and 



also 



Xi- 


a'b' „C2 

. I " 


-Ci 


a'b' 
IT' 


=C2— ci; 




a'b' 
2H- 


C2—C1 
2 ' 





and ^ ^ gives the ordinates of the closing line of the moment polygon 
above and below the axis EE^ in Fig. 35-B'. 

The reduction -^ has been made in the same manner as waff 

explained for X\ and the line a'c'^ ^ ^ in Fig. 35D'. 

In Fig. 35£' the ordinates of the curve GG' give the values e^ for 
the successive positions of the load K. 

In Fig. 351)' the ordinates of the line Al give the values of ' ^ 

for the successive positions of the load K, 

if) Construction op the Moment Polygon (see Fig. 35-BO- — 
The direction and location of the closing line of the moment polygon 
are already determined, and the pole distance H is known; and to 
obtain the final result the moment polygon should be drawn. 

Equation (139) of the Appendix gives 

V,= V,+X:. . (139a) 

V, is the reaction caused by a load on a simple beam, and 

and 

The load K=^A'B' (Fig. 35C); the line D'D' is drawn in Fig. 
35C' parallel to AB at the distance K from same, and also the line 
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BD'; then the line af=V^' Through the point / a line fg^ is drawn 
parallel to the line FF' of Fig. 35E'. In Fig. 35C' the point 6 is 
transferred to g and ga=g/i==H when ah represents K. 

The point g is transferred to g^ on the Une gj, and this point is 
then the pole of the force polygon in which ai^ Vi and iA= 72- 

In Fig. 35-B' the lines FJ and F'J are drawn parallel to the line 
ag' and g'h of Fig. 35C'; the point J in Fig. 35JS' is a point of the 
intersection locus, and the lines JF and JF' are the components of 
the force K and are tangents to the tangent curves. 

By changing the position of the load successively from I to II . . . 
I', the intersection locus LU and the tangent curve MM' are obtained. 

In the same figure the line W is the intersection locus and the line 
mm' the tangent curve for an equivalent arch whose axis is a parabola 
and whose moment of inertia varies as the secant of the angle which 
the arch axis makes with the horizontal. 

The equivalent arch is a parabola whose area is equal to the area 
ACB included between the arch axis and the horizontal AB. The 
rise of this parabolic axis is 55.68 ft. 

(60- Analytical Solution of (b). (Secondary stress included.) 
^To obtain, for example, H^ (see line 9, Table VII) : 

-15.561X1X15 
-18.366X2X15 
-20.553X3X15= -113.952X15=l709.28=gil4i?4. 

-20.553X6 
-18.366X16.58 
-15.561X25.53 
-12.033X33.05 

- 7.633X39.30 

- 2.178X44.37= -1,619.394 (See lines 1 and 9, Table VII.) 

+ 4.593X48.35 
+ 13.081X51.29 
+23.154X53.22 
+35.497X54.18= +4,106.35 



+2,487 X2=4,974=J2/'«t?«. 

IqI _ 90.7X300 _ ^ 
Fodo 9.66X15 T^^y,. „ . W 

By using the graphical method the value 0.3298 is obtained, or a 
difference of but 0.0013; both methods therefore give practically 
the same results. 
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(d'). Analytical Solution of (d). (Secondary stress included.) 
-To obtain, for instance, X'^: 
First, Ix„^v'tn should be obtained (see line 11, Table VII): 

32.018 X 7.5 
70.832 X 22.5 
93.471 X 37.5 
97.030 X 52.5 
98.268 X 67.5 
95.922 X 82.5 
91.552X 97.5 
86.084X112.5 
79.962X127.5 
L 73.469X142.5 

Second, the reaction should be computed: 

8,553.104X^X^^=427.665; 



2X2" - 



8,553.104X2X J/= 128,296.5=2'x«tr'«». 



15X2" 



427.665X3.5 

- 86.084X1 

- 79.962X2 

- 73.469X3 



15,455.61=91141/4; 



15,455.61 _ ,_^ 

j^p^g^~0.12047-Ai, 



Xi^H 



C2—C1 
I ' 



or 



C2 — Ci Xil 

~2 2H' 



0.12047X300 
2X0.3298 



=54.79. 



To obtain, for instance, X2 for position IV: 
First obtain i"w"« (see line 7, Table VII): 

0.51557 
0.60170 
0.76519 
0.93900 
1.16270 
1.45580 
1.84820 
2.41250 
3.14810 
4.26910 



17.11786X2=34.236' 



15X2" • 



+ 17.118 X3.5 

- 0.7652X1 

- 0.6017X2 

- 0.5156X3 



-845.97-3rc4l>"4; 
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H ^"^ -n ^ooftsx 90-7X325.56 _ 



and 



H 
845.97+0.287 



= 75.229. 



^ 34.2:^X0.3298 

To obtain the ordinates of the components at the verticals: 

eb= 75.229 
2/2= 45.865 



y2-«to= -29.364 
^^== 54.79 



ci= -84.154 
C2= +25.426. 

To obtain the ordinate of the intereection locus at IV: 

-s:i= 0.12 

7i =0.945 

25+^2= ordinate of the intersection locus. 

Vertical ordinate of the intersection locus measured from the 
point of intersection of the component with the left vertical (a verti- 
cal projection of the line JFy Fig. S5E'), 

^>F=S2.5X^=150.43, 

or the ordinate of the intersection locus = 

+ 150.43-84.154=66.276. 

6. Horizontal Forces. — Before taking up the subject of the 
correction of the intersection locus and the tangent curves, a few 
remarks will be made concerning the horizontal forces acting on the 
arch. 

In the analysis given in the Appendix [see equations (135«), 
(136«), (137«), (140), etc.], the values of H, A",, and X2 are defined 
for a horizontal force. 
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After the detailed explanation of the effect of horizontal forces 
on the two-hinged arch (see Art. 19, Chap. Ill), and that of the 
influence of vertical forces on a hingeless arch in the foregoing para^ 
graphs, a brief consideration of the effect of the horizontal forces 
on a hingeless arch should be sufficient. 

In Fig. 35d a force polygon has been drawn of the forces v", which 
are assumed to act horizontally. This figure is a duplicate, on a 
smaller scale, of the force polygon of Fig. Sbd', and the reciprocal 
polygon of Fig. 35Z> has been drawn therefrom. 

If a horizontal force, as Q, be applied to the arch, as in Fig. 35, 
Fig. 35J5 ^dll give the value of X2, Fig. 35C the value of Hh^ and 
Fig. 35Z> the value of Xi. By observing the same conditions and 
making the same reductions as explained in the Appendix, and as 
described for the vertical forces, the intersection locus and tangent 
curves for the horizontal forces can be obtained. 

For the reasons hitherto stated the author recommends the 
application of the intersection locus and the tangent curves shown 
in Fig. 31 for the computation of the stresses caused by horizontal 
forces. The maximum error in the stresses thus found will not 
exceed 6 per cent., and this is insignificant in comparison with the 
error which is possible and probable in the assumptions made regard- 
ing the intensity of the forces. 

A rigid analytical treatment is therefore an unnecessarj' refine- 
ment, and in the following paragraphs horizontal forces will not be 
further considered. 

7. Correction of the Intersection Locus and the Tangent Curves. 
— ^The intersection locus and the tangent curves of Fig. 35-B' contain 
the following factors: 

1. The influence of the secondary stress. 

2. The variation in the moment of inertia. 

3. The curvature of the arch axis as compared with the parabola. 
The influence of these three factors will be successively eliminated 

from the locus and tangent curves, and the corresponding changes 
which take place in these lines will be shown. 

With a combination of the analytical and graphical methods 
these changes can be clearly set forth. 

(a) Elimination of the Secondary Stress. — Referring to 

equations (135^4), (136 A), and (137A), the factors ^ andi/^^^ 

represent the influence of the secondary stress. 

In Fig. 35C, B,B,, represents the value pr-ft and when this factor 

is neglected, the ordinates of the line ACB of Fig. 35C" divided by 
the line AB vdW give the values of H; these values are inserted in 
line 14, Table VIII. 

(It should be observed that H has increased — compare with 
line 14, Table VII.) 
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In equation (136-A) no factor reprfesenting the secondary stress 
appears, and Xi = — ^— 2— S; a'6' of Fig. 35I>' remains the same, 

and line 17, Table VIII, is not changed. 
From equation (125-4), however, 

C2 — ^l ^ll 



V 11^2 — Ci C2 — C1 All 

^'^^—J-' ""^ — — W 



In this equation H has increased, and the value of -^-5—^ must 

therefore diminish. This is shown by line 15, Table VIII. 

7 B 
In equation (137-4) appears the term H—t- , which expresses 

the secondary stress. If this term is to be dropped from the equa- 
tion, the latter will read: 

In the graphical computation of X2 (Fig. 35£0 the secondary 
stress has been neglected. On line 16, Table VII, however, the 
secondary stress is included. From equation (125^1), X2=HeQ, 

In this equation the numerator has decreased and the denomi- 
nator increased, and the value of e^ must therefore decrease, as shown 
on line 16, Table VIII. 

The value of Fi(=Pi4--X'i) is not affected by the secondary 
stress. 

(6) Elimination of the Variable Moment op Inertia. — As 
the Appendix shows, under the heading of special equations, when 
the moment of inertia becomes a constant, Vm^ymt t/«=a:m, and 
t/'m=l; a^d equation (138) becomes 

,, lUmV''.n 2y'm 743.74 ,^ ^^^ 

^'^'^^^^'^^^^^^^'^^^^ 

It should be observed that 1/2 is the height of a parallelogram 
with a length equal to I and an area equal to that enclosed by the 
arch axis and the line AB. This area^ 11,135 sq. ft., and the span 
= 300 ft.; 

11,135 ^-,^ 

•■• ^^ — 30(r"^^-^^- 
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There is a slight discrepancy between these two values, which, 
if equations (131), (132), and (133) of the Appendix had been applied, 
would not have appeared. In this case, however, it is so slight 
that it will not materially influence the results of the computation. 

This discrepancy is common to all the values subsequently ob- 
tained for equations (135), (136), and (137); it also exists in the earlier 
computations, and for this reason its effect is neutralized. 

With this new value for yo another table is arranged in which 
the angles a and 6, the panel length of the arch axis, and the ratio 

-j5 disappear; also the factors F, Fq, and t/„». Also, 2*— i/=2'+i/. 

When the secondary stress is neglected, equations (136), (136), 
and (137) become: 



X2 = 



Vm = l 



SrfmVm-^Xl 



-31.187X 6 
-20.607X16.58 
-11.657X25.53 
- 4.137X33.05 

+ 2.113X39.30 
-I- 7.183X44.37 
+ 11.163X48.35 
+ 14.103X51.29 
+ 16.033X53.22 
+ 16.993X54.18 



°35f». 



I. 



=4,951.3. 



For the load at IV, 



11.657X1X151 
20.607X2X15 \ =2,196.48, 
31.187X3X15J 



and 



""w""*^- 



See also the deductions made in Art. 1 (e), Chap. IX, of Appendix, 
viz. : 



hi 

21 



x.^kS^UI 
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Again, 

Xi-ff^^, and X2-^Heo; 

further, ^^ ^ Z ' ^^^ 

When g is expressed as a function of Z, equal to kly and fc=» 1, these 
equations change into 

X2=^Jfc(l-ifc), and 

^ L 

1 3 
When the load is successively placed at I, II, etc., ^=277, -r^j 

5 7 

-— . etc. For the load at IV, A;=-j7r, and 
40 4U 

£A(1j:A)_^50X7X33_ 
^ 2 // 40X40X0.4436 

Whenft=l, 



^~^^T' 



for the load at IV, 



40 0172 
20=8X0.4436X2^—-^ 28.192, 

and the ordinate of the intersection locus is 

2/2+^=37.187+28.192 = 65.379. 

In the equation 21 = 2—^6^, hi can be substituted for the vame g, 
which gives 

01 = 2(1-*)^; 

and for the load at IV, 

2ii = 2x22x -48.817- -80.548, 

4U 
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and ci= -«i+ 2/2 =-80.548 +37. 187= -43.36, 

«2 = - 2eo + «i = - 17.086, 

C2=— 22 + ^2 — +20.1. 

All these values are inserted in Table IX. 

(c) Construction of the Intersection Locus and the Tangent 
Curves, and Preliminary Dimensions. — The Syra Valley Bridge 
is again taken as an example. Assume the arch axis to be the arc of 
a circle,* its span 300 ft., and its rise 54.3 ft. 

A table of ordinates of the arch axis is now arranged, similar 
to line a of Table X (reduced to a rise= 1). 

The equivalent parabola has a rise of 55.781 ft., and its ordinates 

55 781 
are tabulated similar to line h of Table X (reduced to a rise= ' 

O4.o 

= 1.026). 

Preliminary Dimensions, — Such an arch should be built with the 
least possible material consistent with stability and durability, and 
by trial an arch is found which, including masonry, filling, and 
paving, weighs 522 tons for a ring 1 ft. wide. Fig. 35 shows this 
arch. 

To obtain the depth of the arch rib at the crown, an average 
stress ( = 320 lbs. per sq. in.) is assumed; in this case the maximum 
stress should not exceed 640 lbs. per sq. in. Then 

fc=3.333^+— 4x0.62; t 
n / 

in which 5= 0.2= a coefficient of the equation; 
Tr= 522,000 lbs.; 
Z=300ft.- 

n=320 lbs. per sq. in.; 
;=54.3ft.; 
.'. A=6 ft. (rounded off). 

The angle which the arch axis makes with the horizontal at the 
abutment=39°48' 2". The approximate depth of the arch rib at 
the abutment is h sec^ a = 13.23. 

For the Syra Valley Bridge, depth= 13.33 ft. 

* The arch axis has been assumed to be part of a circle. The Syra Valley 
Bridge is used only as an example for the purpose of illustrating the applica- 
tion of the equations of the Appendix, and to snow the different steps required 
for designing such an arch. The use of the circular arc facilitated the work 
for the author [see Art. 9 (a)]. In the actual design the ordinates of the arch 
axis in panels 1 to 6 are shorter than those of a circular arch, and in the r&* 
maining panels they are longer. 

+ 300 ft.-lOO ft.-200 ft.; 200 + 11-19; 100%- (19X2%) -62%. 
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Now Iq must be approximated: 

13.333=2,369 2,369^-12=197.42 

63= 216 216-^12= 18 



2,1534-3=718; X1.2= 862;- 12= 71.83 
71.83 + 18=89.83-90. 

In the above computation the area representing the moment of 
inertia of the arch rib is considered as defined by a common parabola. 
The ordinates which represent this moment of inertia, however, form 
an area which is defined by a cubic parabola, including a constant 
factor equal to the moment of inertia at the crown. For an approxi- 
mation, however, the above assumption is sufficiently close. 

The added 20% represents a factor, part of which results from 
the constant, i.e., the moment of inertia at the center of the span. 
The ordinates which measure the moment of inertia should be erected 
on an axis which is equal to the length of the curve, but in the fore- 
going approximation they have been considered as ordinates erected 
on an axis which is equal to one-half the span; the discrepancy 
caused by this contraction is covered by the remaining part of the 
factor. The curve has the same ratio to its horizontal projection as 
that which the secant bears to the horizontal at all points of the 
curve. At the center of the span this ratio=l, and it increases 
towards the supports. The approximation employed is only for 
the purpose of obtaining the intersection locus and the tangent 
curves, and it should be remembered that the variation in the 
moment of inertia must be large in order to influence these lines,, 
for which reason any greater refinement in the computation is 
unnecessary. 

The foregoing computation for obtaining the depth of the arch 
rib at the crown is applicable to an arch of any rise, including the 
semicircular arch. The dimensions of the semicircular arch rib 
at the abutments, however, if so determined, would be infinitely large, 
and the foregoing approximation is therefore not applicable. It 
can, however, be safely used where the rise does not exceed one- 
third of the span, and its application in the designing of large arches 
furnishes the computer with initial data which will closely corre- 
spond with the final results. As a concrete illustration of this the 
Syra Valley Bridge has been cited. 

It is not likely, however, that a 300-ft. arch will ever be built 
with a rise exceeding 100 ft., and for large arches the foregoing 
approximations are therefore general in their application. For 
small arches assumptions may be made l)y the experienced designer 
which will yield sufficiently accurate results. 

The correction of the intersection locus and tangent curves can 
now be made, and the procedure is divided into two parts: 
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(1) The correction of the intersection locus and tangent curves 
of the parabolic arch so that they will correspond to the curvature 
of the true arch axis; 

(2) The alteration of the thus corrected intersection locus and 
tangent curves so that they will correspond to the variation in the 
moment of inertia of the arch rib. 

(d) Correction of the Intersection Locus and Tangent 
Curves of the Standard Diagram to Correspond with the True 
Curvature of Any Arch. — The height of a parallelogram on 
AB having an area equal to that included between the arch axis 

and the line AB is equal to 37.187 ft. 

3 
A parabola of the same area on AB will have a rise = 37.187 X—=» 

55.781ft., and to make a comparison possible, when the coordinates 
of the circular arch are reduced to correspond to a rise of arch = 1, the 
similarly reduced ordinates of the parabola should be increased in 
the ratio 

55.781 .^^^ 

The ordinate of the intersection locus of the parabola is then 
1.026X1.2 = 1.231. 

The reduced arch axis is shown in Fig. 38 by the heavy line ACB, 
and the equivalent parabola by the dotted line AC'B'. 

The intersection locus for the equivalent parabola is the dotted 
line DEj and the tangent curve is the dotted line FO, These lines 
are plotted from Fig. 24, all the vertical ordinates of same being 
multiplied by 1.026 (Line IV, Table X). 

An intersection locus and a tangent curve are drawn for the 
Syra Valley Bridge, assuming that the moment of inertia increases 
in the same ratio as the secant of the angle which the axis makes 
with the horizontal. (See ordinates of Table X, line III.) 

The intersection locus is the line DyJ5^, and the tangent curve is 
the line FV\ 

Fig. 38 clearly shows the difference between the two loci and 
between the two tangent curves. 

It should be observed that, on account of the exaggerated vertical 
scale employed, this difference appears to be considerable; on the 
true scale it would almost completely disappear. 

To make the correction to the intersection locus, draw a line 
parallel to the line BE and at a distance hV below DE, which distance 
is equal to BB'. If the crown B' of the equivalent parabola is located 
below the crown B of the arch axis, the distance 66' should be plotted 
upward from the line DE, 

The figure shows that the locus thus obtained deviates only from . 
the true locus line at the panel points I and I' and is therefore 
practically correct. 
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To make the correction to the tangent curve, draw the parabola 
so that it is tangent to the curve AB at the points A and J5, the points 
A to correspond in both curves; this parabola is indicated by the 
dash-and-dot line AC"B. 

The most convenient method for obtaining this line is to draw 
the parabola on tracing-cloth and shift it into position over the work. 

The differences between the hnes ACE and AC'S are divided 
by 1.2, and these quotients are plotted from the tangent curve FGy 
e.g., ef-7-l,2=e'f* Observe that these differences arc measured 
and plotted in a radial direction, and not as vertical ordinates. 

The points thus obtained are joined, and the line so produced 
is the tangent curve G^F\ 

(e) Correction of the Standard Diagram to Correspond with 
THE Variation in the Moment of Inertia of the Arch Rib. — 
The maximum moment of inertia was found to be 197.42 ft.*, the 
minimum 18 ft.*, and the average or /o=90.7 ft.* 

Now, Iq can be expressed as a ratio in comparison with the rise 
of the arch, and this ratio, which is empirical, =0.2/^; /o can also be 
expressed in the rise of the equivalent parabola, or /o= 0.2/^ XI. 026 
= 0.205/,. 

The value 0.2/^ is a factor obtained from the application of the 
analysis of the hingeless arch to large easting structures of that 
class. 

In the foregoing example /, = 1.026/, and /o= 0.205/, = 90.7 ft.*. 

The maximum and minimum moments of inertia should now be 
expressed in terms of the rise of the arch, or 

/^ = 197.42=i|j:|2x0.205=0.45/, and 

/c- 18 = ^ X0.205=0.041/,. 

To construct the cubic parabolic area which represents the moment 
of inertia of the arch rib at_the panel points, /x=0.45/, should be 
reduced to unity so that ^l = 1 ; then the ordinate representing Ic 

should be reduced by the ratio ' ^^ , 

0.45 

Or, when 7^=1, 

and the height of the arch rib at the crown (taking the depth of 
the arch rib at the abutments as a unit) will be ^0.0912=0.45. 

* In most casee it is sufficiently accurate to plot the dififerenoes between the 
lines without making the division; for example, e/— «'/'» etc. 
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Now in Fig. 38a 7^ has been measured off = 0.45 =DF, and to 
measure the depth of the arch rib at the crown to the same scale, 
0.45X0.45=0.2025,* which, when measured from the axis EF, 
will give the point B; and a straight line passing through the points D 
and B will intersect the axis EF at the point E, in which point the 
needlef is placed for the construction of the cubic parabola CD, 

The construction of the cubic parabola has been shown in 
Chapter IV (Douro Bridge), and a few words should suffice here 
to explain the operation. The points 1, 2, 3, etc., are transferred 
to the line AD by drawing lines parallel to EF, the needle is placed 
at Ey and these points are transferred again to the panel lines, etc. 
This construction has been shown for point 7; it is first transferred 
to 7', from there to 7'\ thence to 7''\ and finally to 7"". 

The points are then joined, resulting in the cubic parabola DC, 
which has its vertical axis at E, 

The work can be checked at this point, as the ordinate of the 
point C measured from the axis EF should be equal to 0.C41. 

The point C is transferred to A and a common parabola AB is 
then drawn, which has its vertical axis at B, while the line BD is a tan- 
gent to this parabola at the crown B. The construction is the same 
as described in an earlier paragraph, viz., the point 3 is transferred 
to 3' (line 3-3' parallel to DE) and 3' to 3'' (line 3'-3'' intersects 
at B), the needle being placed at the point B. 

The ordinates between these two parabolas give the difference 
in the ordinates between the two tangent curves F^Gi and F2G2; 
for example, gh^g'h' and ij^i'j'. 

The tangent curve thus obtained is correct to about the point 
where it intersects II, and for all practical purposes it is correct through- 
out; it will closely coincide with the actual tangent curve from the 
points G2 to F2, which is plotted from the ordinates of Table X. 

The correction of the intersection locus is obtained as follows: 
A straight line is drawn through the point of intersection a (Fig. 38a) 
of the two parabolas AB and CD and the point E. This line pro- 
duces the point H, and a common parabola is drawn through the 
points a and ff ; its crown is located at H, and the tangent to the 
crown is a horizontal line parallel to the axis EF. 

To draw a parabola which satisfies these conditions a vertical 
axis J J is erected through the point a, and the intersection points of 
the panel lines with the axis aH are transferred to the line J J] the 
needle is placed at the point H, and the intersection points on J J 

* It 18 merely by chance that the two values happen each to be equal to 0.45; 
it should be remembered that one expresses the moment of inertia of the arch 
rib at the abutment when the rise of the arch axis equals unity, and the other 
the depth of the arch rib at the crown when the depth of the arch rib at the 
abutment equals unity. 

t The most convenient method for constructing either the common or the 
cubic parabola is to place a needle at the point E to reproduce the intersect ions 
on the ordinates. 
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are transferred back to the panel lines; the line HI drawn through 
the points thus obtained is the desired parabola. The construction 
has been shown for the point 2', which is transferred to J J by drawing 
a line 2'2'' parallel to EF, and the point 2'' is transferred to the 
point 2"' by prolonging a line which passes through the points 2" 
and//. 

This parabola is usually very fiat, and for this reason it does not 
differ materially from a circular arc; and the problem resolves itself 
then into finding the third point I. The point o is transferred to o' 
and this point is transferred back to I, and through the points H-^-l 
a circular arc is drawn (with a railroad curve). 

To obtain the intersection locus, the vertical ordinates between 
the two lines CD and HI are plotted from the line d^e^ in Fig. 38, 
viz., k'V = kU etc. 

This construction produces the line D^^, 

The line D2E2F is the true intersection locus, and the error is 
clearly shown in the figure. Though its influence on the final result 
is ver\' small, it may sometimes be desirable to eliminate this error 
from the intersection locus. The distance d]D2 is 0.6 of the distance 
diDz, and the point D2 can thus be located; and from this point a 
curve is drawn which is tangent to the line D^F at the point e. 

Any error in the intersection locus and the tangent curves to the 
left of II and to the right of IV is very inconsiderable, and does not 
affect the result of the computation by one part in ten thousand. 

The point K in Fig. 38 is the point of action of the horizontal 
thrust caused by temperature changes and by the secondary stress. 

The corrections have all been plotted to the exaggerated vertical 
scale employed, and the reduction to the true scale is a simple 
process which needs no further explanation. 

In designing large arches this reduction is not necessary. The 
first object of the computation is to find .the point of intersection 
of the line of pressure with the vertical passing through the abut- 
ment. The simplest, quickest, and most accurate way is to com- 
bine the graphical and the analytical methods; using the graphical 
method to find the intersection of the components with the vertical 
through A, and the intensity of the horizontal thrust for each single 
load; and the analytical method to find the point of application 
of the resultant of the horizontal thnists caused by the single loads. 
From this point in the computation either the graphical method 
formerly described or the analytical method described in the follow- 
ing article may be employed to find the line of pressure. 

That the diagram of Fig. 38 can be used to find the horizontal 
thrusts, hardly needs an explanation. To illustrate its simplicity 
the following figures are given: 

The rise of the arch axis (equivalent parabola) = 55.78 ft.. 

One-half the span = 150 ft., 

150 
and 5578'"^"^ (approx.). 
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In Fig. 38 the rise of the equivalent parabola =1.026, 
One-half the span *' '* '* " =1, 

and i:026=^-^^^- 

And to measure the intensity of the horizontal thrust by the 
scale of forces, the actual panel loads should be multiplied by 
(2.6X0.975 = ) 2.54. 

For example, to measure the horizontal thrust caused by a load 
of 1 ton placed at the panel point IV, a force of 2.54 tons should 
be plotted on the panel line IV and resolved into its components; 
and the horizontal thrust thus obtained will be the true horizontal 
thrust, notwithstanding the vertical distortion of the diagram. 

This method yields results of great accuracy, which would be 
impossible to obtain were the true vertical scale used. 

It is also advisable in the designing of large arches to make all 
preliminary computations for an equivalent parabolic arch axis with 
a rise and half -span each equal to unity, making the necessary 
corrections to the intersection locus and tangent curves. When the 
Une of pressure has been computed, an arch axis is then found which 
most closely approaches to the line of pressure, as previously described 
in this chapter. 

This method enables the designer to do his work accmrately and 
quickly for large arches, and especially for masonry and reinforced- 
concrete arches. 

The preliminary dimensions for a reinforced-concrete arch of, say, 
800 ft. span, are obtained in a short time, and are sufficiently accu- 
rate to base final computations upon; the method explained in 
Figs. 35 to SbE should then be followed. 

For arches with spans not exceeding 150 ft. the graphical method 
previously described gives sufficiently accurate results, and the ex- 
perience of the designer will decide the corrections to be made to 
the intersection locus and tangent curves. 

(/) Application op the Corrected Standard Diagram. — 
The diagram of Fig. 38 can not only be used for the computation of 
the stresses in the arch from which it was derived, but various arches 
may also be computed with it, provided that the rises are between 
one-fifth and one-sixth of their respective spans. 

For this purpose the standard diagram is drawn for an equivalent 
parabola whose rise= 1 and whose half-span = 1. 

Assume the rise of the desired arch to be approximately one- 
sixth of the span.' To obtain the true horizontal thrust, all panel 
loads should be multiplied by 3. The resolution of forces is made 
and the horizontal thrust of each panel load is measured with the 
scale of forces. The intersection of the components with the verticals 
passing through the abutments is found (in Fig. SbE' the distances 
DF and DF'), These points are joined by the line FF' and the 
distance €o can be measured, which distance is then expressed in the 
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rise of the parabola as unity. Then the point of intersection with the 
vertical through A of the resultant of all the horizontal thrusts is 
computed analytically. This point will be located by an ordinate 
measured from the axis DZ), which ordinate is expressed in the rise 
of the parabola as unity. 

The line of pressure may then be computed, preferably analyt- 
ically, and the ordinates thus obtained are plotted. The resultant 
horizontal thrust caused by the secondary stress is then computed.* 

In Fig. 38, from the correction of the tangent curve, its poim 
of application K is known. From this the location and intensity 
of two horizontal forces are known, which forces act in opposite 
directions, viz., the point of application of the line of pressure at 
the crown, and the point of application of the secondary-stress 
thrust. The intensity of the resultant of these two forces is the 
difference between them, and its point of application can bo found 
by the moment method. It is located above the Une of pressure 
first obtained. 

From this point (where the resultant of these two forces intersects 
the vertical at the crown of the arch) a new line of pressure is com- 
puted, with a horizontal thrust which is equal to the difference between 
the horizontal thrust caused by the panel loads and the one caused 
by the secondary stress. 

This new line of pressure will be located partly above and partly 
below the line of pressure first obtained. 

The curvature of the arch axis may now be corrected, as previously 
descril)ed, and the former computations should be repeated when 
the difference between the arch axis thus found and the equivalent 
paraly)la is considerable. f 

In this connection attention should be called to the fact that a large 
difference between the parabola and the arch axis cannot be cor- 
rected by changing the arch axis; such a difference indicates that 
the dimensions which were initially assumed for the arch rib are 
wrong. 

When, finally, a good curve has been obtained for the arch axis, 
it may be found that its rise differs considerably from the one oriH- 
nally assumed. Suppose it is too high: this will not necessitate tho 
repetition of all the former work. When the elevation of the crown 
of the arch is immaterial, all the vertical ordinates are to be reduced 
in the ratio which the rise of the true equivalent parabola divided 
by the half -span bears to unity, or one unit of rise as used in 



* In large arches this stress should never be neglected; though the force 
be small, it can greatly influence the eccentricity of the line of pressure. 

t No specific rule can be prescribed in regard to the necessity for recompu- 
t at ion; the designer's experience must guide him. The author would state 
in a general way that an increase or decrease of 5% in the rise will necessitate a 
recomputation; and if this gives a still larger deviation, the dimensions of the 
arch nb should be corrected! 
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the standard diagram divided by one unit which represents the 
half -span. 

If the elevation of the crown is fixed, a reduction should be made. 
Assume the arch axis to be 5% too high; then the reduction men- 
tioned in the former paragraph should be multiplied by the ratio 
100-5-105, and the horizontal thrust by the ratio 105 -^ 100. 

When the rise of the arch axis is to be increased 5%, the inverse 
ratios are to be usod. 

The location and intensity of the forces which form the line of 
pressure are now known, and the next step in the computation is to 
find the stresses caused by a maximimi and minimum change in 
temperature. 

The operation is similar to that for finding the influence of the 
secondary stress. It will give two more lines of pressure, one for 
the highest and one for the lowest temperature. 

In the case of large reinforced-concrcte or masonry arches, the 
live loads have been included in the panel loads with which the com- 
putations have thus far been made. 

If otherwise, the three lines of pressure are combinedwith that 
form of loading which will give the maximum stresses. The modus 
operandi for computing these stresses has been fully ex|)lained in 
previous articles of this chapter, and an example for the analytical 
computation of the line of pressure is given in Art. 8 et seq. 

(g) When Corrections (d) and (e) Should be Made. — It is 
impossible to formulate any general rule in this connection, as the 
matter must be left largely to the experience of the designer. A 
few observations, however, may not be without value. 

Variation Resndting from the Difference between the Arch Axis and 
a Parabola. — ^The object of the computation should not be lost sight 
of. It is not the solution of a mathematical problem; on the con- 
trary, mathematics is only the means to an end, viz., a well-designed 
arch; and as applied to the Syra Valley Bridge, if the correction 
made for the difference in cur\'^ature between the arch axis and the 
parabola should be neglected, it would not materially affect the 
result. 

Influence of the Variation in the Moment of Inertia of the Arch 
Axis. — The nearer the variation in the moment of inertia approaches 
to a constant, or the nearer the magnitude of ly approaches to that 
of 7o, the nearer the lines AB and DC in Fig. 38a will approach to 
the axis GB. The greatest differences between Ii and 7o occur at 
the center and near the supports, and though these differences in- 
fluence the tangent curves very materially, it should be observed, 
for example, that the extreme right component, viz., the one drawn 
from I' in Fig. 38, is a tangent to the tangent curve at the 
point F2. 

The extreme left component at I can be drawn as a vertical line, 
and where the variations are maximum, their influence on the stresses 
in the arch becomes practically zero; the variations of greatest in- 
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fluence on the stresses are found between panels 2 and 8 (Fig. 
38a). 

In the masonry aroh there exists a uniformity in the change of 
the depth of the arch rib. The moment of inertia is the cube of the 
depth, and relatively small changes in this dimension result in large 
changes in the moment of inertia; for this reason, in designing large 
masonry arches, the influence of the variation in the moment of inertia 
should always be investigated. 

In the steel arch the depth of the arch rib is often uniform, and 
an increase in the section of the rib is made by the addition of flange 
plates; here a correction of the intersection locus and tangent curves 
may be an unnecessarj*^ refinement. 

If any doubt should exist in the mind of the designer, he should 
make the corrections as described; the more so. as they do not in- 
volve laborious computations, being easily obtained by the use of 
a slide-rule and a little skill. 

It should be remembered that the final operation in the designing 
of large arches is to compute the deflections caused by dead and live 
loads. Ii} order to obtain these, a final computation is made in which 
all the data are given, and this final computation should be partly 
analytical and partly graphical, using the equations employed for 
the computations of Figs. 35, etc. This final computation will serve 
as a check upon the preceding work, and will disclose any discrepan- 
cies contained therein. 

8. Analytical Computation of the Line of Pressure.— The line 
of pressure has been determined graphically in the former articles, 
it is desirable, however, to check this computation by analytical 
methods. 

A table should be arranged, similar to Table XI, giving the dead 
loads K of each panel. 

The arch being sjnmmetrical (see Fig. 35£0» the dead load of 
panel IV is equal to the dead load of panel IV'. 

The horizontal thrust for the load placed at IV acts at F,.and 
for the load at IV' acts at F\ The distance JFF^the distance FJF', 
and, if the starting point of the line of pressure on the vertical at 
the support A is to be found as an ordinate from the axis DD, the 
horizontal thrust multiplied by the distance DF, plus the hori- 
zontal thrust multiplied by the distance DF'^ is equal to the hori- 
zontal thrust multiplied by twice the distance e^. This distance Cq 
can be found with great accuracy from the distorted diagram of 
Fig. 38, it being expressed in the rise of the equivalent parabola as 
unity. See also Art. 7 (/) in this connection. 

The sum of the moments of the horizontal thrust for all the panel 
loads is 

nH2eo. 

In the following table the values of /^ are the panel loads com- 
puted from the arch in Fig. 35. 
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Table XL 



Pmiels. 



H\* 



3 

X 

'9 

[foi 



0.0594 
0.172 
0.3298 
0.5223 
7369 
9578 
1654 
3351 
4379 



0. 
0. 
1. 
1. 
1. 



K. 


H. 


X 59.18 X 2 


- ; 


X 46.41 X 2 


- 5.52; 


X 37.33 X 2 


-12.84; 


X 23.82 X 2 


- 15.72; 


X 20.92X2 


-21.82; 


X 18.31 X 2 


-26.94; 


X 16.31 X 2 


-31.24; 


X 14.52X2 


-33.86; 


X 13.05 X 2 


-33.90; 


X 11.19X2 


-32.10; 



«o.t 
X 00 

X 185.63 
X 105.15 
X 75.229 
59.603 
50.146 
43.995 
39.907 
37.371 
35.962 



X 
X 
X 
X 
X 
X 



Ton-feet. 
-0 

- 1,025 

- 1,352 

- 1,184 

- 1,300 

- 1,347 

- 1,375 

- 1,352 

- 1,265 

- 1,153 



261 .04 tons 213.94 tons 

.«,-ll,353:213. 94-53.1 ft. 
Va- 45.87 



11,353 ton-feet. 



c,— 
* See Table VII, Line 14. 



- 7.23 ft. 

t See Table VII, Line 16. 



The reciprocal polygon therefore commences 7.23 ft. below the 
point A, 

The intersections should now be found on the panel lines I, II, 
etc. 

The weight of one-half the arch =261. 04 tons, and the total hori- 
zontal thrust caused by the dead load = 213.94 tons. 

The ordinate of the line of pressure on 



[1] 



= ?ji^X7.5 ft. = 9.2 ft.; -7.23ft = -h 1.97 ft. 

the ordinate of the ah;h axis=j/' = 6 *' 



and the line of pressure passes below the axis — 4.03 ' ' 

[2] 261.04-59.18=201.86; |Ji^X 15= 14.16; +1.97. . = +16.13'' 
the ordinate of the arch axis=i/' = 16.58 ' ' 

and the line of pressure passes below the axis — 0.45 ' ' 

l'S^4^ . 

[3] 201.86-46.41 = 155.45; ^y||^X 15=1^-9; 4-16.13. . = +27.03" 

1/ '. = 25.53" 



and the line of pressure passes above the axis + 1.5 " 

etc. 

The intensity of the force from 

Ato[l] =V261.042+213.942=337 tons 
[l]to[2] =\/201.862 +213.942=294 " 
[2] to [3] =\/l55.452+213.942=265 " , etc. 
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In an arch of these dimensions the live load is but a small fraction 
of the dead load. Were the arch designed for a highway bridge, a 
live load of 100 lbs. per sq. ft. would give but 1,500 lbs., or 0.75 ton 
per panel. 

The method of dealing with live loads has already been discussed 
graphically, and it may be applied to this arch; the analytical treat- 
ment follows the procedure set forth in the preceding paragraphs. 

Note. — ^The foregoing computations were made with a slide-rule, 
and may not, in consequence, be correct in the decimal places; this, 
however, is of small importance for a masonrj' arch of the dimen- 
sions given. (Secondary stresses are included in the computations.) 

(a) Temperature Stresses. — From equation (162) of the 
Appendix, 

From Fig. 35C, 

do( i'iVmV,n-f-^J = 5,162X15=77,430. 

Now E in ton-feet = 140,000 (masonrjO ; 

<= about 15® F. above or below normal. 

In establishing this temperature, the mass of the structure should 
be considered. Extreme cold or extreme heat cannot penetrate 
far into the mass of the arch, while the intrados is never exposed 
to the sun's rays or the cold winter winds, and the extrados in an 
arch of these dimensions is so well protected that practically it 
experiences no temperature changes. 

Z=300ft.; 

ti;= 0.000004 for l^F.; 
Ew^OM; 

„ 90.7 X0.56 X 15 X 300 ^ ^ ^ 
••• ^' = 77:430 ^'^ ^^^'- 

This force acts on the axis DD which is parallel to AB (see Fig. 
35£0 and 45.865 ft. distant therefrom. 

The ordinates of the line of pressure between I and II are -f 1.97 ft. 
and +16.13 ft. on I and II, respectively; 

45.87- 1.97 = 43.9 ft. 
45.87-16.13-29.74 i' 
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The difference between the ordinates on I and II is 14.16 ft., as 
previously obtwned, or 

43.90. 



14.16 



X15=46.4ft. 



The horizontal thrust from dead load and maximum tempera- 
ture is 213.94+2.96 = 216.90 tons, and ^Yg^X46.4 ft. = 43.2 ft., 

which is the ordinate of the point of intersection of the line of pres- 
sure on the panel line 1. and which ordinate is measured from the 
axis DD, Fig. 35; or, when measured from the axis AB, the ordinate 
is 

45.87-43.2= 2.67 ft. 

t/'= 6 " 



and the line of pressure passes below the axis 3.33 " 
And though the intensity of the force has not been materially changed 
by the change in temperature, the point of application of this force 
has shifted (2.67- 1.97 = )0.7 ft. towards the arch axis. 

If the extreme low temperature had been used in the compu- 
tation, the point of application of the force would have been shifted 
away from the arch axis, which would have caused an increase in the 
stresses of the extreme fibers. 

The denominator of equation (162^4) contains in its value the 
curvature of the arch axis, the variation of the moment of inertia, 
and the secondary stress. The last two factors are unknown to 
the designer when he commences the computation of his arch. To 
enable him to use an approximation in which these unknown quanti^ 
ties disappear, the first term of equation (165) of the Appendix is 
useful, viz.: 

This equation is for a parabolic amb axis and Zfi—-fff, so tbat 

"* Ap-' 

and substituting EwQ.^, 

„ 45X90.7X0.56X15 . ., , 
^' 4X(54.3)' 2.91 tons. 

This value is sufficiently close to 2.96 tons for all practical ptu*- 
poses. 
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The point of application of this force is on the axis DD, which 
axis is found from the correction of the tangent curves to be 45.87 ft. 
above the line AB. 

(6) Effect of a Yielding of the Abutments. — ^The stress in 
the arch clue to this cause can be treated as a temperature change, 
and equation (162) or (165) gives the intensity of the horizontal 
thrust; Yiz,: 

„ EIoJl 

/!,= - 



Assume that the abutments yield, increasing the span 0.1 ft.; 
then 

„ 140,000X90.7X0.1 ,-^^^ 
"'^ 77:430 ^^^'^^ ^"^^ 

and acts along the line DD, 

This horizontal thrust acts in the same manner as a decrease in 
temperature on the stresses in the arch, and, though the increase in 
the intensity of the force is small, it is shown on a preceding page 
that a horizontal thrust of 2.96 tons resulting from a decrease in 
temperature causes an increase of eccentricity of 0.7 ft. in the line 
of pressure; and the yielding of 0.1 ft. of the abutment will in- 
crease this eccentricity 3.6 ft., and consequently more than double 
the stresses in the extreme fibers of the arch rib. 

This demonstration shows how necessary it is for the strength of 
the arch that the abutments should be rigidly fixed. 

Effect of a Change in the Curvature of Oie Arch Aocis, — All the equa- 
tions which determine the intersection locus and the tangent curves 
of the hingeless arch are defined mainly by the variation in the moment 
of inertia and the area enclosed by the arch axis and the line AB. 
For convenience this line AB will be called the "chord of the arc," 
and the area enclosed is then the area of a segment. 

A change in the form or curvature of the arch may be made and, 
provided the area of the segment does not alter, the intersection locus 
and the tangent curves will not change appreciably. This was 
demonstrated in Art. 7 of the present chapter, and unless the change 
in the curvature of the axis is very marked, the change in the locus 
and tangent curves can be ignored. 

From this it follows that "a change in the curv'^ature of the arch 
axis does not influence the position or the magnitude of the line of 
pressure, so long as the area of the segment remains unchanged." 

This principle affords a convenient method of improving the 
form of the arch and reducing the stresses therein, by simply chang- 
ing its curvature. The application of this method was describ^ 
in Art. 4 of the present chapter. 



Digitized by 



Google 



mNGELESS ARCHES. 159 

9. Deflections of the Hingeless Arch and Their Influence on 
the Erection.— -A knowledge of the deflections of the arch is of great 
importance, not only for the determination of its displacements under 
the live load, but more particularly on account of its change of form 
when the centers are lowered. 

The arch is erected resting on falsework, and in that position 
it is practically without stress or weight. When the falsework is 
removed the dead load exerts itself and causes stresses. These 
.stresses bring about a change of form in the arch, and, unless the 
[designer is sure that these stresses and the change of fonn which they 
cause correspond to those found by computation, much of the labor 
expended has been wasted. 

In the following paragraphs the Syra Valley Bridge is again used 
as an example, though the process is applicable in the same manner 
to a hingeless steel arch. 

An arch should be erected on falsework which is so arranged that 
any change in form of the latter during erection can be remedied 
by wedges, but preferably by set-screws or some other mechanical 
means. An unyielding falsework or centering should be built, if con- 
ditions permit, and the lagging should be of uniform thickness so 
that the finished falsework presents a smooth and even surface. 

A good, practical rule for the erection of arches under 150-ft. 
span, on an unyielding falsework, is that the centers for such a false- 
work should be framed for a rise of arch greater than the final rise 
by an amount equal to one eight-hundredth part of the span. The 
time between the finishing of the arch and the striking of the centers 
should be regulated by the nature of the material of which the arch 
is built, varsing from 30 days for good concrete to 60 days for 
rubble masonry in cement mortar. 

Great care should be taken to lower the centers uniformly, prefer- 
ence being given to mechanical de\dces for the support of the cen- 
tering which will effect a gradual and even movement. 

Any tendency of the centering to rise at the crown when the 
haunches are loaded, should be counteracted by loading the crown, 
this load to be varied, according to necessity, so that no changes will 
take place in the form of the centering except those caused by direct 
stress; these changes are to be corrected by raising the supports of 
the centering. 

The concrete or masonry should be laid in transverse sections of 
the full width of the arch, and between timber forms whose planes 
are normal to its axis. The lengths of the sections should be such 
that the center section, or a pair of intermediate or end sections, can 
be completed in one day. 

Ordmarily, work should be started at the center section, and 
carried thence towards the ends. This, however, is not an inflexible 
rule, and it may be changed to suit the design and the conditions. 

For an arch of 300 ft. span the increase in rise should be more 
definitely determined than is possible by using the rule given on the 
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preceding page, viz. : The increase in rise should be equal to the de- 
flection of the arch when its centering is lowered, or to the deflection 
caused by the dead load. 

From equation (171) of the Appendix, 

B-('4r+«)- <'"^> 

from equation (166), 

0=M^+— ^ff-Bt^A; (166^) 

/i r cos a\i^ / 

also, from Equations (167) and (168), 

"EIoJy^Mo +Ci; (167^) 

V 

£/oJx=M,^+C2 (168^) 

The influence of the secondary stress on the deflection is so small 

I P 

that — - — e7 in equation (166^) mav be neglected. The deflection 
rcosa F ^ ^ / . -o 

caused by changes in temperature is computed separately, and 
equations (171-^) and (166-^) are written: 

J=m^; (171^) 






o=M^ (166i») 

'1 



It is desired to obtain the vertical deflections of the arch for a 
load placed at IV, Fig. 35£". 

The components for a load at IV are the lines FJ and F'J, The 
moment M at any point of the arch axis is equal to the vertical 
ordinate from the component to the arch axis multiphed by the 
horizontal thrust. If tins ordinate is called t/3, 

M = y^H and = 7^2/3^- 

The reduction ^ has been repeatedly described and can be per- 
formed graphically or analytically; the author, however, recom- 
mends the analytical method for computing the deflections. The 
ordinates of the dotted line J^L. measured to the components FJFi, 

are equal to -pysj and the sum of all these ordinates should be equal 
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to zero. This is in accordance with Winkler's law, and gives a 
means of checking the computation. 

The computation of m-p can be made graphically, with sufficient 

accuracy and a great saving in time and labor; and for the purpose 
of obtaining the additional rise for the centering, the graphical method 
gives all the ordinates direct. 

The ordinates of the line J'L are plotted as vertical forces in a 
force polygon (see Fig. 36), e.g., force 1=^J^J^,, etc.; the positive 
ordinates are plotted downward and the negative ordinates upward, 
or vice versa. Fig. 36 shows this clearly: forces 1, 2, and 3 are 
plotted downward, 4, 5, 6, 7, 8, and 9 upward, 10, 10', 9', 8', 7', 6', 
and 5' downward, and 4', 3', 2', and V upward; and the figure 
shows that the force polygon is a closed polygon. 

An arbitrary pole distance (here 100 ft.) is now chosen, and the 
reciprocal polygon ABODE is drawn in Fig. 36a, the line AE being 
the closing line of the polygon. 

The ordinate 4-4' multiplied by the pole distance of 100 ft. gives 

the value of m-^ when the load is placed at IV, and Hmrr=Mo . 
The above ordinates are the averages of the several panels, and 

Now H (horn Table VII or Figs. 35C and 350=0.3298 ton 

when K=l ton; rw^=21.2 ft.X100=2,120 ft.; E in ton-feet = 

140,000; 7o = 90.7, and rfo= 15 ft. 

When these values are substituted in the above equation the 
deflection is obtained in feet, or, v/hen multiplied by 12, 

Inches H mf d^ 

. 12X0.3298X2,120X15 „^„,„„. 
^?^= 140,000X90.7 0.00992 m. 

Fig. 36a shows further that the point C corresponds with the 
point C" of Fig. SbE\ This is the point where no deflection takes 
place. To the left of this point the arch sinks, and to the right it 
rises; C is therefore the point of contraflexure. 

To obtain the deflection caused by a vertical load placed at the 
crown, Figs. 36b and 36B show that it is only necessary to construct 
one-half of each polygon, as they are symmetrical with respect to 
the center line. 
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To obtain the deflection for a load of one ton; the horizontal 
thrust is 1.4379 tons, and 

, 12X15X1.4379X5.2X100 ^^,^^. 
^y^ 140,000X90.7 ===^-^^^2 in. 

{ah measured with the scale of the drawing =5.2 ft.; pole distance 
= 100 ft.) 

. The point C in Fig. 36JS is again the point of contraflexure, and 
a load placed between the points A and C will cause a rise of the 
crown, etc. 

To obtain the horizontal displacement of the arch, Figs. 36 or 366 
should be drawn as force pol5^gons, with the forces acting horizontally, 
and the corresponding reciprocal polygons should be drawn on the 
horizontal lines I, II, etc., which were used for the construction of 
Figs. 35B, 35C, and 35D. 

(a) Incrk-ask in the Rise to be Given to the Centering. — 
While the computation of this value is practically identical with 
the one described in preceding paragraphs, yet in order to relieve the 
designer of all uncertainty, the work will be repeated. 

In Art. 8 was described the analytical method for computing the 
eccentricity of the line of pressure with respect to the axis of the 
arch. The ordinates are as follows: 

I II III IV V VI VII VIII IX X 

-4.03 -0.45 +1.50 +2.26 +2.62 +2.69 +2.43 +1.41 +2.105 +3.23* 

These values multiplied by j- (from Table VII) give respectively : 

-2.08 -0.27 +1.15 +2.12 +3.05 +3.92 +4.49 +3.50 +6.62 +13.75 
In this case it is advisable to add the vahie of the constant 

p_ h Q'^'7 =« 4-0 01^99 

^ Forcosa 9.66X234.36 XU.7683 ■+"^-^^^^' 

and the forces for the force polygon are then 

-2.03 -0.22 +1.20 +2.17 +3.10 +3.97 +4.64 +3.66 +6.67 +13.8 

A pole distance is now computed, as follows: 
1 "pj 

Pole distance =— -rj^ — rTTTT- — r — \y and, assuming n= 10, fl^ (from 
n HdoXl2 (inches) o » v 

Art. 8) =213.94 tons, J5:= 140,000 (ton-feet), 7o=90.7, and rfo=15 ft., 

the pole distance = 33 ft. 

* These values show that the line of pressure passes 3.23 ft. above the axis 
of the arch at the crown. By changing the curvature of the axis, as described 
in Art. 8 of this chapter, it will increase in rise, and it will be seen now that 
the circular arch axis was only assumed by the author for the purpose of iUus- 
trating the application of corrections. 
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Plotting the forces and the pole distance to the same scale and 
drawing the reciprocal polygon, the ordinates of the polygon will be 
equal to ten times the deflections at the panel points in inches, caused 
by the dead load, when these ordinates are measured with the scale 
of the force polygon. When this scale ^-jij, the ordinates of Fig. 37a 
are equal to the deflection in inches. 

Fig. 37 is the force polygon and Fig. 37a the reciprocal polygon. 
The increase in the rise to be given to the centers has been inserted 
in each panel, and the deflection at the crown =3.98 ins. 

When the proper correction is made to the curvature of the arch 
axis, and the conjugate pressure of the earth fill behind the vertical 
wall is considered in the computation, the deflections shown in the 
diagram decrease considerably. 

The foregoing figures show, in connection with the erection of a 
large arch, how necessary it is to compute the deflections at the 
panel points caused by the dead load. 

For an arch of these dimensions no empirical equation can be 
given that is general in its application, as the above figures con- 
clusively prove that the curvature of the axis is an important factor. 

According to the practical nile stated previously in this chapter, 
the increase in rise to be given to the centers at the crown of the 
arch under consideration is 2.25 ins. ; and after the centers are lowered, 
the axis of the arch will be found to be too low. (See Art. 10, 
Shrinkage of Masonry.) 

' 10. Deflection of the Hingeless Arch Caused by Temperature 
Changes, Shrinkage of Masonry, and Yielding of Abutments. — 
Each of these causes may be assumed to affect the arch in the same 
manner as would a change in temperature, and for this reason they 
are treated together. 

A change in temperature of 15® F. causes a horizontal thrust of 
2.96 tons; and an increase in the span of 0.1 ft., due to yielding 
of the abutments, causes a horizontal thrust of 17.05 tons [see Art. 
8(a)]. 

Shrinkage of the Masonry, — Information on this subject is very 
meager. In a masonry arch the shrinkage finds its origin in the 
mortar joints, and rubble masonry contracts more than dimension- 
stone masonry. Some investigations have been made on the subject, 
from which it appears that the shrinkage is largely caused by the 
cement in the mortar which binds together the stone blocks in the 
masonry, or the broken stone in the concrete. 
Coefficients of Shrinkage: 

Cement 0.0014 to 0.0034 

1 cement: 3 sand 0.0008 to 0.0015 

1 cement- 5 sand 0.0008 to 0.0014 

In the arch under consideration there are 110 half -inch joints, 
or total length of joints=4.58 ft. 

Assuming a 1:3 mortar to be used, the average shrinkage coeffi- 
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cient is taken as 0.0012, and the total shrinkage in the length of the 
arch is 4.58X0.0012=0.0055 ft. 

The total length of the arch axis is 325.5 ft., and the coeflScient 
of contraction is 0.000016 (=0.00554-325.5). 

The coefficient of contraction for 1**F. is 0.000004, and the shrinkage 
of the masonry will consequently have the same effect on the arch 
as a drop in temperature of 4°, decreasing the horizontal thrust by 
^X 2.96 = 0.79 ton. 

From equation (173) of the Appendix, 



EIoJy= Htm, ^ohwt-jAloy. 



Hi, as obtained before for a change of temperature of 1°F., =0.197 

/ 2 96\ 
ton( =^-jT")- Calling this horizontal thrust hi, then Ht^thf. 

For the shrinkage of the masonry (i/=0.79 ton), m, is the ordi- 
nate of the horizontal thrust curve at the point of the arch axis to 
be investigated (see Fig. 35C'). At the crown, mjc'=CEXpXdo; 
^-=C^=9o.5^ p=80, (/o=15, and m,= 1,200*. ff<=0.197. Ewt 
= 140,000X0.000004=0.56 (foot-ton) for 1°F.; 

/o=90.7, 
Fo= 9.66, 



and Jy^ 



^^L^^^ — ^ — J 

t0.197X 1,200ft 2(0.56-^^)^1"! 
140,000X90.7"^ 140,000 J^* 

Jy will be expressed in feet, and to obtain the deflection in inches 
the above value should be multiplied by 12, which gives 

J2/= (0.0002232A;4-O.000000924.vi)/. 

For the deflection at the crown A: =92.5, 2/1 = 54.3, and with a 
temperature difference of 15° 

Jt/= (0.0206 +0.00004)15=0.369 in. 

The second term represents the deflection caused by the secondary 
stress and is equal to but 0.06 in. It may therefore be neglected and 
the equation written 
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The shrinkage in the masonry will then cause a deflection of 
^X0.369=0.098 in. 

In shaping the falsework an additional rise of 0.1 in. should 
be given to it; and in computing the stresses in the arch, the hori- 
zontal thrust caused by shrinkage is to be considered as an initial 
stress. This value is small, and no grave error is committed by 
neglecting it completely. 

To obtain the deflection caused by the yielding of the abutments 
equation (173) of the Appendix gives 

In these equations m, is again the ordinate of the horizontal- 
thrust curve (Mg. 35C') at the point Xi, and W the line A'B' of 
Fig. 35C. 

TF=pdo'-l'fi'=80X15X64.8=77,760; /o=90.7; Fo=9.66; j/i at 
the crown of the arch =54.3; consequently m, is again equal to 
A;pdo= 1,200*, and 

, ,l,200t-18.82yi 
^2/=-^^ 77:760 • 

At the crown A;=92.5, and i/i=54.3; assimiing JZ=0.1 ft., 

. ^,1 11,000-1,0 22 ^,.,... ,^. 
Jy=0.l — ypf^ =0.1415 ft. = 1.7 ms. 

This completes the calculations, required for the hingeless masonry 
arch. As a useful exercise for the student desiring to test his under- 
standing of this chapter, the author would suggest that he first find 
the curve of the Syra Valley arch from the ordinates given in Art. 9 (a), 
for which the stresses in the arch at the crown become a minimum 
for dead load only; 

Second, that he find the curve for which the stresses in the arch 
are most advantageously distributed, when the arch sustains the 
dead-load stress and the initial stress caused by shrinkage and an 
increase in temperature of 10® F.; 

Third, that he determine the stresses in the arch caused by a 
yielding of the abutments which increases the span by J-in. ; 

Fourth, and as a final exercise, that he compute the conjugate 
pressure of the spandrel filling against the vertical wall of Fig. 35 
(using equation (a), Art. 3, of the present chapter), and also find 
the line of pressure in the arch, employing the graphical method, 
and checking results by an analytical computation. 
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Table 

SYRA VALLEY 

SECONDARY STRESS— VARIABLE 





Panel PoinU 


1 


2 


3 


4 








1 


/o- 23436 /-34.3 vi 


6 


16.58 


25.53 


33.05 


2 


90*-« 


52° 32' 51" 


57° 2' 13" 


61° 18' 32" 


65° 24' 46" 


3 


fi 


4" 35' 34" 


40 22' 51" 


40 11, 17// 


40 2' 13" 


4 


9 


18.784 


17.985 


17.129 


16.442 


5 


Fo-966 h'-'F 


12.8276 


12.0173 


11.2457 


10.5050 


6 


/0-90.7 /.- 
Ji»"m-34 236. f'^v^'m 


175.9 


144.6 


119.4 


96.6 


7 


0.51557 


0.6017 


0.76519 


0.9390 


8 


Vs- 45.865. yi-»»-y 


-39.865 


-29.285 


-20.335 


-12.815 


9 


-20.553 


-18.366 


-15.561 


-12.033 


10 


-Txmr'm- 128.296.5 xmj^-i/m 


142.5 


127.5 


112.5 


97.5 


11 


73.469 


79.962 


86.084 


91.552 


12 


^y'mPm- 4.974. y'mVm 


-123.32 


-304.51 


-397.25 


-397.70 


13 


3RmVin 





308.295 


891.48 


1709.28 


14 





0.0594 


0.172 


0.3298 


1.5 

16 
17 
18 






167.47 


85.88 


54.79 




185.63 
0.0664 
0.925 


105.15 
0.0985 
0.875 


75.229 




0.1205 


0.975 


0.825 


19 


t>, + Xi-F, 




0.9914 


0.9735 


0.9455 


20 


%»+to+^--^*Xx. 




374.99 


212.24 


150.43 






21 


+yi-b-^---c. 




-307.24 


-145.17 


-84.15 


22 
23 


+1/1-^+^2'''-^ 
OrdinateB of locus- y»+«o 




+ 27.70 


+ 26.59 


+ 25.43 




67.75 


67.07 


66.28 







Table 

SYRA VALLEY 

VARIABLE MOMENT OF 

(No Secondabt 



Ptuiel Point! 


1 


2 


3 


4 






ff 


(14) 
(17) 
(15) 
(16) 
(18) 
(20) 

(21) 

(22) 
(23) 




063 

0.0664 

160.72 

177.86 

0.9914 

359.89 

-292.72 

+ 28.73 
+67.18 


0.1792 
0.0985 
82.416 
100.62 
0.9735 
203.69 

-137.17 

+ 27.66 
66.52 


3437 


Xi 




0.1205 


oi-ci 




52.585 


2 




71.904 




0.9455 


+«*-to-5^C| 

+»|-«o+*^-«» 
Ordinates of locus— vs+sb 




144.45 




-78.62 




+ 26 55 




65 83 
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VII. 

BRIDGE. 

MOMENT OF INERTIA— CURVATURE. 



6 


6 


7 


8 


9 


10 






39.30 


44.37 


48.35 


51.29 


53.22 . 


54.18 




1 


69° 23' U" 


73° 15' 31" 


77** 3' 13" 


80° 47' 29" 


84° 29' 26" 


88° 9' 3" 




2 


S** 55' 23" 


3° 50' 1" 


3«» 45' 59" 


3° 43' 12" 


3° 40' 48" 


3° 40' 41" 




3 


16.046 


13.679 


15.404 


15.215 


15.051 


15.043 




4 


9.7821 


9.0758 


8.3818 


7.6964 


7.0184 


6.3407 




5 


78.0 


62.3 


49.07 


37.6 


28.81 


21.1 




6 


1.1627 


1.4558 


1.8482 


2.4125^ 


3.1481 


4.2691 




7 


-6.565 


-1.495 


+ 2.485 


+ 6.425 


+ 7.335 


+ 8.315 




8 


-7.633 


-2.178 


+ 4.593 


+ 13.081 


+ 23.154 


+35.497 




9 


•82.6 


67.5 


52.5 


37.6 


22.5 


7.5 




10 


95.922 


98.268 


97.03 


90.471 


70.832 


32.018 


, 


11 


-299.98 


-96.63 

• 


+ 279.56 


+ 671.29 


+ 1232.30 


+ 1923.30 


.^— 


12 


2706.98 


3819.17 


4964.03 


6039.99 


6919.74 


7452.18 


13 


0.5223 


0.7369 


0.9578 


1.1654 


1.3351 


1.4379 




14 


37.84 


26.84 


18.86 


12.57 


7.23 


2.37 




15 


59.603 


50.146 


43.995 


39.907 


37.371 


35.962 




16 


0.1318 


0.1319 


0.1204 


0.0977 


0.0643 


0.0227 




17 


0.775 


0.725 


0.675 


0.625 


0.575 


0.525 




18 


0.9068 


0.8569 


0.7954 


0.7227 


0.6393 


0.5477 




19 


117.19 


95.935 


80.97 


69.765 


61.051 


64.28 




20 


-51.58 


-31.12 


-16.99 


-6.61 


+ 1.26 


+ 7.53 




21 


+ 24.10 


+ 22.56 


+ 20.73 


+ 18.63 


+ 15.72 


+ 12.27 




22 


65.61 


64.82 


63.98 


63.16 


62.31 


61.81 


23 



VIII. 

BRIDGE. 

INERTIA AND CURVATURE. 

Stress.) 



T 

5 


6 


7 


8 


9 


10 


0.5442 


0.7678 


0.9980 


1.2140 


1.3910 


14.980 


0.1318 


0.1319 


0.1204 


0.0977 


0.0643 


0.0227 


36.316 


25.766 


18.101 


12.065 


6.938 


2.276 


56.912 


47.832 


41.929 


38.006 


36.656 


34.221 


0.9068 


0.8609 


0.7954 


0.7227 


0.6393 


0.6477 


112.47 


92.07 


77.708 


66.964 


68.692 


62 093 


-47.36 


-27.72 


-14.17 


-4.21 


+3.29 


+ 9.37 


+ 25.27 


+ 23.79 


+ 22.04 


+ 19.93 


+ 17.17 


+ 13.92 


65.11 


64.36 


63.54 


62.75 


61.88 


61.46 
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Table 

SYRA VALLEY 

CURVATURE ONLY (NO VARIABLE MOMENT 



Panel Points 


1 


2 


3 


4 






/-54.3 y, 

V2- 37.187, »i-V2— y 

-Ty'inrm- 4.961.3 H- 

«o 

«o 

Ordi nates of interflention locnii 


6 

-31.187 




16.58 
-20.607 

0.0945 
110.14 
30.564 
67.751 
203.759 
-106.57 
16.521 
20.67 


25.53 

-11.657 

0.2514 

65.739 

2S.552 

65.739 

115.043 

-77.856 

16.435 

20.752 


33.05 
-4.137 

0.4436 
48 817 




28.192 




65 379 


02 




80.548 




-43.36 




17.086 




20.10 







Table 
SYRA VALLEY 



Obdinatbs or tbx Intebbbctzon Locus. 



Panel Points 


1 


2 


3 


4 






ys» 0.844 I 
yjj- 0.844 II 
y2-0.683 III 
ys»0.683 (Pkuabola) IV 




1.246 
1.234 
1.206 


1.232 
1.224 
1.204 
1.231 


1 218 
1.212 
1202 



ci 1 

Cx II 

cx \U 
Ci IV 



With inertia, with secondary e^ I 

" without secondary c^ II 

Without inertia, without secondary C2 III 

(Parabola) oj IV 



"10.260 



+0.403 



Ordinatks or 


Cj. 






-5.66 


-2.676 


-1.55 




-5.39 


-2 525 


-1.451 




-3.070 


-1.433 


-0.798 





-2.965 


-1.602 


-0.886 


Groin ATEs or 


Ca. 






+0.511 


+0.49 


+ 0.471 




+0.529 


+0.510 


+0.488 




+ 0.300 


+ 0.385 


+ 0.371 




+ 0.3C0 


+0.376 


+0.360 



Ordinatks or the Arch-axis Ri8k« 1 (and op the Parabola Rise-s 1.026). 



Arch axis 
Parabola 






0.1105 

0.1 

0.0975 



0.305 

0.2845 

0.2775 



0.470 
0.448 
0.4375 



0.608 
0.603 
0.6776 



I. Inciuding secondary stress, variable moment of inertia, and ourvature. 
II. Including variable moment of inertia and curvature. 
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IX. 

BRIDGE. 

OF INERTIA; NO SECONDARY STRESS). 



5 


6 


7 


8 


9 


10 


39.30 


44.37 


48.35 


51.29 


53.22 


54.18 


+ 2.113 


+ 7.183 


+ 11.163 


+ 14.103 


+ 16.033 


+ 16.993 


0.6484 


0.8467 


1.0233 


1.1664 


1.2666 


1.3182 


40.36 


35.322 


32.166 


30.142 


28.941 


28.377 


28.138 


28.17 


28.217 


28.257 


28.29 


, 28.306 


65.325 


65.357 


66.404 


65.444 


65.477 


65.493 


62.558 


51.217 


43.41 


37.678 


33.293 


29.796 


-26.371 


-14.03 


-6.22 


-0.49 


+3.89 


+ 7.39 


18.162 


19.427 


20.902 


22.606 


24.589 


26.958 


19.03 


17.76 


16.29 


14.58 


12.6 


70.23 



X. 

BRIDGE. 



Ordinates of the Intersection Locus. 



8 



9 



10 



1.207 
1.198 
1.201 



1.192 
1.183 
1.201 



1.178 
1.167 
1.202 



1.161 
1.153 
1.203 



1.146 
1.141 
1.204 



1.138 
1.131 
1.205 







Ordinatks or 


Ci. 






-0.961 


-0.573 


-0.313 


-0.1217 


+0.0206 


+ 0.139 




-0.872 


-0.511 


-0.261 


-0.078 


+0.053 


+ 0.166 




-0.468 


-0.258 


-0.115 


-0.008 


+ 0.083 


+0.146 




-0.572 


-0.334 


-0.166 


-0.043 


+0.040 


+0.108 


for 1.026 






Ordznates or 


Cj. 






+0.444 


+0.415 


+0.382 


+0.341 


+0.29 


+0.226 




+0.462 


+0.431 


+0.394 


+0.350 


+0.298 


+0.237 




+0.351 


+0.327 


+ 0.300 


+0.270 


+0.236 


+0.196 




+0.341 


+0.318 


+ 0.290 


+0.266 


+ 0.216 


+0.166 


for 1.026 



Ordinatbs or the Arch-axis Risx"" 1 (and op the Parabola Rise-- 1.026). 



0.725 
0.715 
0.6975 



0.817 
0.818 
0.7975 



0.891 

0.9 

0.8775 



0.945 
0.961 
0.9375 



0.981 
1.002 
0.9775 



0.998 
1.022 
0.9975 



/-I 
/'- 1 .C 

1 



m. Ouryature only. 

IV. OrdinateB for the equivalent E>arabo]f*. 
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• CHAPTER V. 

STRESSES IN ARCH SECTIONS— DISTRIBUTION OF STRESSES OVER 
AN IRREGULAR AREA UNDER NORMAL LOAD. 

I. Stresses in a Bar Subjected to Compression and Bending. — 

(See also Chapter VII, Article 1.) — If a bar is acted on by exterior 
forces and their resultant reactions, and a normal section is taken 
through this bar, all forces to the left of the section can be reduced 
to two in number, viz. (see Fig. 39): one acting at* right angles 
to the plane of the section and called axial force, the other acting 
at right angles to the axis of the bar and called the cross-bending 
force. The second is usually provided for by lateral stiffening, and 
is not shown in the figure. 

The center of gravity of the section is the origin of a coordinate 
system, in which the axis XX coincides with the tangent to the 
axis of the bar. A second cross-section is located at an infinitely 
small distance from the first section. 

The axial .force is assumed to act at a point outside the center of 
gravity of the section, and will therefore produce an angular as well 
as a longitudinal displacement of the two neighboring sections. 

The dimensions of the section of the bar being small as com- 
pared to its length, it is allowable to assume that the dimensions 
of the neighboring cross-sections do not change during these dis- 
placements. It is further assumed that the material of the bar is 
homogeneous throughout. 

On these assumptions the following deductions are based: 

In Chapter VIII (Appendix) an analysis is given which leads to 
the following equations: 

^x . Mj, , M^rv 

-^-f+f^t+TFhT)' ^^> 

-n^^+^ (7«) 

In these equations 

n= stress per unit area; 
Px= axial force; 

170 
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F=area of the section of the arch rib; 
Jfa.= bending moment; 

r=raclius of cim'^ature of the axis of the arch rib at the section; 

i= radius of gyration; 

t;= vertical ordinate of an element of area of the section; 

^—dflsee equations (9) and (9a) of Appendix]; 

/= moment of inertia of the section. 

The shearing forces are neglected and the main stresses on the 
arch rib coincide with the normal stresses, and the above equations 
express the division of these stresses over the section of the arch 
rib. In these equations the only variable quantities are n and v, 
the value of n increasing with the value of v. The maximum and 
minimum values for v are +vi and — i?2 (see Fig. 40), and these values 
substitut-ed in the equations give 



(1) 
and ni=— ^— ^^^-f^, ^=--V + ~~f^ 0^^) 



Equations (la) apply when the radius of curvature of the arch 
is very large as compared with the depth of the arch rib. This 
relation obtains in neariy all problems having to do with the design 
of rib arches, and the equations may therefore be used without in- 
volving appreciable errors. 

If, in a further analysis of equations (la), in place of Mg its 
value PxVx [see equation (2), Appendix] be substituted, 





P, Mjc MxTVz 

. "^ F Fr ■ Jir-Vi)' '. 


P, M^vt 
"1 p / ' 


"2° P + / 



PJ FV^VA __ PJ FVrV2\ 



(lb) 



These equations show that the distribution of the stresses over 
the area of the section is particularly dependent on the distance p^y 
that is (see Fig. 2), the distance from the point G to the point (x, y) 
of the arch axis, the point being the point of intersection of the 
plane of section with the force fii, which is the resultant of all the 
exterior forces. 

In equations (16) the value 'PF can be substituted for /; then 



4'('-^) • • • <^> 
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and the normal stresses are distributed over the section as follows: 

v-O 






(3) 



These equations show that rii and n2 are stresses of the same 

kind when 1+ 2^ >0 and l-2^2>0, orl+^<0 and 1 --2^<0. 

Only the first condition can be satisfied, the second being impos- 
sible. The first condition gives 



Vx > , and at the same time <— . 



(4) 



Equation (4) shows that an arch-rib section has two points, A^i 
and N2j at the distances ji and 72 from the axis of the arch (see Fig. 

N 





__r_r. 



Fig. 39. 






'\- 



IF(g.40. \g 




t^ 



40) which divide the section so that the normal stresses over it are 
of one kind when the force P passes between these two points. 



71 = 



V2 



and 70 = 



Vi 



(5) 



When the force passes through the point -^2 the stress rii will 
be zero, and when the force passes through the point Ni the stress 
712 will be zero. ^^2 can be called the zero point for the stress rii 
in the upper fibers, and Ni the zero point for the stress 712 in the 
lower fibers of the section. 

(a) Core, Core Points, and Core Lines. — The points Ni and 
^^2 indicate the limits between which the force P can shift and cause 
normal stresses of but one kind in the section. In this book these 
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points are called the "core points" of the section, the lines joining 
these points in the consecutive sections of an arch rib are called 
the "core lines/' and the space between these two points at any 
section is called the "core " of the section. 

Graphical Construction of the Core Points, — ^The core and the core 
points are important factors in the computation of stresses in arches, 
and when their location is known the maximum stresses in the section 
can be easily determined. 

In equatioi:\p (5) the quantities i and v are functions of the section of 
the arch rib, from which it follows that ji and 72 are functions which 
depend only on the foiro of the section, being independent of the 
force P and its point of application with regard to the section. 

The points iV'i and ^^2 can be easily found by construction (see Fig. 
40). Equations (5) may be written 

J2'i=i»Vi and /i:i=i:v2- 

In these equations i is the radius of gyration of the section and 
is measured from an axis AB to the scale of the drawing on a line 
which passes through the center of gravity of the section. From 
the point thus obtained a right-angled triangle is drawn so that 
one of its sides intersects the axis at A or B; its other side then 
intersects the axis at N2 or Ni. The construction is shown in the 
figure and requires no further explanation. 

(6) Computation. — ^The introduction of the quantities 71 and 72 
into equation (3) gives 






(6) 



Mji and Mn represent the moments of the exterior forces with 

the core points N2 and Ni as fulcrums. 

Equations (6) can also be written in the form 

from which the stresses in the extreme fibers can be found by the 
graphical method as ordinates which are measured on a line coincid- 
ing with the force P. 

p 

-^=a constant =7io= force P^; -5- total area of section. 

This value of Uq is plotted in Fig. 40 on a line which passes through 
the center of gravity of the section. The line joining N2 and d, pro- 
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longed to an intersection with the force P, determines the ordinate 
ni on this force, and the line joining d and N\, prolonged to an inter- 
section with the force P, detennines the ordinate 712, 

To find the point in the section where the stress n equals (which 
can be called the zero point of the section), the value of n in equa- 
tion (2) is placed equal to zero, which gives 

This shows that the zero point is not only a function of the form 
of the section, but also of the distance px- 

This equation indicates that p^^ and v are again the two parts of 
a hypothenuse, as already explained; the construction lines are all 
shown in Fig. 40, and further comment is unnecessary'. 

In this figure the force P does not act in the vertical axis ZZ of 
the beam, but at a distance pi therefrom. 

To obtain the distribution of the stresses over the section, the 
computations described in the former paragraphs should be made 
independently for the axes YY and ZZ, and to obtain the total 
stress at any point of the section, the stress obtained with respect 
to the axis YY for this point should be added to that obtained with 
respect to the axis ZZ for the same point. 

2. Example. — Distribution of the Stresses in an Arch Rib of 
Any Arbitrary Section (see Fig. 40). — ^The arch rib assumed is a 9-in. 
Pencoyd deck-beam (No. 63); weight per foot =24.68 lbs.; sectional 
area =7.26 sq. ins.; radius of gyration with respect to the y-axis<= 
3.44 ins.; distance from neutral axis to the top of beam = 4 ins. 

Distance of core point Ni from neutral axis =3.442 -7-5 = 2.37 ins. 
'* " '' N2 '' '' '* =3.442-4=2.96 ins. 

(a) Dead Load, — ^The dead load causes a pressure of 8,000 lbs., 

and its center of application is located 1 in. above the neutral axis. 

2 964-1 
The maximum stress in the upper fibers of the beam= ' 

= — 1.335 units compression, and in the lower fibers=2 — 1.335=0.665 
units compression. 

If the load were applied at the center, the stress per square inch 
would be 8,000-5-7.26=1,103 lbs., and 

Compression in upper fibers= 1.335X1,103= 1,470 lbs. 
'' lower '* =0.665X1,103= 736 " 

(6) Live Load, — From one form of live load a pressure of 20,000 lbs. 
is caused, and its center of application is located 8 ins. above the 
neutral axis. 

Extreme fiber stress in units: 

Upper fibers, ■ <y^ =3.71 units compression. 
Lower fibers, 3.71 -2= 1.71 '' tension. 



Digitized by 



Google 



STRESSES IN ARCH SECTIONS. 175 

Uniformly distributed stress per sq. in. = 20,000-5-7.26=2,760 lbs., 
and extreme fiber stress 

in upper fibers= 2,760X3.71 = 10,230 lbs. per sq. in. compression; 
in lower fibers= 2,760X1.71= 4,710 *' " '* " tension. 

Another form of live load causes a pressure of 19,000 lbs., and 
its center of application is located 9 ins. below the neutral axis. 
Extreme fiber stress in units: 

^ 37-1-9 
Lower fillers, "" ^- =4.78 units compression; 

Upper fibers, 4.78-2=2.78 " tension. 

Uniformly distributed stress per sq. in. = 19,000-^7.26 =2,620 lbs. 
lixtreme fiber stress 

in lower fibers =2,620X4.78= 12,520 lbs. per sq. in. compression; 
in upper fibers =2,620X2.78= 7,280 " '' '' '' tension. 

The stresses in the upper fibers vary from an initial stress of 
1,470 lbs. compression to (10,230-1-1,470 = ) 11,700 lbs. compression, 
and reverse to (7,280-1,470 = ) 5,810 lbs. tension. 

In the lower fibers the stresses vary from an initial stress of 736 
lbs. compression to (12,520 +736 = ) 13,256 lbs. compression, and 
reverse to (4.710-736 = ) 3,974 lbs. tension. 

It ^ould be noted that while the first form of live load produces 
a greater axial force, the second produces the greater stresses on 
account of the greater eccentricity of the force. 

Therefore, to find the maximum stresses in an archy the maximum 
axial force and ^ maximum eccentricity of a force must both he in- 
vestigated, 

3. Distribution of the Stresses in a Solid Arch Rib. — 

hh^ 
The moment of inertia of a solid rib = r:T- = /. 

Lib 

The area of a solid rib =bh=F. 

The square of the radius of gyration ^—^, 

From equation (5) of this chapter and Fig. 40, the distance from 
the core point to the center of gravity C is 

7'=— 

V2 
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and the section is symmetrical, or 

71 =72 and V2='ih. 
fc2x2 



Also, 



^"'-m'^'' 



which means that the core points are located at one-sixth of the 
depth of the section above or below the axis. 

This is shown in Fig. 41, in which the core points N^ and N^ are 
indicated. The depth EF of the arch rib is taken as the unit of 
measurement for the point of application of the force; for example, 
when the force acts at B, its eccentricity is 0.1 of the depth. This 




figure is convenient for the purpose of reading the stresses of the 
extreme fibers in units. Its construction follows from the explana- 
tion of Fig. 40, viz.: the distance OD=the stress per square inch 
when the force acts at the center of the section. In this figure the 
line of) represents the unit stress. Again, the lines ON^ and ON^ 
are drawn, and, as hitherto explained, these lines intercept ordinates 
on the load lines which are equal to the stresses in the extreme fibers, 
(a) Ratio op Change in the Maximum and Minimum Stresses 
AS Compared with a Change in the Eccentricity of the Force. 
— Let the load be assumed to act at B, Then eccentricity =0.1, the 
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stress at E=1.6 units compression, and the stress at F=2 — 1.6=0.4 
unit compression. 

If the load acts at C, eccentricity =0.2, stress at £=2.2 units 
compression, and stress at /^=2.2— 2=0.2 unit tension, etc. 

It should be noted that the sum of the maximum and the mini- 
mum fiber stresses is always equal to twice the unit stress. This 
must be so when it is remembered that the area representing the 
distribution of stress over the section is a trapezoid, and that the 
force causing the stress always passes through its center of gravity. 

It should be further noted that for every 0.1 of eccentricity of 
the force the maximum and minimum stresses vary 0.6 unit, which 
constant of change facilitates the computation of the stresses. 

For example, let the force act at a distance above the center of 
gravity of the section equal to 0.2365 unit. The unit stresses in the 
extreme fibers are then 

0.2365X6 + 1=2.419 compression, 
and =0.419 tension. 

(6) Eppecjt op Eccentricity op the Force as Compared with 
THAT OP its Magnitude. — ^The ordinates of the line OA measured 
from the axis ZZ represent the maximum unit pressures per sq. in. 
in the extreme fibers for a unit force whose point of application 
shifts parallel to the neutral axis between and A. 

When the force acts at the unit pressure at the extreme fibers = 1 
unit; at B (where eccentricity =0.1) the pressure is 1.6. units; at 
C 2.2 units, etc. ' 

When the force shifts from to B the pressure in the extreme 
fibers rises from 1 to 1.6 units, which is an increase of 0.6 unit, and 
in order to obtain the same increased pressure without shifting the 
force, the force itself should be increased in the same ratio (1.6:1). 

If the force is shifted from B to C, the maximum pressure per square 
inch increases from 1.6 to 2.2 units, and in order to obtain the same 
increased pressure without shifting the force, the latter should be 
increased in the ratio 2.2:1.6=1.375, etc. 

The respective values thus obtained are plotted and represented 
by the line BU in Fig. 41a. 

Shifting the live load on an arch may therefore cause either an 
increase in the force ox an increase in the eccentricity of the force, 
and the problem ordinarily to be solved in dimensioning arch ribs 
is to determine which of these yields the maximum stresses. 

The foregoing paragraphs have demonstrated how the stresses 
are distributed over a section when the intensity and the position of 
the force with relation to the axis of the section are known. 

The many examples given have shown how the position and 
intensity of the force with relation to the axis of an arch are found, 
and the following article deals specially with the distribution of 
the stresses over a section made up of two materials, viz., concrete 
and steel. 
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4. Stresses in a Reinforced-Concrete Arch SectioiL-^When con- 
crete and steel act together in a beam, the stresses in these two 
materials are divided in the same ratio as that of their respective 
moduli of elasticity. For instance, the modulus of elasticity of 
good concrete (1 :2 :5) may be assumed as 2,000,000, and that of steel 
as 30,000,000; the ratio then between these two moduli is 1:15, 
and a force of 1 pound will cause the same elongation or contraction 
in a bar of concrete that 15 pounds will cause in a bar of steel of the 
same dimensions. 

The relation between the contraction of concrete and the stress 
which causes it is the subject of continuous investigation; the data 
available, however, are meager and diverse. 

Fig. 42 represents one of the many tests made by Professor Bach 
on concrete three months old. In this figure the abscissas represent 
1,000,000 times the contraction of the concrete, and the ordinates 
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represent the corresponding stress in the concrete. For example, 
when the concrete contracts 0.0000306 of its length («a6), the stress 
in the concrete is 114 lbs. per sq. in. =65; when the concrete con- 
tracts 0.0000853 of its length (=a€), the stress is 284 lbs. per sq. in. 
=eEy etc. The area enclosed by the figure ail represents the area of 
stress in the concrete, and the line al is a curved line; to compute 
the stress in a concrete section the deviation of the line al from a 
straight line should be considered. This could be done with great 
accuracy if the line al were not subject to change; every bar of 
concrete tested, however, will produce a different line al. 

The differenced between the results obtained can be assigned to 
the following causes: 

1. The age of and the moisture in the concrete. 

2. The composition of the concrete. 

3. The mode of manufacture. 

These three factors are sufficient to produce an infinite number 
of results. The stress in a well-designed arch rib is compressive, 
and for this reason the line of Fig. 42 should be considered as com- 
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mencing at the point B; and this line BI deviates so slightly from a 
straight line that in the following examples it is assumed to be a 
straight line. This is a small error on the safe side, and is negligible 
when considered in connection with 1, 2, and 3. 

Many works have been written dealing specially with concrete 
and reinforced concrete, to which the author refers, the foregoing 
being only for the purpose of introduction to the examples which 
follow. 

(a) Example: Stresses in the Section op a Concrete Arch. — 
The Stresses at the section / of Fig. 2Sd will be considered. 

The total axial force is 98,900 lbs., its distance from the top of 
the arch is 1.6 ft. =* 19.2 ins., and the depth of the arch rib is 27 ins. 

Area of section 1 ft. wide =12X27=324 sq. ins. 

If the force were applied at the center of the section the unit 
stress per sq. in. would be 98,900 -^ 324 =305.25 lbs. 
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In Fig. 43 the line AB is equal to 27 ins., and the eccentricity e 
of the force =19.2 -13.5 =6.7 ins. 

The upper core point is indicated by the letter U, and the distance 
CV^iAk 

The distance BS'^unit stress =305.25 lbs. per sq. in. 

As explained in this chapter, the line EU, which passes through 
the core point U and the unit-stress point D on the neutral axis 
of the arch rib, intersects the load line at E and cute off the distance 
EA'; this distance, when measured with the scale of forces, gives 
the stress in the extreme fibers at -4 = 691 lbs. compression. 

Transferring the point E to E' and drawing. the line E'DB'*,^ the 
intersection of this line with Bi?' cuts oflF the distance BB*' (—81 lbs. 
tension), and the force P passes through the center of gravity of the 
trapezoid AE'FB^B, and there is no stress at the point F. 
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Fig. 43 shows that the stresses in the arch are too high and that 
steel bars should be introduced. 

The introduction of steel changes the location of the neutral 
axis of the arch and also that of its core points. These changes are 
very small and need not be considered, ordinarily, in practice. The 
error resulting from this procedure results in an excess of steel section, 
and is therefore on the safe side. 

The designer who wishes to consider tliis change can do so by 
assuming the steel replaced by a bar of concrete of the same strength; 
the concrete then will have a sectional area 15 times that of the steel. 
The center of gravity of this added concrete is assumed to coincide 
with that of the steel, and for tMs altered section the moment of 
inertia and the radius of gyration are found. 

From these the distances of the two core points from the neutral 
axis are determined, and the remainder of the computation is then 
performed in the same manner as the one which follows, or, prefer- 
ably, according to the equation in (e) of the present article. 
In the following sections 
3= pressure per square inch of the axial force acting at the center 

of gravity of the section; 
s= that portion of the pressure q which is resisted by the concrete; 
5y and Syy=maximiun and minimum stresses per square inch in 

a section of the arch rib ; 
c= distance between the axial force and the center of gravity of 

the section; 
6= distance between the center of gravity of the steel and the 

axial force; 
a = distance between the center of gravity of the area of pressure 

of the concrete and the axial force; 
/= distance between each core point and the center of gravity of 

the section; 
C=the resultant of all the interior normal stresses in the con- 
crete; 
/=the resultant of all the interior normal stresses in the steel. 

(6) FiBST Proposition: There Shall Be no Tensile Stresses 
IN THE Arch Rib, and the steel is to be imbedded as near to -4 as is 
consistent with good construction (see Fig. 44). The line AB is the 
depth of the arch rib, P is the axial force, and e is its eccentricity. 
The place where the steel is imbedded in the concrete is indi- 
cated by the letter Fy and its distance from the force P is equal to b. 
The distance of the center of gravity of the area of pressure for the 
concrete from the force P equals a, and the line C represents the 
resultant force in the concrete, which line must pass through the 
lower core point />"' of the arch rib. 

Now, from conditions of equilibrium, 

bP={a+b)C, or ^=^. 



Digitized by 



Google 



STRESSES IN ARCH SECTIONS. 



181 



From the two similar triangles D'"FG' and DFQ, 
b 8 qh 

and GD=8. The maximum stress in the concrete 8'= 28, and drawing 
the line A'''K to an intersection with the concrete resultant CK gives 
the point K, which must also be the point of intersection of a line 
which passes through G" and the core point U. The line joining 




A'" and B must intersect the neutral axis of the arch at G", the two 
last-mentioned lines serving as a check on the computation. 

The area AA'"B represents the distribution of the pressure in the 
concrete; the line FF" represents the pressure in the concrete where 
the steel is imbedded, and IbFF" the pressure per square inch in the 
steel; the area A'A^B'B" represents the deficiency in the strength of 
the concrete which must be made up bj'' the steel. 

Anahfiical CompiUatian. — ^The known quantities are as follows: 

AB=27ins.; 

Sectional area of the arch rib =27X12 =324 sq. Ins.; 
P= 98,900 lbs.; 
g=P^324=306.25 lbs. per sq. in.; 
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6=5.7 ins.; 

6=13.5-2-5.7=5.8 ins.; 
/=j^S=4.5ins.; 

a=€-/=5.7-4.5=1.2 ins.; 

qb 305. 26X5. 8 o^oooiu 

«i = 2s =2X252.92 lbs. = 505.84 lbs. per sq. in., or the maximum 

pressure in the concrete; 
g-s=305.25-252.92 = 52.33 lbs. 

The area A'A'^B'B'' represents the deficiency in the strength of 
the concrete, and is the amount of stress to be sustained by the steel. 
Stress at F, or FF^' == 505.84X25 ^^^ ^^^ 

Stress in the steel=15XF/^"= 15X468=7,020 lbs. per sq. in. 

Stress to be sustained by the steel for an arch ring 1 ft. wide 
= 12 X27 X52.33= 16,955 lbs. = area A'A^'B'B''. 

16,955^-7,020 = 2.45 sq. ins., or the required steel section. 

A 1^-in. round bar has a sectional area of 1.227 sq. ins., and 
steel bars (rf this size placed 2 ins. above the intrados of the arch 
and spaced 6 ins. apart will satisfy this condition. 

Other sections of the arch should be investigated, and the largest 
section of bar required is the one to be used throughout. 

It is possible to obtain an equal pressure per square inch in the 
concrete over its whole area, and the renter of pressure then coincides 
with the neutral axis of the arch; and the line FE divides q into 
two parts, the point through which the division hne passes being 
the point G'". 

The figure shows that a large amount of steel is required to satisfy 
this assumption, and that it results in a very low compression per 
square inch for the steel. This is not economical, but it indicates 
that a surplus ot steel placed at F tends to reduce the stress in the 
concrete. If this surplus were placed near B it would be of Uttle 
use, the stress in the steel never exceeding 15 times the stress in the 
concrete and being very small at this point. 

(c) Second Proposition: Maximum Economy Must Be Had in 
THE Use of Steel. — ^This is eflfected when the greatest permissible 
compression is allowed in the concrete, and the steel is imbedded 
as near to il as is consistent T^dth good construction (see Fig. 45). 
The line AB again represents the depth of the arch rib (27 ins.), P 
(98,900 lbs.) is the axial force, and 6=5.7 ins. is its eccentricity. 
The largest permissible compression in the concrete = s'= 600 lbs. 
per sq. in., and q again equals 98,900-^(12X27) = 305.25 lbs. per 
sq. in. 

Now, / is again the steel resultant and C the concrete resultant, 
and from conditions of equilibrium lA-C=P. 

The steel cannot be placed closer to the edge than 2 ins. = /i^, 
and the value of 6 is known, viz., 13.5 — ^^—e= 13.5— 2— 5.7 = 5.8 ins.; 
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/ is the distance of the upper core point U from the neutral axis of 
the arch, and is again equal to J X depth of the rib; gr= distance of 
force P from upper core point U. 

Sufficient data are now known to find a. From the similar 
triangles I^'FO' and DFG, 



DG FD 



D^V'FD''" 




also, from conditions of equilibrium, 6P=(a+6)C, and 

Concrete C b _8 

Concrete + steel ~ P "" a + 6 ~ g ' 



and 



' c+6* 
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Prom the two equal triangles KD'"U and G"D^U, 



KD'" ~D"'U' 


or 


8 


■■^. 


9-a 






From this it follows that 








a+b-J-a' «' 


o= 


}£1 


-fff 

+36- 



Now q can be expressed in terms of 8^ viz., 
p«<, or 3-w', 
and o-6^. 

From the similar triangles EDU and E'"D'Vy 

E'^D' D'U q^ d_. 

ED DU' ^' 8'^g *' 

and ig^d. 

Similarly, c^ib^^b, 

and o-y^, 

Abo, d-/«the length of the Une D'D^--DD,^^d', and /+c= 
the length of the line DK'. 

Join F and A' and draw the line D,^d" parallel to FK' 
Uirough the point D^^; this gives the line d"D, which is equal to a 
(see similar triangles DFK' and d"D/^D), Measuring the distance 
a to the right of D gives the point D'" through which the concrete 
reailtajit passes, and if the vertical line D'"K be drawn, it will inter- 
sect A"B" at G'. 

A straight line is now drawn through the points G' and Fy inter- 
secting the axial force P at G, through which point the line A'B^ 
is drawn parallel to A''B'\ This line divides the area ABB" A" 
into two parts, viz.* A'A"B"B\ which represents the deficiency in 
the strength of the concrete — to be provided for by the st^eel, and 
the area AA'BB\ which is equal to the share of the pressure to be 
bomc by the concrete 
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A straight line drawn through the points U and G" intersects 
the line KD'" at K, and the line K2)'"=AA'''=s^ Drawing a Une 
through the points A'" and G" to an intersection with the line BB' 
determines the point i?'", and the area BF'B'" represents the tensile 
stress in the concrete. 

The line FF" represents the pressure in the concrete where the 
steel is imbedded, and fifteen times the length of this line represents 
the compression in the steel. 

The area A'A^'B'W diAdded by (15XFF") will give the area of 
the steel in square inches for an arch ring omje inch wide. (For an 
arch ring one foot wide multiply area by 12.) 

It will be seen that the computation checks itself, because the 
line joining V and G", prolonged, must intersect the maximum stress 
line for the concrete at K, 

Analytical Computation. — ^The known quantities are 

i45=27ins.; 

Sectional area of arch rib =324 sq. ins.; 

P- 98,900 lbs.; 

g=P^ 324= 305.25 lbs. per sq. in.; 
A' =2 ins.; 

6=5.7 ins.; 

6=13.5-5.7-2=5.8 ins.; 

/=M^=4.5ins.; 

g=€H-/=5.7+4.5=10.2 ins.; 

8'= maximum permissible stress in concrete 

=600 lbs. per sq. in.; 

Q . 305.25 ^ ^^«o 
^----^ 0.5083; 

_ (0.5083X10.2)^4.5 . 

-*^-^4.5 + (0.5083X5.8) "'^^^ '''•' 

5.8X305.25 ^^^ - „ 

— ^-^ — =279.5 lbs. per sq. mu 

Eccentricity of C=c-a = 5.7-0.533=5.167 ins. 
Maximum compression per square inch in concrete 

= r(5:J^X6) +ll279.5= -600 lbs. (check). 

Maximum tension per square inch in concrete 

«0.148X279.5«+41 lbs. 
Stress in steel: 

Stress in concrete at F= (^^^^ X25) -41 = 553 lbs. 
Stress in steel per square inch— 15X553 = 8,295 lbs. 
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Total deficiency of the concrete- (306.25-279.6) X27= 695.25 lbs. 
for an arch ring 1 in. wide. 

For an arch 1 ft. wide, deficiency « 12 X695.25« 8.343 lbs. 

Area of steel required for an arch ring 1 ft. wide » 8,343 -i- 8,295 » 
1.006 sq. ins. 

Two ii-in. round bars have a sectional area of (2X0 5185««) 1.036 
sq. ins., and these spaced 6 ins. apart (2 ins. from the intrados of the 
arch) will give the most economical distribution of the material. 

It should be remembered that other sections of the arch are 
to be investigated, and that the section requiring the largest area 
for the steel determines the size of bars to be used. 

The tension of 41 lbs. per sq. in. in the concrete, however, is 
objectionable. The new positions of the neutral axis and the true 
core points should now be determined, and a computation with these 
will show that the tensile stresses have disappeared. 

It is also desirable to insert small bars in the arch rib near B. 
Though these bars may seem theoretically superfluous, in practice 
they are useful to pro\dde for any extra stress in the arch that may 
be caused by contraction, and to prevent cracks in the concrete. 

Whenever a computation shows tension in the concrete, another 
one should be performed according to the exact method; * if necessary, 
corrections should be made cither in the section of the arch rib, or in 
the curvature of the arch axis. 

It should be well understood that there are no tensile stresses 
in a well-designed arch. As to the use of steel in arches to make up 
for the deficiency in the strength of the arch rib, the most economical 
distribution will be obtained by inserting the steel on the compression 
side of the arch. The author would recommend as a rule that the 
most economical distribution of the material be first ascertained, 
and then that such additions of steel be made as the judgment of 
the designer, the conditions of the locality, and the foundations may 
dictate. 

In case any steel is used at JS, either two }-in. rods should be 
inserted for every foot of width of the arch ring, or a strong wire con- 
struction should be employed. The H-in. bar used has a circum- 
ference of 2.55 ins., and one bar resists a compression of 4,180 lbs. 

(d) Adhesion op the Concrete to the Steel. — Tests made at 
Columbia University, May 9 and July 8, 1903, furnish a variety of 
values for the adhesion between the bar and the concrete. The 
tests made on bars three months after they were imbedded in the 
concrete are as follows: 

Rusted bars 642 lbs. per square inch (block split). 

Clean bars 431" " " •' " 

Paintedbars (red lead).. 128 " " '* ** 
*' " (oil) 23 " " " *' 

* Use equation in (c) of this article. 
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The first two values should have been undoubtedly higher, as 
the blocks split before the bars were pulled out. 

Assuming 100 lbs. as the adhesion of a clean bar to the concrete, 
the H-iri' bar would require a length imbedded in the concrete 

4,180 -^. 
»19 ms. 



100X2.55 



These figures show that the use of twisted or specially designed 
rods is of no practical value in the construction of the concrete-steel 
arch. In designing such an arch, the following two points require 
special attention: 

1. The arch should be so designed that the line of pressure of 
the dead load will approach as near as possible to the neutral axis 
of the arch. (See Art. 4, Chap. IV, on the effect of a change of form.) 

2. The steel should be placed in the most effective manner. In 
any arch where these two injunctions are observed, maximum strength 
and economy will be obtained. 

Settling of the abutments will influence the stresses in the arch, 
but a judicious use of steel, combined with a thorough knowledge 
of the efifect which a change in form has on the stresses in the arch, 
will furnish the means of overcoming the injurious effects of such 
subsidence. 

(e) Stresses in a Reinforced-Concrete Arch Rib. — ^The fol- 
lowing particulars are assumed to be known: 

The dimensions of the arch rib. 

The intensity and the point of application of the axial force, and 

The location and sectional area of the steel bars. 

Let 0=area of steel for an arch ring 1 in. wide; 

/= resultant of all the forces acting in the steel; 
s'= maximum stress in concrete; 
C= resultant of all the forces acting in the concrete; 
s"= minimum stress in concrete; 
8^" « stress in concrete where the steel is imbedded; 

g= average stress per square inch=-T; 

P= axial force; 

A « sectional area of arch rib 1 ft. wide; 
6= distance from the force P to the center of gravity of the 

steel; 
«= average stress in concrete; 
«= distance from the force P to the center of gravity of the 

section; 
Z= depth of arch rib; 
Ay = distance from the center of the steel to the outside of the 
rib. 
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To solve this problem the distance a should be found. (See 
Fig. 45.) 

8 — ^{V-K)+s Yi p— ' i^-*/-»» 

7 300,. , , , V .... , . . V 30O ,, 
In a previous article it was found that 

consequently 3-s=g-^=M(i^£^+;t,^), 

From this a(J+Mbi)=Mb(ig'\'h,f), 

Substituting in this equation the values for M and * gives 
__ 30Q, (il-h,)g+hj 

W^ Wo * 

Substituting this value of a in the equation for 8^ gives the 
maximum stress per square inch m the concrete. 

This equation, as previously referred to, should be used when 
a second computation is necessary, in which case the exact location 
of the neutral axis and the core points are to be used. 

(/) Example [Application of (^0]. — It is required to find the 
moment of inertia and the core points of the concrete-steel section 
just considered. 

Area of the arch rib = 12X27 =4=324 sq. ins. 

Added concrete -=14X 1.04- B= 15 " " (for steel bars). 

Total =339 " " 
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Distance from center of gravity of A to face = 13.5 ins. 

Moment^ 13.5X324=4,374 
25 X 15= 375 



4,749 

Distance from center of gravity of total section to face = 4,749 -^ 
339=14 ins. 

To obtain the moment of inertia the section is divided into three 
parts. The area A is divided int^ the part A' above the neutral 
axis, and the part A" below the neutral axis; the area B is computed 
by itself. 

The height of the part ii' = 27 — 14=13 ins., the distance from 
its center of gravity to the neutral axis is 6.5 ins., and its moment 
of inertia 

= (13X12X6.52) + '^^''' = 8,788. 
The moment of inertia of A" 

= (14X12X72) +1^H= 10,976. 

The distance from the center of gra\'ity of the part B to the center 
of gravity of the whole 8ection=25 — 14= 11 ins., its area= 15 sq. ins., 
and its moment of inertia= 15X11^=1,815. 

The moment of inertia of the whole section is equal to the sum 
of these values =21,579. 

The total area as before =339 sq. ins. 

The square of the radius of gyration = 21, 579-^339= 63.65, and the 
core points are situated at the following distances from the axis: 

/= 63.654- 13 =4.89 ins. 
^=63.654-14=4.55 " 

Now, the steel area for an arch ring 1 in. wide— 

1 04 
O=ij^=0.087. e=5.2 ins., 

Z=27ins., 6=5.8 ins., A^ +6=7.8 ins., 
ft,« 2 ins., ^=4.89-H3-7.8=10.09in8.; 

30X0.087 ^^^ ^,, (11.5X10.09) + (2X4.89) 
-0.509. 
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(^Iien this value of a becomes equal to zero, there will be no 
tension in the concrete.) 

Now, }=« 98,900 -3- 339 « 290 lbs. per sq. in,, 

.n^ ^, 5.8X290 ^ 10.09-0.509 _,^^ . 

^ 5.8X290 ,™,, 
•' "6:309""^ '^^•' 

«''=(2X266)-523«9 lbs. tension. 

The designer who demurs even to this amount of tension can 
overcome same by increasing the rod diameter a small fraction of 
an inch; the author does not deem it objectionable. 

Notation for Articles 5, 7, and 8. 
il» sectional area of the beam; 



u 
H 
M 



a^-j^; 



(2 » width of a beam subject to bendii^l 
B= modulus of elasticity; 
Be- " '* " of concrete; 
Eo^ " " '* " metal; 
F= stress in the metal; 
/j= tensile stress in the metal; 
ii«= depth of a beam subjected to bending; 
7 s moment of inertia; 
/= ratio of distance between extreme fiber and neutral axis of a 

beam to its depth; 
K— single load; 
fc=any ratio; 
Z« length of beam; 
M»bending moment or moment of resistanoe; 

Eq 

ri«= ratio of metal section to beam section ='j; 

O" sectional area of the metal reinforcing ban; 

P« pressure or force; 

p=» uniformly distributed load; 

g= pressure per umt area=-^; 
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r= radius of gyration; 

aS= shear; 

if' = maximum compressive stress in the concrete of beam; 

•a = distance from the neutral axis of a beam to the surface sub- 
jected to the greatest compression; 

v= distance from the center of gravity of the tensile reinforce- 
ments to the neutral axis of the beam; 

^ \ = coordinates: 
y J 

2= distance from the center of gravity of the tensile reinforce- 
ments to that surface of the beam which is subjected to 
maximum compression. 

5. Column Formulas for Masonry and Reinforced Concrete. — 

In these materials a distinction is made between stresses resulting 
from direct compression and those due to compression and bending. 
Prevailing practice, which is based on experiments, dictates that 
stresses resulting from direct compression or tension should not be 
as great as those resulting from bending. 

In piers and abutments no bending stresses should exist, and all 
that was said in Arts. 1, 2, etc., of this chapter applies to them. In 
addition, unknown internal stresses which result from settling, 
together with the uneven shrinkage of the materials (rf construction, 
warrant the use of a high factor of safety. For piers and abut- 
ments this factor should be 10 or more, and in arches it varies from 
4 to 10, according to conditions. 

(a) Reinforced Concrete. Direct CoMPRESBiON.^The longi- 
tudinal reinforcements of the column are of small sectional area 
as compared with that of the column itself. 

In this case a transverse section of the column is displaced parallel 
to itself by a load P. 

P=qA+FO (1) 

Now, r=, — — , or F^H'r^, and m«^; 

.-. F=tn8', 
and P=8'{A+mO) (2) 

Equation (2) can be used to investigate a structure already de> 
signed. 

From (2), 

mO=j-A (3) 
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Assume -j =n to be known; 



«=-r» 



E 
and if m is assumed =-Er = 10, 



and 



(?=«'(! +10n), 
O^nA. 



(4) 



This, with a permissible stress in the concrete of 400 lbs. per 
sq. in., gives the following: 



nA 


q 





400 lbs. per sq. in 


0.005 


420 ' " 


0.01 


440 " " " " 


0.02 


480 " " " " 


0.03 


520 " " " " 


0.04 


560 " " " " 


0.05 


600 " " " " 


etc., 





each additional per cent, of steel increasing the value of g by 40 lbs. 

In the construction of reinforced-concrete columns a length of 
column exceeding 20 diameters is seldom used. In case such a 
column is required, it should be designed to resist flexure, and any of 
the well-known column formulas may be applied. 

For example, Euler's formula states that 



P=7r2 



IE 



{kLr 

For a rectangular reinforced-concrete column, 
where j/=distance from center of steel to axial plane of column. 



Assuming 



^=10 



P=w8£, 
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i is a factor which depends on the conditions obtaining at the 
ends of the column, viz.: 

(a) Both ends rounded, A:«=l; 

(6) Both ends fixed, t=0.5; 

(c) One end fixed, the other rounded, A=V0.5; 

(d) '' " '' '' '' free, Jfc=2. 

Assuming a factor of safety of 4 gives 

(a) p.2.48g{^+10Oy2); 

(6) p=9.87§{^+10Ojr'); 

^ (c) p-4.94g(^+10Oj/2); 

In these formulas the area of the reinforcement is not deducted 
from the area of the column in obtaining the moment, of inertia of 
the concrete. 

Generally this error is small, but in columns with a large sectional 
area of reinforcement the deduction should be made. 

Accordingly, 

P^q(A^O)+FO, 

and the former equations change to 

P=s'[A-h(m-l)0], 

and (m-l)0=--A. 



Now n=-j, and ^ = m is again assumed —10 1 



g=8'(l+9n), 
and 0=nA. 
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These last equations give 


the following values when 8'—400 lbs. 


per sq. in.: 






n 




9 


• 2.5% 




490 


3% 




508 


4% 




544 


5% 




580 


• 6% 




616 


7% 




652 


8% 




688 


9% 




724 


10% 




760 


Euler'3 formula also cbang 


es to 




P=5r2 


b/+("1- 


-1)/. 



7g, or the moment of inertia of the steel, is equal to yhnO. This 
means that the steel is replaced by an equivalent mass of concrete, 
and that its moment of inertia is taken around the axial plane of 
the column, the moment of inertia around its own axis being neg- 
lected. This was done in the example in Art.. 4 (/) of this chapter. 

When a column is very long it should be investigated for bending, 

and when V'^'vl jy Euler's formula changes to 

In concrete E varies according to the nature and intensity of 
the stress. When a column bends under a load, the successive changes 
of stress can be described as follows: 

The load first exerts a uniform compressive stress. If it be in- 
creased this stress increases up to a point where the column com- 
mences to bend. Any increase in the load now will induce a tensile 
stress in the extreme fibers on the convex side, thus reducing the 
compression on that side; on the concave side, however, the com- 
pressive stress increases. For very low stresses the same modulus of 
elasticity may be used for both tension and compression; but for 
the stresses which are generally assumed, these moduli differ. 

If the ratio of the smaller to the larger modulus of elasticity be 
indicated by /, the distance from the neutral axis to the extreme 
fibers having the lesser modulus by x^ and the depth of the section 
equal to unity, then, the two components of the couple being equal, 

.';i?=(l— x)*, or a:= =.. 

1 -hv j 

The components pass through the centers of gravity of the areas 
representing the distribution of the stresses over the section, which 
areas are assumed to be defined by straight lines. The areas repre- 



Digitized by 



Google 



STRESSES IN ARCH SECTIONS. 196 

senting the additional compression on the concave side and the 
tension on the convex side are triangles, and the distance between 
their centers of gravity is § of unity, or the distance between the 
two forces of the couple is f of the total depth 1, and is independent 
of the value of x. Hence 

Euler's formula may now be written 



1^1 II 



and the following table may be made out: 

When 7=1 0.5 0.25 0.09 

x=0.5 0.586 0.667 0.77 

and 7x2=0.25 0.172 0.111 0.053 

and the moments are proportional to 

E 0.Q8SE 0.444S 0.21J5;. 

In using Euler's formulas these values must therefore be sub- 
stituted for E. 

(e) Hooped Columns. — The hooped column is of recent origin, 
and experimenters differ in their results. The following nile for 
computing such colunms is based on those parts of the various exper- 
iments where some agreement exists. 

(See the experiments of Considfere, Dunn, etc., and the deductions 
made from them. See also the experiments made at the Watertown 
Arsenal, described in Engineering NetvSy July 9, 1906, which also 
gives some valuable information on coefficients of elasticity, etc.) 

In dimensioning the liooped column, consider the area of the 
column as composed of 

(1) The sectional area of the concrete inside the hooping. 

(2) The sectional area of the longitudinal bars. 

(3) 2.4 X the sectional aiea of the hooping wire. 
Allow 650 lbs. per sq. in. pressure in the concrete. 

E 
Assume ^=from 15 to 10. 

Allow a tension of from 8,000 lbs. for iron to 10,000 Tob. for steel 
in the reinforcement, and consider same to consist of the area (2) 
plus the area (3). 

(The above-mentioned experimenters recommend stresses in the 
concrete of from 1,500 to 2,000 lbs. per sq. in., but until more knowl- 
edge exists as to the effect of repetition stresses on such columns, the 
author is of the opinion that the value which he assigns is preferable. ) 

Space the hooping wire (the pitch of the spiral) from ^ to—, 

o 10 

d being the diameter of the spiral. 
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Make the total area of the longitudinal rods from 1 to 0.8 per 
cent, of the area enclosed by the spiral winding, and the diameter of 
the spiral wire about 2% of the diameter of the spiral. Any desired 
addition may be made to the sectional area of the longitudinal 
reinforcements, the foregoing figures being given as minima. 

The strength of the column should be computed according to the 
methods described in (a) of the present article. 

6. Column Formulas for Steel and Wood. — ^In the following 
standard American formulas the letters indicating the factors are those 
which are in general use, and differ from those given in the Appendix, 
/= elastic limit of the material, 
= 34,000 lbs. per square inch for wrought iron, 
= 42,000 ** *' *' '' " steel; 
J5= modulus of elasticity, 
= 27,000 ,0(X) for wrought iron (inch-pounds), 
= 29,000,000 '* steel (inch-pounds); 
Z= length of column in inches; 

r= radius of gyration in inches=^-j; 

p= load in lbs. per sq. in. ; 

TT = length of semicircular arc when radius equals 1=3. 1416 ; 

d = least lateral dimension of a wooden column. 

(In bridge building, columns in which —> 150 should not be used.) 

Formulas for the Ultimate Strength of Columns. 
Oordan's Formulas: 

Pivoted ends p= /i\2> 

Ml) . 

Fixed ends p= / ,\o i 

One end fixed, the other pivoted p= a /i\2 * 

Evler's Formulas: 

Pivoted ends p= /7\2 » 

47r^E 
Fixed ends p= /l\^ * 

i-TT^E 

One end fixed, the other pivoted P^TTTT' 



ar 
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Johnson's Formulas: 

When 

■^<170, p= 34,000 -0.67 (-^y. 
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Pin Ends, • 



Wrought Iron, 



Ifild Steel, 



Z_._- ^ 432,000,000 
->170, p 7j^2 — 



a)' 



Round Ends, Cast Iron, 



Wrought Iron, 



Flat Ends, 



' ^<150, p=42,000-0.97(-^) . 

Z_,^^ 456,000,000 

'7>150. p p^. 

i< 70, p=60,000-f (iy. 

i_ _- 144,000,000 

— > 70, p= TTTo — • 

(t) . 

i<210, p-34,000-0.43(-^) . 

i__,- ^ 675,000,000 

->210, p= TJy— • 

■^^190, p-42,000-0.62(iy. 

^-,nn 712,000,000 

->190, p 7Iy~* 

i<120, p=60,000-^(i)* 

Z_,-- 400,000,000 

->120, p=— ^. 

j< 60, p= 2,500 -0.6 (j)'. 

"""^I ™- j< ««. "- i^-o^G-)'- 

. White Oak, ■^< 60, p« 3,500 -CS^jV. 



Mild Steel, 

Cast Iron, 
White Pine, 
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Note.— The foregoing fonnulas do not include any factor of safety, 
(a) Formulas to be Used in Dimensioning.— JoArwon's Far- 
mtUas (factor of safety = 4): 

Wrought Iron, p« 8,500-0.17^4)^- 

Mild Steel, p- 10,500-0.24 (- V. 

Wrought Iron, p« 8,500 -0.11 (-)^ 



Pin Ends, 



Flat Ends, 



Top Chojids, 



Posts, 



Mild Steel, p= 10,500-0.16(-)^ 

Wrought Iron. 
Live-load stresses, p= 8,000— 30—. 

Dead-load stresses, p= 16,000- 60^. 

Medium Steel. 
Live-load stresses, p= 10,000- 40--. 

Dead-load stresses, p= 18,000- 70-^. 

Wrought Iron. 
Live-load stresses, p= 7,000— 40-. 

Dead-load stresses, ©=14,000- 80--. 

r 



Wind stresses. 



J 



p= 10,000- 60-i. 
Medium Steel. 
Live-load stresses, p= 9,000— 50-. 

Dead-load stresses, p« 18,000—100-^. 

Wind stresses, p= 12,000— 70—. 

r 

Assumed initial stress p for lateral struts 

7 

= 9,000-50- (for wrought iron) 

= 10,000 ^60- (for medium steel). 
r 
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(5) Tension Members (Mild Steel): 

Eye-bare p=- 18,000 

Shapes p= 16,000 

Flanges (floor-beams and stringera) p= 14,000 

Hip Verticals (eyes) p«16,000 

(shapes) p=14,000 

Adjustable Rods (steel) p= 16,000 

" (iron) p=13,000 

Lateral Rods p= 18,000 

'* Shapes p=16,000 

(c) Shear (Mild Steel): 

Webs p= 10,000 

Pins and Rivets p= 12,000 

(d) Bending Stresses: 

Rolled Sections (mild steel) p= 16,000 

Timber Beams p^ 2,000 

(e) Rollers: 

Static Load (in lbs. per linear inch) «= 600d 

Moving Load (in lbs. per linear inch) « 200d 

(d=* diameter of roller.) 
if) lMPACT=i; L= length of span, 

For Raihx)ad Bridges ^""zTZ^m' 

" Highway Bridges 7-___. 

(g) Reversing Stresses. — ^Add to the greater area | of the lesser 
area. For maximum stresses due to wind, dead, and live loads, the 
strain in the material may be 15% higher. In bridges revereal of 
stresses caused by wind loads may be neglected. 

(h) Modifications for Spans over 400 Ft. Long. — For spans 
■of 400 ft. and over the foregoing figures may be higher. Also, a 
harder quality of steel may be used for the main girdere. 

When an allowance is made for impact, the distinction between 
live- and dead-load stresses is not necessary, and the stresses given 
for the dead load are to be used in dimensioning. 

7. Bending Moments and Shearing Forces in Beams. — In the 
following equations 

M= bending moment; 
liL« concentrated load at center of span; 
p= distributed load; 
Z= length of span; 
S= shearing force. 

The inferiors c ^^^ A indicate that values are to be taken at the 
center (q) or near the support (^). 
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(a) Beam Fbeely Supported: 

Ma-^ .... (1) S=^ ..... (10 

-f (2) -§ (20 

(6) Beau Fixed at Both Ends: " 

Mc=+§. ... (3) i>/c=+|^. ... (30 

Ma ^. ... (4) Ma ~. ... (40 

5-§. .... (5) S'§ (50 

The ends, however, are never so securely built-in that they can 
be considered as fixed, and the average therefore lies between (a) 
and (b), depending on conditions. A reinforced-concrete beam is 
neither uniform in section nor in strength. 

Many constructors use 

Mc^ +§. 
This gives a bending moment at the support 

Also, 

Mc^-{"^, or A/^=-— . 

These values, however, are often found insufficient, and it is better 
to employ the following: * 

3fc-=+^ (6) Mc=+^-§ (60 

Ma=-'§ (7) ^^=-B (7'> 

(c) Beam Fixed at One End and Freely Supported at the 
Other.— In such a beam the point of contraflexure is distant from 
the fixed end 

(I) 0.267Z for a uniformly distributed load, and 
(II) 0.33Z for a concentrated load at the center. 

* These averages have been derived from experience. 
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The maximum bending moment for (I) is at 0.367Z from the free 
end, or 

J»^max.=-+j|gPP, ... (8) ^A--^ (9) 

and for (II) 

Shearing Values: 

5 11 
At the fixed end, Sm^,='p>l=jUC (12) 

3 5 
At the free end, S ^of^^Tff^ (^3) 

Assuming again mean averages gives: 

Uniform Load. Concentrated Load at Center. 

Afmax.= +0.097pP «=+0.203«'/. ... (14) 

Ma =-/,pP ^-^y^l (15) 

9 19 
At fixed end, Smax.=^pi ""32^ ^^^^ 

At free end, S ^^pl ^^K (17) 

(d) Slabs.— When / = shorter span ai;id h = longer span, the bending 

1.4 

moments as obtained for beams must be multiplied by , , , . when 

14 

I is the span, and by ttTu ^^^^ h is the span. 

The shortest span will give the largest bending moment, or, if 
h is infinitely large, . . , ,. ==1; 

Zi = Z, " =0.5; 

Zi=2Z, " =0.94, 

Reinforced-concrete slabs should be investigat-ed as beams in 
both directions, and parallel reinforcing bars should also be provided 
in the direction of their longer dimensions. 

The coefficients for the longer sides will be as follows: 

/4 

When h is infinitely large, , ^ ^0; 

'* h^h *' =0.5; 

'' Zi=2Z, " =0.06. 
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M^ and iSmax. &rc at the fixed end of the beam. Applying these 
coeflBcients to (6) and (7) gives 

Shorter Span (0. Longer Span (Z|). 



24 Zi*+Z* -• 24 /*+Zi< 

For square slabs 

For slabs freely supported, the bending moments at the center 
are 

Shorter Span (V), Jjongeir Span (/J. 

In the foregoing equations M expresses the bending moment in 
a beam caused by the exterior forces, and in the equations of Art. 8 
M expresses the moment of resistance in a beam; these tivo moments 
form a system which is in equilibrium, and they are therefore indi- 
cated by the same letter. 

8. Longitudinal Stresses in a Reinforced Beam Subjected to 
Bending.— 'The general treatment is the same as that of Shaffer, Lands- 
berg, Marsh, and Considfere. The beam will be considered as having 
a rectangular section. No tensile stresses are to be resisted by 
the concrete, but solely by the reinforcing bars, which are to be placed 
near the face of the beam where tensile stresses develop. (Single 
system of reinforcement.) 

It is further assumed that the sectional area of these bars is 
small as compared with that of the beam. 

Compressive and tensile resistances in a beam are equal (see 
Fig. 45a), and the compressive area is assumed to be a parabola, 
with its main axis coinciding with the plane of section. When AA"=8' 
the above law gives 

|s'ad=0/, (1) 

The plane of section is not distorted after bending takes place, or 

AA' CC 
AD CD* 
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Also, 



or 



^0 



AA':CC'~: ^, 

Mite MltQ 

uEo vEq • 



But m=~; consequently, substituting in (2), 



' u 



(2) 



(3) 




Fig. 45 a. 

The total moment of resistance is equal to the moment of re- 
sistance of the concrete in compression plus that of the steel in tension, 
and, as the distance from the center of gravity of the parabola to the 

neutral axis=gu, 



or 



M^(^uX^8'udj+vffi, 



M^-^s'uH+vffi; 



and substituting (3) in (1) and (4) gives 



and 






(4) 

(5) 
(6) 



Now v=z—u, and this, when substituted in (5), gives 
|ii2d_niO(2-w)=0, 



3 mO , |9m202 . ^mOz ^^ 

and (6) may be written 



Jlf= 



8'ud (Sz-3u) 
12 



(8) 
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These equations can be used to investigate a structure, the values 
of Zy 0, d, and m being obtained from the plans; with these values 
u may be found from (7), and this substituted in (8) gives «'. /, 
may then be found from. (3).. 

These equations can also be used to find the dimensions of a beam 
by trial, but for this purpose the following ones are better adapted: 

O^nHd; u^aH; M=^cdHK 
m is assumed = 10. 

In practice it has been found that a sufficient covering of con- 
crete over the bars is obtained when the ratio z to ^ is as follows: 

For slabs, -.^Ih, and H'^Ih; 
o o 

9 1 

For beams, z^rr^H, and h'^zrrH. 

When these values of 0, u, and M are substituted in (7), and z is 
made equal to ^H, it changes to 

and a-«.^„(_i+Jl+|.); (9) 

also, »-^(5-6o) (10) 

Substituting these values in equation (8) gives 

/ 20-90 .,,^ 

c-«'o— 3g— , (11) 

and equation (3) gives «'= _,, _g^> ; (12) 

and this value substituted in (11) gives 

'^'f'^'m^y ^^3> 

Substituting -^H for z in (9) and (10) gives 

•-^9-10») (10^ 
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Further, e-i/a}^^. (11-) 

'^-f'^'m^) ^'^ 

In a beam subjected to bending many experiments have shown 

1 '^ 

that the concrete elongates from to 7-777 before cracks appear. 

29 000 000 
This -would occur if the stress in the steel were — \ ' — =29,000 lbs., 

and, assuming that the bond between the steel and the concrete is 
not broken, the tensile side of the beam needs no investigation. 
This is not true for beams with a very large ratio of metal to con- 
crete, but in a beam designed with a view to combining strength 
and economy, such a ratio is avoided. 

To design the most economical beam it is necessary to find the 
relations between n, a, and c. Equation (1) gives, when O^ndH 
and u^aH are substituted therein, 

2 8' 
^ U 

From (12)or(12«): 

For Slabs. For Beams. 

^"307+3?;' ^==10777; (**> 

_50(aT_. ^_ 6(80^ 

9M108'4-/,)' "" MW+A) ^^^^ 

Equations (15) give the ratio between the concrete and steel in 
terms of the maximum stresses of these materials. Equations (14) 
define the location of the neutral axis in terms of the maximum 
stresses in the two materials, and (11) and (13) express the relation 
between the bending mcment and the dimensions of the beam. 

In designing reinforced-concrete beams or columns, the quality 
of the concrete is an important factor, and should be determined 
before making the computations. 

The maximum compressive stress to be allowed in the concrete 
should not exceed 400 lbs. per square inch, and should be reduced 
according to the quality (except for hooped columns, where the 
stresses may be higher — see Article 5, ariie). 

Shearing stresses should not be greater than 50 lbs. per square inch. 
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Table XL 

STRENGTH OF MATERIALS IN TENSION. 
(StreB o eB at the point of rupture in lbs. per sq. In.) 

Caft Iron (13,600 to 29,000) 16,500 

Weought Iron (^-25,000,000 to 27 ,000 ,000): 

Round or square bars (1-in. to 2-in.) 50,000 to 54,000 

Test-pieces cut from large bars (}-in. scjuare) 50,000 to 53,000 

Large bars (sectional area about 7 sq. ins.) 46,000 to 47,000 

Plates and structural shapes 48,000 to 51,000 

Plates over 36 ins. wide 46,000 to 50,000 

Wire 70,000 to 100,000 

Wire rope 90,000 

Steel (according to hardness) 65,000 to 120,000 

(£-27,000,000 to 30,000,000.) 

Timber (seasoned): 

White oak, American 10,000 to 18,000 

'• •' European 10,000 to 19,800 

Pine (white, red, and pitch) 10,000 

Long-leaf yellow pine 12,600 to 19,200 

Artificial Stone: 

Brick laid in cement mortar 280 to 30O 

Concrete to 300 

Lime mortar Oto 50 

Table XII. 

ULTIMATE RESISTANCE OF MATERIALS TO 00MPRE8SI0N. 

Lbs. per Sq. In. 

Cast iron 82,000 to 145,000 

Wrought iron 36,000 to 40,000 

White pine, American 5,400 

Long-leaf yellow pine 8,500 

White oak, Amencan 8,000 

" " British 10,000 

*' " Dantzic 7,700 

Brick, soft (in lime mortar) 550 to 80O 

Strong brick 1,100 

Fire-brick 1,700 

Granite 6,000 to 18,000 

Limestone 4,000 to 16,000 

Sandstone (ordinary) 2,500 to 10,000 

Concrete: Portland cement, 1; sand, 3 2 years old 2,600 

1; '• 2; stone, 4: 2 •• '' 3,000 

" •' " 1; " 3; ** 6:2 " •• 2,700 

*' Rosendale " 1; " 3; •' 4; gravel, 2 1,000 

f* Portland '* 1; " 1 ; ctnders. 3 l/XX) 

(£ for 1:2:5 concrete -2,000,000, approx.) 

(^ for 1:1:3 cinder concrete- 500,000, approz.) 
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CHAPTER VI. 
STRESSES CAUSED BY LATERAL WIND PRESSURE. 

As the points of support for an arch are the lowest points of 
the structure, any lateral forces tend to topple it over, and to keep it 
in a stable position lateral bracing is therefore necessary. 

The roadway is usually located above the arch and supported 
by columns, which arrangement affords an effective method for 
lateral stiffening. 

Wind pressure is the force which will tend to disturb the upright 
position of the arch, and to provide for this force two methods may 
be employed to transfer it to the abutments. 

(The horizontal framework which transfers the action of wind 
pressure to the abutments will be called "wind girders" in the follow- 
ing articles.) 

The first method, which is also the simplest for computation, 
is the one where the wind girder is located under the floor of the 
bridge; the bridge floor (buckle-plate construction) itself may alio 
form the wind girder. In this case the wind pressure is transferred from 
the arch to the wind girders by means of vertical lateral bracing, and 
the ends of the wind girders transfer the reactions caused by these 
forces to the supports of the arch by means of a framework. 

The second method employs two wind girders, one located under 
the bridge floor — as described under the first method — and the other 
in the cylindrical surface of the arch; the computation of the stresses 
in the latter is rather complicated. 

According id the nature of the structure and the condition of the 
locality, other methods may present themselves. These, however, 
can be considered as special cases, and a discussion of the two methods 
enumerated will be sufficient to indicate how others may be applied. 

I. First Method: The ^nd Girder under the Floor Resists all 
the Wnd Pressure. — In Fig. 46 AB and A'B' represent two arch 
ribs, and the wind girder is represented by CD, CD', The wind 
girder is assumed to be symmetrical with respect to the center, and 
the diagonals resist tension only. When the wind blows on the oppo- 
site side of the bridge, another system of diagonals (which has been 
omitted from the drawing) is stressed. 

207 
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The wind pressure is assumed to be concentrated at the panel 
points of the arch and at the panel points of the wind girder. The 
panel loads at the wind girder are directly transmitted to the points 
C' and D', and thence to the supports A, A' and fi, B'; the stresses 
in the members are computed according to the methods used for 
all framed girders supported at the ends. 

The panel loads on the arch are transferred through the lateral 

diagonals to the wind girder; for 
example, the force W is trans- 
mitted through the diagonal ac 
to the point c, and produces at 
b a downward vertical force P, 
at c an upward vertical force 
P' = Py and also a horizontal 
force W' = W. The vertical forces 
P and P' cause the reactions V 
and V\ and the horizontal 
thrusts H and H\ respectively, 
at the left and right supports. 
OL^ ^ The force TT' acts as a hori- 

zontal load on the wind girder, and its intensity is added to that 
of the direct panel loads of the wind girder, producing the horizontal 
reaction T at A\ 

When the length of the vertical ab is small as compared with 
the distance CC between the two arches AB and A'B\ a system 
of lateral bracing, as shown in Fig. 46a, may be used. 

The intensity of the wind pressure W at the panel points is com- 
puted in the usual way. From the figure, W'=W. To obtain the 
intensity of P and P', assume 6 or c to be the fulcrum; then 

hW=P'w=-Pw, 




JjFlg.46a. 



or 



P'= -P= 



hW 
w 



(upward and downward directions are respectively indicated by + 
and — ). 

The values thus found for P are vertical forces acting on the arch, 
and the computation of the stresses which they cause in the arch rib 
can be performed according to the methods described in Chapters II 
and III. 

The stress in L is compression, and is equal to W. The stress in 
Uy caused by PT, is tension, and is equal to W. To the stress U should 
be added the stress caused by the direct panel wind pressure at 6. 

The computation of the wind stresses is simple and does not 
require further explanation. There is, however, one point which 
deserves attention. 

The end frame AAV will be subject to temperature stresses. 
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as no provision can be made for lateral expansion and contraction at 
the supports A and A\ 

To determine these stresses, compute the maximum change in 
length in the member CC caused by an extreme temperature change. 
The sectional area of A'C and of AC are known. Apply a horizontal 
force equal to 1 in the direction of CC at the point C' , and compute 
the stress this force causes in the members A'C and AC. Com- 
pute from these stresses the change in length of these members, and 
from this change the horizontal displacement of the point C caused 
by a force=l. 

The total expansion or contraction of the member CC has already 
been computed, and the stresses in A'C and AC are as much larger 
than those caused by the unit horizontal force as the actual dis- 
placement is larger than the displacement caused by the unit force. 
(See Arts. 7 et seq., Chap. III.) 

2. Second Method: Two Wind Girders — One Located under the 
Floor SjTStem and the Other in the Cylindrical Surface of the Arch. 
— ^The first girder is computed according to the method described 
in the preceding article, and only the computation of the stresses in 
the second girder will here be discussed. 

In Fig. 47 this wind girder is shown with panel loads =17; IW 
is the sum of all these panel loads, and the distance a of its point of 
application from the Une AB can be readily determined. 

The vertical reaction V at the point A can then be found, viz. : 

2w 

The value of W is equal to the horizontal reactions caused by 

IW 
the loads W, or W'=—^. There is no horizontal reaction at A\ 

The value of H has to be found in an indirect manner. 

In Fig. 47a one panel has been shown on a larger scale, and the 
force Q (which is in the section) represents the sum of all the 
interior forces at the panel.* For the panel 1-2 of Fig. 47, for 
example, 



Now, from Fig. 


47a; 


, it follows that 






Q = Dm 


COS a cos c, 






W 

cosa==-, 


e 
cosc=j; 




/. 


0">-l 


or 2)^=0-. 



* This is equivalent to the shear in a simple girder. 
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Further, 



Vm=Dn,smc=Qf, 



w 



and 



Lm=Dm COS c sin a=Q— , 
w 



The forces are now all defined, and are indicated in Fig. 476; the 
value of H can be computed according to Chapter III or IV. 

To compute the wind stresses in the cylindrical wind girder, the 
method is as follows: 

(a) Compute the stresses in the chords of the wind girder, con- 
ceiving same to lie in a plane (see horizontal projection in Fig. 47c). 

(6) Compute the stresses in the diagonals in their actual position. 



Flg.47. 





Ftg47c 



•a' 



that is, in the cylindrical surface; and from these compute the vertical 
and horizontal forces at the panel points. 

(c) Compute from a and b the stresses in the chords of the wind 
girder according to Chapter III or IV. 

To obtain the stresses in the chords, combine the stresses de- 
scribed under (a) and (c) with those of the live load, the dead load, 
and the temperature, to give maximum and minimum stresses. 

The stresses in the wind verticals and the diagonals are obtained 
from (c). 

The additional stress in the arch rib, which is caused by lateral 
wind pressure, should be computed for long spans only; for short 
spans this stress can be neglected. 

In the previous paragraphs only simple systems of bracing have 
been illustrated Double systems should be separated into two 
simple ones, each resisting one-half of the wind pressure, and the 
stresses in the members which are common to both systems should 
be added. 

3. Forces Acting on the Arch. — Arches are used for bridges and 
roofs, and the forces acting on an arch are 
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(1) The dead load; 

(2) The live load; 

(3) Wind pressure and snow load; 

(4) Temperature stresses. 

In the foregoing chapters the intensity of each of these forces 
was assumed to be known; this article will deal with the determina- 
tion of the intensities of these forces in the order above enumerated. 

(a) The Dead Load. — ^The dead load may be considered as em- 
bracing all those forces whose actions on the arch are constant and 
cause permanent stresses. 

Thus, in the case of a highway bridge or a roof, the weight of 
the structure, including the weight of the roadway or the roof cover- 
ing, does not change, and this weight causes permanent stresses 
in the arch. To compute these stresses the character and distribu- 
tion of the load over the structure must be known, and some assump- 
tions must be made to render the computation possible. 

As regards the stone or concrete arch, the experience of the de- 
signer must very largely serve as guidance. Such aids, however, as 
may facilitate his woi*k, are given in Chapter IV [Arts. 1 and 6 (c)]. 

For the st^el arch some such empirical formula as the following 
may be used to calculate the dead load, but in this case also experience 
must guide the designer in its proper application: 

d,(0.1429i +1.78n)-f-p(0.309+0.169i -f-1.77n+0.9n2) +504 

^^ + (16.2-f-0.0513Z)nZ-f-2.052^ , 

L^4.3-.0.1429--0.762n 

where d= weight of arch rib with lateral 1 

and wind bracing, in lbs. per running foot of 

di= weight of roadway, bridge; 

p— live load, J 

Z=span in feet; 
_/ _ rise 
""2 span* 

The roadway of the bridge includes the floor-beams, the stringers, 
and everything supported by the stringers, such as the ties and rails 
on a railway bridge, or the floor, deck, and paving of a highway bridge. 

In designing a steel arch, its form is approximately decided on, 
also the mode of supporting the bridge deck. This, ordinarily, 
indicates the spacing of the floor-beams, and the purpose for which 
the bridge is built defines the spacing of the stringers and the nature 
of the deck. 

With these data the value of di may be determined, and sub- 
stituted in the formula. 
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The formula is written for a stress of 8,000 lbs. per sq. in. in the 
gross sections of the bridge members. For long-span bridges this 
stress may be higher, and the distribution of the material can be 
accomplished with greater economy (the construction factor is less). 

(The formula gives values which are from 10 to 15 % too large 
for very long spans.) 

To cover every case with an empirical expression is impossible, 
but for spans up "to 250 ft. the above formula is practically correct; 
for a span of 500 ft. its result should be reduced by 15%. For 
any span between these lengths the value should be reduced in pro- 
portion, or about 0.6% for each additional 10 ft. of span beyond 
250 ft. 

(6) The Live Load. — The purpose of this book does not permit 
of any discussion of this subject. 

In general it may be said that for highway bridges a uniformly 
distributed load plus one concentrated load (that of a road-roller) will 
suffice for all cases. 

The author uses in his practice over and above the distributed 
load a concentrated load of 3,000 lbs. for an arch ring 1 foot wide, 
or a load of 20,0C0 lbs. covering a width of roadway of 9 feet. 

For railroad bridges, wheel loads may be used in the computation. 
Such a form of loading makes the computation- unnecessarily laborious, 
and the method of substituting for these loads equivalent uniform 
loads gives equally as good results and lightens the work. 

The impact which may be caused by the live load is a rather 
indefinite quantity, and its effect on the arch is, to a large extent, 
influenced by the depth of the arch rib. The deeper the arch rib 
the more rigid the bridge. This rigidity, however, is offset by the 
temperature stresses, because the deeper the arch rib, the higher the 
temperature stresses will be. The designer has therefore to select 
from between these two, and ex{>eriencc and good judgment are here 
necessary. 

Many pocket-books give a variety of tables for the live load, 
and the author refers to them for more information on this subject. 

! III! nil I III! III! 

rig. 46. 

Fig. 48 shows two locomotives weighing 340,000 lbs. and covering 
a length of track of 105 ft. For a bridge which is longer than 105 ft., 
the additional length is covered with 2,500 lbs. per ft. per track. 

This is the standard loading in the United States; for a heavier 
loading the values are multiplied by 1.2, 1.4, 1.6, etc. From this 
figure a table can be made of equivalent uniform loads which will 
cause approximately the same bending moments as the wheel load. 
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Table XIII. 

STANDARD SYSTEM OF EQUIVALENT LOADS (PER FOOT PER TRACK) FOR 

RAILROAD BRIDGES. 



Snan in 


Load in 


Softn in 


Load in 


Span in 


Load in 


Pounde. 


Pounds. 


Pounds. 


10 


8,000 


21 


5,030 


55 


3,790 


11 


7,270 


22 


4,950 


60 


3,700 


12 


6,570 


23 


4.880 


65 


3,620 


13 


6,000 


24 


4,820 


70 


3,550 


14 


5,670 


25 


4,770 


75 


3,490 


15 


5,550 


30 


4,520 


80 


3,440 


16 


5,450 


35 


4,310 


85 


3,400 


17 


5,330 


40 


4,130 


90 


3,370 


18 


5,300 


45 


4,000 


95 


3,350 


19 


5,210 


50 


3,890 


100 


3,340 


20 


5,110 











To obtain the equivalent load for any heavier type of loading, 
multiply the above values by the ratio of the weight of the loco- 
motives and tenders to those of Fig. 48. 

(Tables XIV, XV, and XVI, which follow, are taken from Dr. 
J. A. L. WaddelPs ** De Pontibus," by permission of the author.) 

Table XVI gives coefficients of impact, the first column indi- 
cating the span of the bridge, the second column giving the impact 
coefficients for railroad bridges (which should also be used for electric 
railways), and the third column the same coefficients for highway 
bridges. 

To obtain the load per square foot to be used in the computation 
for a span of 50 ft., the use of the tables is as follows: 

For a city bridge carrying the heaviest traffic (Class A), the load 
is 112.5 lbs. per sq. ft., the impact coefficient is 1.5, and the load 
per sq. ft. to be used is 1.5X112.5=169 lbs. 

For a country bridge, the load is 75 lbs. per sq. ft., the impact 
coefficient 1.5, and the load to be used is 1 13 lbs. per sq. ft. 

For an electric railway bridge (Class I), the load is 830 lbs., the 
coefficient is 1.7273, and the load to be used is 1 ,434 lbs. per sq. ft., etc. 

(c) Wind and Snow Loads. — Values for wind pressure have been 
determined by experiments, and the maximum pressure (except 
in a tornado) on a surface which is normal t(» the direction of the wind 
is 45 lbs. per square foot for small surfaces, and 30 lbs. per square 
foot for large surfaces. 

Button found from his investigations that the intensity of the 
normal component of the wind pressure on a roof may be expressed 
by the empirical equation 

ti'=u sin a*-^ co« o-i^ 

where w'=the intensity of the normal component per sq. ft.; 
w=the pressure on a vertical surface per sq. ft.; 
a = the angle of inclination of the roof surface to the horizontal. 
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Table XIV. 

HIGHWAY BRIDGES. LIVE LOAD PER SQCARE FOOT. 
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Table XV. 

HIGHWAY BRIDGES— ELECTRIC RAILWAY. LOADS PER LINEAR FOOT 

OF^TRACK. 



(Loads cover a width of ten feet.) 
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Table XVI. 

IMPACT CX)EFFICIENTa 
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STRESSES CAUSED BY LATERAL WIND PRESSURE. 217 

This equation gives the following values for a pressure of 1 lb. 
per sq. ft. of vertical surface: 

o- 5** 10° 15<» 20" 25<» 30<» 35<» 40° 45° 50° 55° 60® 

ttXlb8.)-0.13 0.24 0.35 0.46 0.56 0.66 0.75 0.84 0.90 0.05 0.99 1.00 

When a is larger than 60®, u' is assumed to be 1 lb. per sq. ft. 

The direction of the wind is also often assumed to make an angle 
of 15® with the horizontal, which would mean that the pressure of 
the wind is exerted on a normal surface which is inclined 15° to 
the vertical. The vertical pressure on a roof is then equal to the 
wind pressure multiplied by the sine of 15® and acts on the hori- 
zontal projection of the roof surface. The horizontal pressure is 
equal to the wind pressure multiplied by the cosine of 15® and acts 
on the vertical projection of the roof surface. 

The last method is simpler in its application and gives good results; 
it has been used in Chapter III, Article 17. 

The intensity of the wind pressure is regulated by the location 
of the structure. In New York City, for example, 35 lbs. per sq. ft. 
is generally adopted as covering every condition. 

For railroad bridges the wind loads include a pressure of 300 lbs. 
per lin. ft. on a train, and the center of this pressure acts at a height 
of 8 ft. above the rail. This wind load may be treated in the compu- 
tation as a moving load. 

For the anchorage of the bridge the assumption is made that the 
whole structure is loaded with a train of empty cars which weigh 
1,000 lbs. per foot per track. 

For highway bridges the wind load includes a pressure of 250 lbs. 
per lin. ft. on a train of wagons, and the center of this pressure acts 
at a height of 6 ft. above the pavements. This wind load may also 
be treated as a moving load. 

The area exposed to the wind in a bridge includes the area of the 
windward girder plus 0.7 of the area of the leeward girder or 
girders. 

According to the locality, the snow load is estimated from 
10 to 30 lbs. per sq. ft. of horizontal projection, and it is assumed 
that no snow will remain on a surface which inclines 45®. (See 
Chapter III, Article 17.) 

(d) Temperature Stresses. — These are caused by changes in 
temperature. To what extent the structure is influenced by these 
changes depends on its location and on the nature of the structure. 

On steel arches their effect is very considerable; in addition to 
this the structure absorbs heat, so that the temperature of the 
steelwork often rises 25® F. above that of the surrounding air. For 
this reason the extreme changes in temperature for such a structure 
are assumed to be from 60® to 75® F. above or below the normal tem- 
perature, which should be assumed as 50® F. 

On stone or concrete arches their effect is relatively small, depend- 
ing largely on the amount of material covering the arch. Rarely will 
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218 ANALYSIS OF ELASTIC ARCHES. 

the temperature exceed 25® F. above or below the normal in a masonn' 
arch. 

It will naturally suggest itself that the influence of a change in 
temperature does not make itself felt in an equal degree and at the 
same time in all parts of the structure. This is applicable to the 
steel arch as well as to the one of stone. To make the computation of 
stresses possible a maximum change is assumed, and all intermediate 
conditions are covered by it. 

The coefficient of expansion for steel is 0.000007, and for stone 

or concrete .^ , for 1® F. Both coefficients are practically equiv- 

alent, and the same value is assumed in the case of the reinforced- 
concrete arch, which facilitates the computation of its stresses. 

4. Determination of the Type of Arch. — ^This article deals with 
the determination of the type of arch for a bridge. 

For roof trusses the selection of the type of arch is largely de- 
pendent on the character of the building, and so many conditions 
govern its selection that it is impossible to lay down broad rules. 

In general, the roof arch is of the two- or the three-hinged type. 
The two-hinged type is preferable for its greater rigidity, since the 
displacement caused by expansion and contraction is distributed over 
its whole length. In the three-hinged type all this displacement is 
confined to the crown hinge, and in flat roofs it may be considerable, 
necessitating constant care and watching against leakage. 

The use of tie-rods to fix the abutment hinges in position should 
be avoided, if possible, in all cases whera these rods are out of reach 
for easy inspection. 

The type of arch for a bridge must be one of the following three: 

(a) The three-hinged arch; 

(b) The two-hinged arch ; 

(c) The hingeless or fixed arch; 

and for the one decided upon it must be determined whether it should 
be built as an arch rib or as an arched framework. 

To enable an intelligent selection to be made the comparative 
advantages of each system will now be discussed. 

(a) The Three-Hinged Arch. — ^The stresses in the three-hinged 
arch are statically defined and are easily computed. This advantage, 
however, should not carry any weight, as the foregoing examples 
have shown that with the author's method the two-hinged arch 
oilers no greater difficulty, and computation of the stresses in the 
hingeless arch is only a httle more laborious. Changes in tempera- 
ture cause no stresses in the three-hinged arch, and, with a proper 
supervision of the erection, no unknown stresses can develop in it. 
Yielding of the abutments, unless excessive, does not create appre- 
ciable stresses in the arch. These advantages have given the three- 
hinged arch a preference, but the disadvantages attached to this type 
nevertheless are well worthy of consideration. In the first place, the 
wind bracing is interrupted at the point where it should resist the 
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greatest stresses. Second, the vertical movement of the crown caused 
by temperature changes is about one-third larger than in either the 
two-hinged or the liingeless arch, and this ratio increases for the 
deflections caused by the live load, particularly under the influence 
of single heavy loads. Its horizontal displacement also is larger, 
and when the roadway is required to be water-tight, this type of 
arch cannot be considered. 

(h) The Two-Hinged Arch. — ^The computation of the stresses 
in this arch, as mentioned under (a), can he performed with the same 
precision as that of the three-hinged arch and without more labor. 
Its vertical movement caused by live loads and temperature changes 
is less than that in the three-hinged arch. 

On account of the temperature stresses developed in the arch, 
more material would apparently be required for its construction. 
In this connection, however, the fact should not be lost sight 
of that a maximum live-load stress, together with the dead-load 
stress and a maximum temperature stress, requires a combination 
of circumstances which will rarely, if ever, occur during the life- 
time of the bridge. For this reason it is good practice to allow here 
a higher stress in the material, and steel may be stressed with at 
least 1,200 lbs. per square inch more, while for reinforced concrete 
and good stone masonry the stress may be increased by 100 lbs. 
per square inch. (In the examples given the author has used for 
reinforced concrete a maximum of 600 lbs. per square inch.) 

When this permissible increased stress in the material is considered, 
and in addition the greater relative cost of construction for the crown 
hinge, and the increased quantity of metal required in the wind bracing 
of the three-hinged arch, it can be safely stated that the two types 
of arches are on an equality as regards their costs of construc- 
tion. 

(c) The Hingeless Arch. — This is the most rigid t3rpe of all, and 
in this regard it exhibits an advantage over the two-hinged arch. 

The examples which have been given show that the computation 
of its stresses requires more labor, and also that a slight jnelding 
of the abutments very materially influences the stresses in the arch. 
In most cases this latter can be prevented; but where unavoidable, 
the hingeless arch must be left out of consideration. 

On account of the intricacy which has hitherto characterized 
the application of the elastic theory, and the uncertainty regarding 
the stresses in the arch as obtained by any other method, this type 
of arch has been neglected to such an extent as almost to amount 
to prejudice. 

Extensive experiments for the Kaiser Wilhelm Bridge at Miingsten, 
however, have shown that the hingeless arch not only requires less 
matorial for its construction than does the two-hinged type, but that 
the distribution of the metal is such that its cost of erection is less. 
With this economical showing and the employment of the simple 
and dependable method of computation outlined by the author, it 



Digitized by 



Google 



220 ANALYSIS OF ELASTIC ARCHES. 

would seem that no valid objection could now be made to the use 
of the hingeless arch. 

(d) Arch Rib. — All masonry or concrete arches are built of 
solid ribs. In the construction of the steel arch, however, a selection 
can be made of either the rib or the frame; and the rib may be solid, 
or it may be composed of chords and web members. 

The rib arch gives a more pleasing and esthetic effect than the 
framed arch. As regards the material required for construction, 
there is no substantial difference between the two; the rib, however, 
shows a slight disadvantage in this respect. 

(e) The Arched Framework. — ^Though its esthetic effect is not 
so pleasing^ the arched framework possesses great advantages in 
erection, especially in places where falsework would be expensive 
or impossible. This subject was extensively discussed in Chapter 
III (Art. 7). 

5. Comparison of Stresses and Deflections in the Three Types. — 
(a) Yielding op the Abutments (Stresses Caused by). — Three- 
Hinged Arch. — From equation (28) of the Appendix, 

where M represents the increase in the span caused by the yielding 
of the abutments. 
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8(/+J/) 8/' 

JH_ fM(.2l+Jl)-PJf 
*"' H P{f+Jf) ' 

2 (XK) 
and again J/= — 3 ins., JZ=1 in. Taking Z=2,(XX) ins., /= ' , and 

substituting these values together with those above for Jf and M 
gives 

^=0.0193. 
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Two-Hinged Arch, — From equation (121) of the Appendix, for a 
parabolic arch rib with an approximately constant section, 

96 / 

At- ^^hiUlt 

'^ 8 FP 
and substituting I^-^F gives (when F=area of the arch rib) 






^/ 1 o« T7 iKiav ^*» 



'"'('-i^l 



and assuming that 

h 1 1 1 1 J .u . / 1 

/■= 3 4 5 10'^^^*^*^/-= 12' 

h 1 1 1 1 1 r ^7 1 • 

^^^' r= 36 48 60 120' ^^' "^ "^^^ '^- 

i/=-2.22 -2.272 -2.297 -2.332. 

(For a three-hinged arch J/=3 ins.) 

These figures show not only the comparative deflections of the 
two types of arches, but also the influence of the depth of the arch 
rib upon the deflections in the two-hinged arch. 

When, in Equation (110«) of the Appendix,-j is substituted for £^i(;f, 

the horizontal thrust then changes to 

IbEI Jl IbEFh^ Jl 

JJti- 



8p{,+|')' 32;»+15*M' 



FP/ 
and if, again, 

2-2,000 ins., Jl"! in., and J? =29,000,000, 

when ^=3 4 5 10 

^=717 413 267 68 lbs. per sq. in. 
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The stresses developed at the crown of the arch by the jdelding 
of the abutments 



AH 
=n=- 



('4')- 



AH 
If the values of -pr which are given above are used and 
r 

t 

4 (as before) =3 4 6 10 

n 

ni4= -3,585 -2,891 -2,403 -1,292 lbs. per sq. in. 

ni= 5,019 3,717 2,937 1,428 *' •* *' " 

(The inferiors u and I indicate upper and lower chotds, respectively.) 

These values show the injurious efiFects of a yielding of the abut- 
ments on a two-hinged arch, and that these stresses increase with the 
depth of the arch rib. 

The effect of a yielding of the abutments on a hingeless arch is 
greater and has been specially dealt with in Chapter IV, Article 8. 

(6) Deflections Caused by Changes in Temperature.— From 
the analysis given in the Appendix it follows that the effect of a change 
in temperature on the stresses in the arch rib increases with its depth, 
in the two-hinged and the hingeless arches. In the three-hinged 
arch this change develops no stresses. 

The crescent-shaped two-hinged arch, however, is an exception, 
its temperature stresses being comparatively low. 

To compute the temperature stresses the analysis in the Appendix 
on this subject gives all the necessary information. 

To facilitate its application the equations have been written in a 
simple form, viz.: 

TvxhHinged Arch with Parallel Chords: 

n,- ±^10*32 -j ,R/fc\2' 



15Ay 
32\// 



1+32 

and if £=29,000,000, and to=0.000007 for steel (£to=203), the 
stress caused by a change of l" F. is 

2|-T1 
n,- ±3,045- 



32(r) +15 



4) 
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STRESSES CAUSED BY LATERAL WIND PRESSURE. 223 
Two-Hinged Crescent-Shaped Arch: 

2I-TI 
nt= 101.5- 



Hingekaa Arch. — When n© is the stress at the crown and n^ the 
stress at the abutments caused by a temperature change of 1*^ F., 
and when in the numerator the upper sign is that of the stress in 
the upper chord and the lower 6ign that of the stress in the lower 
chord, 

"*"l6/2 



and when EwTOS, 



h 2 
n,= ±380.& 



fe2, 16 



and when Ew=203, 






n«-T761.2^-^. 



To compare the relative stresses in the two t3rpes a table has 

been made for various values of -j-, and a temperature change of 

1° F. gives for the hingeless arch the stresses in the bottom chord 
at the crown, and those in the top chord at the abutments; for the 
two-hinged arch the stresses in the bottom chord at the crown; and 
for the crescent-shaped arch the chord stresses (which are constant 
over the full lengths of the chords). 
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The actual stresses may be obtained by multiplying the figures 
by IPt 

1. 0128 45 10«o 

A 

HiNOELESs Arch: 
Abutments: top chord 203 349 308 241 191 157 79.4 
Crown: bottom chord 203 250 195.5 145 110.5 88.5 42.5 
Two-HiNOED Arch, bot- 
tom chord at crown: 

Parallel chords 203 194 106.5 70.5 51.6 40.8 19.6 

Crescent^haped 203 121 59.7 38.4 27.8 22.1 10.6 

(Stresses in lb.s. per sq. in.) 

The vertical movement at the crown caused by changes in tem- 
perature can be computed from equations (28), (120), and (173) 
of the Appendix. For flat arches with practically constant sectional 
areas, the following approximate equations may be developed: 

Three-hinged arch: Jf^-^rutlCl -{-- D 

Two-hingedarch: J,- (^ ^ +2J)-J|^ 

"^32/2 

For a ratio of -7** 10, a temperature change d 180° F., and to= 
0.00126, 

when ^ = 12345 10 00 

J/ (hingeless arch) -^ Po 4 4 sk 4 3l7 ^ ' 

J/ (two-hinged arch) 'ioism^Q^mm'^^ 

Jf (three-hinged arch) = -rrr constant x I 

For -T =00 the three types of arches should give equal values; 

the differences result from the assumptions which are made in the 
above approximate equations. 
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This table shows that there is not so great a difference between 
the two-hinged and the hingeless arches as there is between the two- 
and three-hinged arches, and, though the stresses caused by tem- 
perature changes are greater in the hingeless arch than in the two- 
hinged arch, the deflections are nearly the same, for all practical 
purposes. 

To show the comparative effects caused by changes in the ratio 

Yj the following table is made out for 7=8^ 



''\ 


9 


10 


11 


12 






ffingeless arch, J/ - ^^ 


1 

454 


1 

416 


1 
383 


1 
355 


X 


I 


Two-hinged arch, ^/ = ^ 


1 

428 


1 
394 


1 
364 


1 
338 


X 


I 


Three-hinged arch, ^/ = 3gg 


1 

347 


1 
314 


1 
287 


1 
264 


X 


I 



This table shows the relative temperature deflections in the three 
t3rpe8 of arches even more strikingly than the former one. 

(c) Vertical Deflection of the Crown Caused by the Live 
Load. — ^The following equations may be deduced from equations 
(57), (113«), (167), and (168) of the Appendix. 

For a fully-loaded bridge with a uniformly distributed load: 

I vP P/ 8 P\ 
Three-hinged arch: ^f^-^jp-py-^^p) 

1 pp i 2h I f\ I 

Two-hinged arch: jf^-y[—-+2i^) , 

'"■^32/2/ 

Comparing these equations with those which give the deflections 
caused by a change in temperature shows that the relative deflec- 
tions correspond. 

The greatest deflection of the crown is approximately obtained 
by loading either the middle third or the first and last thirds of the 
span. 

From the above equations the following expressions may be 
deduced for the deflection of the crown, it being assumed that the 
middle third of the span is loaded: 
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1 ^2 5,400+148^+2,025^ 
Three-hinged arch: ^f'^-^y gj; '- 

1 ^ 92,928+320^+9,225| 

Two-hinged arch: J/= -r^^ |^ p '— 

1,944 ^./^ 384+180^ 

r 

1 W2 18'048+32g+2,2055 

Hingeless arch: J/- j^ ^ j^ '- 

l.»**^* 64+180^ 

For 7— 10 these equations give the following values: 

When 4- 1 10 

Hingeless arch: ^/=0.61^ 4.36^ 

Two-hinged arch: J/=0.963|p 5.62^ 

Three-hinged arch: J/= 1.91^ ^^-^^^ 

These values show the large deflection of the three-hinged arch, 
as compared with the other two types. 

The deflection of the crown caused by a single load at the center 
of the arch shows this disadvantage of the three-hinged arch still 
more. 

The equations are as follows: 

Kl ^+15«+^ 
Three-hinged arch: ^f"^^ ^ 

Kl 600+60^+^ 

Two-hinged arch: Jf=:^^ ^-p— 

^^^ 32 + 15^ 
P 

P P 
„. 360+45p+T2 

Hingeless arch: ^f=-^Ww yfi- 

^^^ 16+45^ 

r 



El 
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(d) Horizontal Displacement of the Crown Caused by the 
Live Load. — ^This displacement may be computed from equations 
(40) or (56) of the Appendix, for the three-hinged arch. 

For the two- and three-hinged arches these displacements are 
the same. For the hingeless arch the shifting of the crown caused 
by a single vertical load 



-'■'Zm-4)M)' 



and the maximum shifting of the crown (when ^= distance from 
a single load to the abutment, ^ = length of uniform load measured 
from the abutment) is as follows: 



Two- and three-hinged 
arches 



Hingeless arch. 



single load, g =iZ, "^^c^^sihEF'' 
uniform load, ^=J/, ^^c=2^ p|^. 
single load, g^0.2S9l, Jx,^^^,^; 

uniform load, g'^il, ^^« = 543 ^ |^ • 

These equations show the great advantage of the hingeless arch 
over the other two types. 

(c) Angular Displacements at the Hinges. — ^These are directly 
obtained from the equations on page 248 of the Appendix. 

For the two-hinged arch the angular deflection caused by a single 
load is, according to equation (112) of Appendix (see also foot-note 
on page 284), 



Ja = 






32+1% 

r 



and that from a change in temperatuie 

A on J J^IZAA 
/ 32 + 15^' 

6. The Abutments. — ^The abutment resists all vertical loads, 
the horizontal thrust of the arch, and often also the horizontal thrust 
of the earth-fill. These horizontal thrusts act in opposite direc* 
tions, and the resulting thrust must be less than that caused by 
either force. 



Digitized by 



Google 



228 ANALYSIS OF ELASTIC ARCHES. 

In computing the stability of the abutment, the thrust caused 
by the fill is not usually considered, except as an addition to the 
factor of safety, because the bridge must be secure before the filling 
is placed behind the abutments. 

The abutment must in the first place be secure against over- 
turning, and consequently it should be able to withstand the action 
of the arch when the earth pressure behind the abutment is neglected; 
and it should also withstand the action of the earth pressure when 
the counteraction of the arch is neglected. This, however, is given 
only as a general rule — special conditions will dictate their own rules. 

In addition, the abutment should be secure against sliding, which 
is liable to occur, particularly in flat arches. The forces acting in 
the abutments often require that the joints in the masonry be laid 
at an angle with the horizontal. The friction angle can be assumed 
as 22°, and this requires that the line of pressure shall not exceed 
an angle of 22® with the perpendicular to the joints in the masonry. 

A good method of construction for large stone arches is to con- 
tinue the abutment as a part of the arch to the foundation bottom, 
increasing the dimensions of the arch rib graduall)'^ so that the pressure 
on the foundation remains well within the limit of safety. This 
construction will make the center line of pressure also the center 
line of the abutment, and all joints are then at right angles to this 
line. (See Fig. 35, — Syra Valley Bridge.) A very good example of 
this construction is presented in the stone bridge over the Petrusse 
Valley, in Luxemburg. 

It is impossible to lay down general rules, as each case should 
be investigated for itself. 

In computing the stresses in the abutments the graphical method 
is preferable, as all the important elements in the design can be clearly 
shown, while it is difficult to handle them analytically in anything like 
as effective a manner. Special attention should be devoted to the 
manner in which the stresses are distributed over the foundation, 
as it is usually there that any yielding of the abutments originates, 
and the liberal use of material in that part of the structure is of 
great advantage. (Art. 8, Chapter IV, shows the injurious effect 
of a yielding of the abutments in a large arch.) 

To compute the continuation of the line of pressure of the arch 
in the abutments, they should be divided into panels, in the same 
manner as is the arch; and the weight and the center of gravity 
of each of these panels should be found, and force diagrams con- 
structed in the same manner as was described for the stone arch. 
Those parts of the abutment that can be considered as inactive in 
the distribution of the stress should be left out of the computation; 
though they form part of the main body, their homogeneity with it 
may be disturbed. 

The plane of the foundation should preferably be at right angles 
to the line of pressure. 

To determine the thickness of the abutments for small arches, and 
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in the preliminary design of arches of moderate span, Trautwine's 
formula gives good results: 

^=0.2r+0.1/+2, 

where <= thickness of abutment; 
r= radius of curvature; 
/=rise of the arch (all dimensions in feet). 

This in connection with his equation for the depth of the arch 
rib at the crown (on page 105) gives good dimensions for arches of 
spans under 50 ft. For longer spans and good material and work- 
manship, the dimensions for the abutments, as obtained from this 
formula, are too large. This is, however, a defect which is inherent 
in all empirical formulas, and results from the very nature of the 
structure. The author's formula for the dimension of the arch 
at the springing line, which is also the dimension of the abutment 
(see page 145), is not free from this objection, as there explained. 

7. The Intermediate Piers. — These piers are generally subjected 
to large stresses, and the greatest care should be used in their design. 
Apart from their own weight and that of the arches resting on them, 
they resist the horizontal thrust of the arches for various conditions 
of loading. 

The stresses in the masonry should be investigated in every part, 
and this, in connection with the condition of the foundation bottom, 
should determine its dimensions. Special care should be taken that 
the line of pressure in the pier is always located in the middle third 
(the core) of the pier, so that all stresses are compressive. Oiten the 
use of reinforced concrete may be advantageous, and the compu- 
tation of the stresses in the pier should be made in the same manner 
as for those in the stone arch rib, as analyzed in the Appendix and 
in Chapter V, Arts. 2, etc. 

The safe stresses in a pier cannot be assumed as high as those 
in the arch, particularly when the pier stands in water. The strength 
of wet masonry, and especially of wet concrete, is less than that 
of dry concrete. This fact is well known; but experiments to deter- 
mine their relative strengths have been few in number, and there 
are no reliable data on the subject. The author uses in his practice 
for good concrete (1 :2:5) a compressive stress not to exceed 300 lbs. 
per sq. in., or, in round figures, 22 tons per sq. ft. For good stone 
masonry he uses the same stress and makes reductions according 
to the quality of the work. (No tensile stresses are to be allowed.) 

For 1 :2:4 concrete, deposited imder water, he confines the maxi- 
mum stress to 20 tons per sq. ft. 

In dimensioning the piers the first condition to be investigated 
is the maximum pressure which results from the greatest load that 
may have to be supported by the piers. This occurs when the two 
adjoining spans are fully loaded. In many cases these spans are 
equal, and the resultant force of all the loads acting on the pier is 
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then vertical and coincident with the center line of the pier; and 
there is no horizontal thrust acting in the pier. 

The next condition to be investigated is the maximum horizontal 
thrust which may act on the pier (overturning of the pier). For this 
purpose one span is loaded so as to make the horizontal thrust a 
maximum at the same time that the distance between its point of 
application and the bottom of the pier is the greatest. (The maxi- 
mum turning moment is then to be found.) The other span is loaded 
so as to make the turning moment a minimum. 

This condition of loading gives a resultant force which is not 
vertical and does not coincide with the center of the pier. With 
this resultant the stability of the pier and its stresses are investigated, 
first at the highest, and then at the lowest, water-level, and the pier 
is to be designed for the condition producing the maximum stresses. 

In Chapter IV is described and illustrated the procedure for 
finding the maximum overturning moments, and Chapter V gives 
the method for determining the stresses in the pier. Any discussion 
of the stresses in the pier which did not also consider those in the 
arch would be unsatiaactory and misleading (in many cases), and 
the author therefore refers to these chapters for such particulars. 

The water is assumed to penetrate under the foundation of the 
pier, when the latter is to be investigated for overturning. To obtain 
the pressure on the foundation this point must be definitely settled; 
because when the water cannot penetrate imder the pier, the water- 
level is immaterial in computing the weight of the pier, which is then 
determined by the specific gravity of the masonry. The pressure 
on the foundation is considerably greater in this case. 

It is generally safe to assume that the water does penetrate under- 
neath the foundation, and in this case the pressure thereon is less 
than if otherwise. 

The overturning moments caused in a pier become large when 
the two adjoining spans differ in length. Usually in the shorter 
span the rise of the arch decreases in the same ratio as the span. 

If the horizontal thrusts of the two adjoining spans are the same, 
the rise of the arch should decrease in the same ratio as the squares 
of the spans. (This is approximately true — see analysis in the 
Appendix.) 

In designing a succession of arches, however, esthetic considera- 
tions dictate that the springing lines of all the arches must be in the 
same horizontal plane, that the center span be the longest, and that 
the adjoining spans to th^ right and left of the center decrease in 
length. 

It is generally conceded that five spans give the best esthetic 
effect. The lengths of these spans should decrease from the center 
to the shore in about the proportions 102, 98, and 96; and their rises 
decrease as 9.75:9:7. The intermediate piers in such a structure 
will be subjected to bending moments, which will increase consider- 
ably with the depth of the foundation. 
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When in connection with such a bridge the water rises to a level 
where it submerges part of the arches, special care should be ex- 
ercised in the design of the intermediate piers; because such a succes- 
sion of arches may be safe at low tide, but dangerously unstable at 
high tide. 

The points here referred to may not properly belong in a work 
dealing with the application of the elastic theory to arches; but 
the shape of the arch is the very foundation on which all compu- 
tations are based, and the points mentioned have been included 
for the purpose <rf calling attention to facts of which the theorist 
may completely lose sight. 

8. Dimensions of Existing Arches.— To guide the designer in 
his preliminary work, tables of existing arches have been added; and 
for a few the source of information is given, to enable him to look 
up such details as may be of interest. 

To determine the form of loading, especially for bridges, and 
the allowable stresses in materials, reference should be made to the 
maqjr standard treatises and pocket-books devoted to these particular 
subjects, as they hardly come within the province of the present 
work. 

The author refrains from giving any tables on these subjects, be- 
cause, in stone and masonry arches especially, the character of the mate- 
rial, the location of the arch, the purpose for which it is used, the 
facilities at the command of the builder, and the experience of the 
engineer, are all factors which enter into the determination, and which 
are incapable of nimierical expression. For this reason such tables 
would only lead to error, or, were the values so low as to be safely 
applicable under all conditions, they would entail an extravagant use 
of material. 

Table XIX gives the material stresses for many existing masonry 
arches. A study of this table shows a wide variation in the stresses 
employed; for example, in the Kaiser Wilhelm Bridge (No. 67) 
the stress in the granite is as high as 750 lbs. per sq. in. Such a 
stress, in the best of material, in a design where the engineer is ab- 
solutely certain of the line of resistance in the arch and the intensity 
of the force, is safe. If, however, it were entered in a table as the 
. permissible stress in granite, it would, unquestionably, lead to erroneous 
assumptions. 

Also, in the examples of Chapter TV, stresses of 600 lbs. per sq. in. 
have been used in concrete. This is a very high value, but what 
was said in a preceding paragraph applies equally here; it is the 
experience and ability of the engineer which must establish these 
factors. 

The radius of curvature at the crown of the Syra Valley Bridge 
is 220 ft.; in Table VII the radius of curvature for this arch is given 
as 234 ft., which shows that the intrados is not: a circular arc, as 
has been assumed in Chapter IV. 
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Table XVII. 

WROUGHT-IRON AND STEEL ARCHES. 



Na 



Location. 



No. 

of 

hinises. 



Span 

in 
feet. 



Rise 

in 

feet. 



Description. 



9 
10 
11 

12 
13 

14 
16 
16 
17 
18 



10 
20 



21 



24 
25 



27 



31 
32 



34 
35 



Niagara Bridge 

Viaur Viaduct, Fnmce . . . 
Rhine Bridge, Bonn 

Rhine Bridge, Diiflseldorf . 



Luii I, Dooro, Portugal . 

Niagara 

Garabit Viaduct 



Douro Bridge, Oporto, Portu- 



pffll 



Maria 

GrOntnal B'dge, Oestaee Canal 
St. Louis, Miasisaippi River . . 

Washington Bridge, New York 

Wupperthal Bridge, Mueng- 
stea 



Zambesi River, Africa . 

Fademo V iaduct 

Minneapolis 

Rochester Bridge 

Rhine Bridge, Worms . 



} 

2 

3 
2 
2 



Pont de Saegedin 

Austerlits Bridge, Paris . 



.Ry. 



Stony Creek, Can. Pac, 

Pons PalatinuB 

Cobleni, Rhine 

Pesth 

Areola Bridge, Paris 

Blauw-KrantB 

Pont Moran de Rhdne 

Verona 

St. Giustina, South Tyrol 

Pont de Rouen 

Frans Bridge, Danube River . 

Garibaldi Bridge, Rome 

Cerveyrette Gorg;e, France . . . 

Cedar Ave., Baltimore 

Albert Bridge, over the Clyde. 
30th Street Bridge, Phila 



3 

2 

2 

2 




2&0 

2 

2 
2&0 

3 





3 

2 



854 
733 
626.4 

604.2 

675 
650 
650 

533 

525 
522 
520 

517 

500 

(clear) 

500 
402 
456 
416 
387 



361 
357 



336 
334 
315 
305 
262.5 
220.6 
221.1 
210 
106.8 
170.1 
177 
173.7 
172.2 
150 
114 
64.1 



172 
170 
76.3 

02.3 

148.4 
116 
173 

104 I 

122.4 
71.8 
47 

03.2 

22o| 

00 

123 

00 

67 

58 
(rise of 
bottom 
chord) 

28 

30 



80 

456(rad.) 

31.5 

8 
20.2 

97 
14.6 
32.8 
36.7 
14.0 



6.3 
37.7 



Arch rib, parallel chords, height 
26.4 ft.; latticed web. 

Two cantilevers with anchor arms, 
each 317 feet long. 

Spandrel-braced; curved upper 
chord; depth at crown-* 16 ft., 
at abutments— 35 ft. Abut- 
ment verticals are anchored to- 
gether under the roadway. 

Spandrel-braced; curved upper 
chord. 

Spandrel-braced. 

Crescent arch; depth at crown*" 

33 ft. 
Crescent arch rib; depth at 

crown— 20 ft. 

Crescent arch. 

Arch rib, parallel chords; latticed 

web. 
Arch rib. parallel chords. 
Arch rib; depth at crown— 5 ft., 

at abutments— 13 ft.; latticed 

web. 
Spandrel-braced. 

Spandrel-braced. 

Spandrel-braced. 

Spandrel-braced; height of span- 
drel at hinges, 41.7 ft.; at crown, 
0.6 ft. Abutment verticals are 
anchored together under the 
[roadway. 

Each half is crescent-shaped, rest- 
ing on brackets 54.7 ft. long; 
total span- 466 ft. 



12 



Arch Tib. paralle] 
Spandrel-braced. 

Spandrel-braced. 



Spandrel-braced. 
Spandrel-braced. 

Spandrel-braced. 
Latticed spandrels. 



llel chords. 



Repsrences (by number). — Annales des Fonts et Chauss^es: 2 (1808, I, p. 216; II, 
p. 329)-^ (1878, I, p. lOiy— 25 (1854, II. p. 246). Deutsche Bauseitung: 18 (1806, p. 100; 
1000, pp. 560 and 585). Engineer (London): 26 (Vol. 50, No. 1522). Engineering News: 
6 (1886, II, p. 7)— 7 (1885. iTp. 540)— 14 (1006, Oct. 5)— 20 (1005, Dec. 7)— 36 (1870, I, 
p. 60). Hutton, W. R., "The Washington Bridge over the Harlem River at New York": 12. 
Railroad Gazette: 6 (1806, Apr. 24). Scientific American: 12 (1886, p. 278)— 16 (1886, 

6 255). Springer. Julius, "The Wupperthal Bridge," Berlin, 1004: 13. Woodward, C. 
., "A History of the St. Louis Bridge," 1881: 11. Zentralblatt far Bauverwaltung: 1 
(1808, p. 318; 1800. p. 666)— 3 (1808. p. 617)— 10 (1801, p. 214; 1804, p. 508)— 20 (1800, 
p. 220). Zeitschrift far Bauwesen: 23 (1864, pp. 305. 620. 625). Zeitschrift des Oest«r- 
reichischen Ingenieur- und Architekten-Vereins: 10 (1883, p. 7). 
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Table XVIII. 

WROUGHT-IRON AND STEEL ROOFS. 



No. 


Location. 


Number 

of 
hinges. 


Span 
feet. 


Rise 

in 

feet. 


Remarks. 


1 


Liberal Arts Building, Columbian 
Exposition, Chicago 


3 
2 
3 
3 
3 

2 




3 
3 

3 


368 

361 

300 

259 

252.7 

240 

209 

181.6 

176 

171.3 

155.5 

118.7 

115.2 


206.3 

108 

108.5 

88 

89.8 
124.8 

78.7 

91 

62 

55.6 

77.5 

54 

93.5 




2 
8 


Main Building, Lyons Exposition .... 
Trainshed, P liladelphia, Pa 




4 


Station, Phila., P. & R, Ry 




5 


Jersey City, P. R. R 


Tie-rods. 


6 


St. Pancras Ry. Station 




7 


Trainshed, Cologne 




8 


Dome of Horticultural Building, Co- 
lumbian Exposition , . 




9 
10 
11 
12 
13 


Drill Hall, 22d Regiment, N. Y 

'' *' 12th Regiment, N. Y 

" ' ' .1st Regiment, Chicago .... 

Dancing Hall, Saltair Beach 

Machinery Hall, Columbian Exposi- 
tion, Chicago 


Tie-rods. 
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APPENDIX. 

Notation. 

-4= left support. 
jB= right support, 

= total length of the arch axis. 
C= crown of the arch, 

= center of gravity of the section. 
2)= axis for the ordinates of the arch axis in the hingeless arcL 
£ = modulus of elasticity of the material. 
F= total area of a section of the arch rib. 
Fo= average area of a section of the arch rib. 
jH= horizontal thrust caused by vertical forces. 
fli= '* •• '* ** horizontal forces 

I —moment of inertia. 
7o= average moment of inertia. 



■'f^^df[{5)findm]. 



X= vertical force. 
L= single force acting in an arbitrary direction. 
Af =bending moment; Af:c=bending moment at a:. 
9n:= bending moment of a simple beam. 
iV=core point of an arch-rib section. 

(N' upper core point, No lower core point.) 
2)=^ vertical reaction of the forces o [see equation (116)]. 
P= axial force (segment of an equilibrium polygon). 
P= uniformly distributed load. 
Q = horizontal force. 
fi= reaction at the supports (Bi= reaction at i4, -82= reaction 

at B). 
S = shearing force. 
V= vertical reaction (Fi = Teaction at A. Va—reaction at B). 

Tr= /**^y2(f8+^B cos a [see equation (IIC^)]. 

Jo ^^ ^0 
X= ordinates of the closing line of the moment polygon in the 
hingeless arch; Xi^end ordinates at A and B, and ^2= 
ordinate on the vertical axis at the center of the span. 
y= vertical axis passing through the center of the span in the 

hingeless arch. 
Z=axis. 
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a = angle which the plane of section makes with the vertical, 
oo = ' * " " axis makes wi t h the horizontal at the support. 
6= *' " " resultant R makes with the tangent at (x, y). 
c = lever arm of the force R. 
coordinate of the closing line of the moment polygon from 

the axis AB. 
d^atigle which the load L makes with the horizontal. 
d=panel length; do= average panel length. 
e = angle which the chord of the arc makes with the horizontal. 
6=ordinates of the closing line of the moment polygon from 

the axis DD. 
f-i'\se of the arch, 
= an element of area of the section. 
p = distance of the load L from the support A or B. 
^ = * ' * ' * ' * ' L from the support to the point (x, y) of 

the arch axis. 
^' = length of a uniform load measured from the support A. 
A = depth of arch rib. 
t = radius of gyration. 
; = distance between the core points and the gravity axis of section. 

/= length of span. 
7n = reference letter for panel point. 

?w,= ordinate of the horizontal-thrust curve multiplied by the pole 
distance p and the average panel length do. 
n = normal stress p)er unit area of the section. 
O^the forces for the construction of the deflection curves [see 

equations (111) and (116)]. 
p= lever-arm of the force P, 

= pole distance of the force polygon. 
g= lever-arm of the horizontal force Q. 
r= radius of curvature of the arch axis. 
«= length of the arch axis between the points (x, y) and (x', y'), 

or between the points and (x, j/). 
^= temperature in degrees F. 

w = horizontal ordinate of the section of the arch rib, 
= abscissa of the point of application of the force Q. 
©= vertical ordinate of the section of the arch rib. 
ii>= coefficient of linear expansion of the material for a change of 

temperature of 1® F. 
x=abs'*issa of a point on the arch axis. 
ocq= " " the intersection locus for horizontal forces. 
J/ = ordinate of a point on the arch axis. 
2= *' '* the intersection locus for vertical forces. 
2i = ordinate at the left support. 
22= " ** *' right support. 
2^= *' on the load line. 
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CHAPTER VII. 
MATHEMATICAL ANALYSIS OF THE ELASTIC ARCH, 

In the analysis undertaken in this chapter the author has mainly 
followed the theories of Winkler, Mohr, Miiller-Breslau, Melan, 
Shaffer, and others, making such additions and explanations as 
seem necessary for a proper understanding and an intelligent appli- 
cation of the method to the computation of stresses in the arches 
treated in previous chapters. 

I. Relation between the Exterior Forces and the Interior 
Stresses in the Arch. — Equations (2) of Chapter I define the normal 
stress and shear. In that chapter it was also shown that for the 
point (x, y) of the arch the load may be replaced by the force R/, this 
force in turn can be replaced by the two forces H, and V,y or the 
two forces P and S, which forces are applied at the center of gravity 
of the section, and a pair of forces should be added which cause 
the moment Mx- 

If the moment turns in a clockwise direction around the point 
(x, y) of the arch, it will be called positive and be indicated by -f ; 
when the moment turns in the opposite direction, it will be called 
negative and be indicated by — . 

(a) The examples in the foregoing chapters have shown how to 
treat the shearing forces in arch ribs; in the following paragraphs 
the analysis for the determination of the axial stresses will be con- 
sidered. 

In Fig. VIII, n= the normal stress in an element of the section; 
(f/=an element of the section=dw(/t?; 

f =the area of the whole Qociion^ J df; 

P=the force P of Fig. II, Chapter I; 
Af jp=the bending moment at the point (x, y) =Pp; 
r= radius of curvature of the axis of the beam at the 
point (x, y), 

Px+fndf =0, 

Mx-\^fvndf=0, \ (1) 

fundf=-0. 
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To analyze the stress it is assumed that the plane of a section 
is still a plane after the force has bent the beam, and that the axis 

of the beam remains in the same plane 
during bending, ds^ is the length before 
bending of a fiber between two sections 
of the beam, which sections are infinitely 
close together, and Jcfsv is its change in 
length caused by the bending of the 
beam; the length of this fiber then 
becomes 

dsv+Jdsw, 




Fig.T2ff: 



The angle between the two sections = —da, and the bending causes 
a change in this angle of -(dd+Jda). 

It is assumed that the bending of the beam increases its curva- 
ture, which increases the angle —da and makes Jda negative. 

Now 

d8v=ds-vda (see Fig. VIII), 
and dsv+Jdsw^'ds-hJds'-vida-^-Jda); 

and deducting the first equation from the second gives 

Jdsw^'Ads — vAda, 
and the relative dhange in the length of the fibers will be ' 

Adsv Ads— V Ada 



dsv 



ds—vda ' 



or, by substituting ds= —rda (r= radius of curvature), 



ds^ 



Ads— V Ada 
da{r-\-v) 



(Ads vAda \ 1 _ / rAds rvAda\ 1 
da da Jr-^v^K ds da /r-^-v' 

(Ads Ada\ r 



AdSy 

d8„ 



If the change in length of the fiber is caused by the normal stress 
n and by a change in temp)erature t with a coefficient of expan- 
sion w, 

Adsv 

dsv 



'=h^' 
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(3) 



(4) 



APPENDIX, 
and equation (2) gives 

»-Kf -^)rr.-^ • • • 

which, when substituted in (1), gives 

Now fdf^Ff and Jvdf==0; or all the elements of the section 

added are equal to the total area of the section, and the moments 
of the area of the section on each side of the horizontal axis of gravity 
are equal. 

The term / —r^f may be reduced as follows: 

I 



and 



For abbreviation 



/ 



7T-/'-'- 



W 



Making these substitutions in (4) gives 

P,_/ Jds.\„ (JdalJdsy 



and 



M^_/Jda lJd8\, 
T'VdT'^'rdsr- 



Ftom these 



da EF^EFr ^' 

dB EFtEFj^ r^EJ' 



(6) 
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Which, when substituted in (3), give 

-~=a constant value, -Er=a constant value, and ,> ^. ^ can 
be written —f , where -~- is a constant, and a variable. 

The last factor indicates that the values of n, plotted as ordi- 
nates from the plane of section, are located in a surface whose curva- 
ture is that of a hyp)erbola having one of its asymptotes parallel 
to the tangent and passing through the center of curvature of the 
beam (when n= — oo, or t?= — r), and the other asymptote parallel 
to the V axis (when v=oo, which makes r+v=oo) and located at 
the distance 



n is equal to zero, when 



and when P.—O, 



F F 



*— JTTP. (10) 



and the neutral axis passes through the center of gravity of the 
section for Px=0 (v=0) only when r becomes oo, or when the axis 
of the beam was plane before bending. 

The value of J in (5) can be expressed as a progression in the 
following manner: 

In this equation fv^df is the moment of inertia / of the section 

with respect to the u-axis, and if the section is symmetrical with 
respect to this axis, the factors 'fi, ifi, etc., disappear, and 

J'I + lr,fv*{l + f,+^-..)<f (5») 
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When the radius of curvature r is large in comparison with the 
depth of the beam, the second member of the above equation ap- 
proaches closely to zero in value, and 



This approximation can be applied to equations (6) and (7), giving 
the following general equations, which are also applicable to straight 



Jds P, Jda M^ 

Px , M^v 
-r^-f+-f- (7«) 



* The introduction of the moment of inertia into the elastic equations in 
place of the factor J has been criticized; to show the student the groundlessness 
of the objection, the equation is applied to the Syra Vallw Bridge as follows* 

In round figures its radius of curvature r-240 ft., and the average height 

of the arch rib A « 10 ft. ; •* • 7 " 24 ^ ** Expanding equation (6), 

As df^dudVf 

- rv* 1 v^ 1 t;» 1 «• , 1 v» 1 

r. 1 24^ 1 24^« 1 24V 1 24h* -|V 

"L r4Xl6'^r«5x32 HexW'^r^TxiS ' * ^24' ^(^'^ + i^) 

r. ■ 1 24^ ■ 1 24^ 1 24A» 1 24h* "IV 

L "^r4Xl6"^r» 5X32 "*"H 6X64 "*"r*7xT28' ' ^24' Mv'^-ih), 

The sum of these two progressions gives the value of J for the whole flection 
, h^A uh* - ' 

and for X;-"^, 

/"[H-0.00026+0.00000008 . . .]/ -0.00026008/ . 

The manner in which the progressions have been developed shows why one- 
half of the terms have dropped out from equation (5a), It also proves that the 
introduction of the factor J does not make the equations too involved, but only 
their application more laborious. 

Another criticism is in regard to the elimination of all the terms in equations 
(60) and (7a), in which the factor r appears in the denominator of equations 
(6) and (7). In reality, in a well-desimed bridge, the error thus introduced 
is even less than the one just discussed relating to the factor J, The reader 
can easily convince himself of this by using the values obtained from Figs. 26 
to 34. 
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The third equation of (1) should also be true. To test this, sub- 
stitute in jundf=0 the value of n from (3), which gives 

In this expression Judf=0, and E--r—r may be eliminated 
from the equation, leaving 



/ 






which holds true when the section is S3rmmetrical with respect to its 
vertical axis. When r is large as compared with the depth of the 
beam, r+t? is practically equal to r, and r being a constant, it dis- 
appears from the equation, leaving 

fuvdf-=0. 

2. Analysis of the Change of Form of an Arch Rib. — ^Let (x, 
y) and (xd; ^o) be the coordinates of two points on the axis, and ssq 
the distance between them along the axis. 

Change in the Length of the Axis of a Beam. — ^To determine 
the change in the length of the arc mq, equation (Gj) should be 
integrated between the limits a and Sq, which gives 

Js-so=Ju^is-so)-£(^+^y . . . (11) 
When r is large, 

Js-Jso^ivtia-so)-/ ^^8 (11«) 

Change in the Angle a.— The change in the angle which the plane 
of section makes with the vertical, or which the tangent to the curve 
makes with the horizontal at these same points, is obtained by 
integrating equation (62) between the limits set, which gives 

In this equation wt I — = w;i2— ^, and — = -a: and substitut- 
•/•o T r r 

ing these values in (11) gives 
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When r is very large in comparison with the depth of the arch rib, 

Change in the Radius of Curvature.— ri is the radius of curvature 
of the axis after the beam has been bent, and 

ri ds+Jds' 
from this it follows that 

Jda IJds 

!._ JL— ^+^^ i^*_ ds r ds 
n T ds-^-dds ds Ads ' 

"^ ds 

and when the values of -t— and -j- from (6) are substituted, 



J^_ 1 EFr EFr^ ' r EI ' EFr ' EFr r 

^^EF'EFr^^ 



which, when reduced, gives 

rx r EI 



i'-TF-m^^)' 



(13) 



* —J — . J, --l-T" divided by (is 

do Jdo ,da/ Jds \ 
di ds ^ds\^ ds) 

i— i^ __L «. J_^ dda I Ads 

r ds r r ds ds r ds 

(i« ds 
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It is evident that -r- must be a very small value, and when r is 

large as compared with the depth of the arch rib, the value of - -j- 
becomes infinitely small, and, from (6^), 



1^ 
ri" 



Jda 

' ds " 



EI 



(13«) 



When the arch is designed so that the center line of pressure 

coincides with the axis of the arch rib, M, becomes and — =— , 

rj r 

or the radius of curvature remains the same. Under this condi- 
tion the change in form results from an angular movement of the 
consecutive planes of section of the arch rib about the center of 
curvature. When the change of form is caused by compression, 
the axis of the arch is shortened. To balance this contraction in 
the two-hinged arch a change in the horizontal thrust must take 
place; in the arch with fixed ends (hingeless) a change in the hori- 
zontal thrust must take place, and a pair of forces must be created at 
each support, causing moments which will hold the ends of the arch 
in their fixed positions. 

(a) Change in the Length of the Coordinates op the Axis 
OF A Beam. — In Fig. IX the point C represents the point (x, y) of the 
axis of the arch, and Jx, Jy the change of position for this point. 

ds, dx, dy are the arc and the ordinates 
of the points A and C, which are infi- 
nitely close together, and JdSj Jdx, 
Jdy the changes in length of these 
ordinates. The plane of section at A 
makes an angular deflection =2ia, and 
this same angular deflection is assumed 
to take place at the point C; and the 
new position of the point C will be at 
A'y and the line A'C is the change of 
position. 

The ordinates of this change are 
B,C and A'B„ and their lengths are 
determined from the similar triangles ABC and A'B,C, and 

A'C^-Aads, fi,C=i4'Csin6, sin 6=^, 

ax 

B,C^-Jad^^^-Jady, B,A' = A'C(-cos 6), cos 6=^, 

dx 
A'B. = Jads^-= Jadx. 
ds 
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An increase Jds in the length of the bar AC(=^d8) shifts the 
-point A' in the direction of the coordinates the distances 

Adx^Ad9-r and Jdy=Jd8^: 
ds ^ da' 

And the total change of position of the point A' is 

Jdz^ —Jady+Jds-j-, 
as 

Ady= Jadz+Jds^. 

These changes occur in each element of the arch axis, from a 
■given point A as an origin; and the total change is obtained by 

summation of these expressions, in which JJdx=Jx and fjdy=^Jy. 



Jx=» — / Jady-{- I "j-^*> 
Jy^ I Jadx-h I -T^y- 



The values for the point of origin are indicated by the subscript 
o, and those for the point B by the subscript i, and a partial integra- 
tion gives 



Jxi-Jxo^-Jaiyi-hJooyo-^- J "^^^*+ / ":nr^^' 



ds 



Equations (6) may be abbreviated to the following: 



(14) 



:and 



;and 



Ad8__ P, M P" 

IT"" EF EFr^"^" EF^^' 



Jda_ Par M^ wt M^_ P' wt M 
ds EFrEFr^ r ^ EI EFr r "^W 



A A . /'•'^da 
i/«., ds 
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Substituting these values in (14), 

^-Jooiyi-yo)-/ ^^yi-y)^^^ J ^-^^^ 

and from this 
dxi -Axo^ -Aao(yi -Vo) - / £j(2/i -y)ds 

In the same manner is obtained 

■gj(xi-x)dt 

These equations may be simplified when the radius of curvature 
is very large as compared with the depth of the arch rib, which makes 
P'^Pf andJ=/. Also, the expressions for the temperature changes 
may be simplified very approximately to wt(xi—xo) and iUiyi—yo), 
which gives * 

/•i Af 
'^(yi-y)d9 

Ayi-Ayo^Aao{xi-X(i)+ J ^(xi-x)d8 



(17) 



3. The Three-Hinged Arch. — Exterior Forces. — From equation 
(12), Chapter I, 

gn^-7/it/=M,. (18) 

Now, when x=g, or the distance from, the line AB to the crown 
hinge y is equal to the rise / of the arch measured from the center 
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hinge to the springing line, Mx 
the hinge, and 



=0, as there can be no bending at 



m.g^Hf, or 






(19) 



When the abutment hinges are both at the same elevation, and 
the crown hinge is at the center of the span, of length I (see Fig. X), 
any vertical load K at the distance g from the left support (when 

^<~j will tend to exert a bending moment at the crown hinge 



and, from (19), 



For<7>-2, 



and for g^-^j 









.1 



H-Kf^ 



(20) 



(20«) 



(21) 



When for the various values of g the correspouding values of 
H are plotted from a horizontal axis, the points thus obtained will 

.<4 



^^±±^. k. :^p^ 

u 9 \ ^ • T 



Fig.X. 

form two straight lines (see Fig. X), whose point of intersection is 
located on the vertical through the center hinge. 

The ordinate at this point of intersection is expressed by equa- 
tion (21). The value of R for any position of a load K is then equal 
to the ordinate on the load, vertical, measured between the axis 
A'B' and the segments of the moment polygon A'C and CB'. 

Horizcmtal'Thrust Curve, — For the three-hinged arch this polygon 
is composed of two straight lines; later it will be shown that for 
the two-hinged and hingeless arches this polygon is composed of 
segments which are tangents to a curve. This broken hne has been 
given the name "Hori?5ontal-thrust Curve" for three-hinged, as 
well as for two-hinged and hingeless arches. 
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The value of H substituted in equation (18) gives the bending 
moment for a single load placed at the distance 






(22) 



Further, from equations (3) and (4), Chapter I (P,= Fisina 
+ff 1 cos a, and S,= Fi cos a - Hi sin a, in which Vi = K^ : 



P,<^= /C— ^ sin a +ff cos a, 
P,>P= — /iTy sin a +fl^ COS a. 
Ss<o^ K — ~ cos a — ff sin a, 
iSx>a= — K^- cosa — H sin a. 



I 



(23) 



(24) 



(a) Horizontal and Vertical Deflections. Effect of a 
Change in Temperature and a Horizontal Displacement of 
THE Abutments. — A three-hinged arch is assumed to have its points 
of support at the same elevation. When the abutments shift a 
distance M, the span / of the arch is increased by this distance; also, 
a temperature change of ±^ degrees is assumed to take place. 

Equation (17) gives 



^-re^'^^')- 



For a shifting of the abutments Af =0 and P=0; and integrating 
the above equation for the half-arch, caUing the total length of the 
arch axis B, and its length from the left support to the point (x, y) 
equal to 8, for an arch whose axis is a circular arc, and /»rise of the 
arch, 



y«-Jao/±ti;< 



(¥4> 



(25) 



From this 



^'*~2/^ "27* 
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For flat arches whoee axes are not circular arcs, 
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(26) 



in which *=-f. 



(27) 



The horizontal displacement of a point (x, y) of the arch is then 

4x ^(l -1^ ±,rt^8C06a-|j,), 

and, from equation (16), the vertical displacement 
dlx I . B \ 

or, approximately, for flat arches, 



(ZT*) 



For the deflection of the crown, 



^f-~fAl±wt^. 



(28) 



(b) Dbplections Caused by Loads. — ^The value of Joq, which 
is the change in the angle a at the support A, is imknown in equa- 
tions (15) and (16). 

When B equals the total length of the arch, and Ja'c the angular 
displacement at the crown hinge of the right half of the arch, by 
making the approximations J=/ and P'=P, (15) and (16) will 
give for the deflections of the crown hinge: 

From the left support to the crown hinge: 

{Jxi = Jxey ixo^O, 2/1 = /, J/6-0). 

J^= -Ja,f-/J"^jif-y)ds-£'I^.(Lzyds+dx). (29) 
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From the crown binge to the right support: 

(ixi=0, ixo=iTc, 2/1=0, j/o=/, iao=ia'a). 

From the left support to the crown hinge: 

(it/i=it/c, ^t/o=0, xi^il, :k^^0). 

Add together now the first and second equations, also the third 
and fourth, and from the two equations thus obtained eliminate 
Aa't) then, after collecting the terms, 

^— ri('-f,-f)- 

For any form of loading the values of M and P are known, and 
Aoq can be solved from (31); substituting this value in (15) and 
(16) will give the horizontal and vertical displacements of any point 
\x, y) of the arch; or, when substituted in (29) and (30), it will give 
the horizontal and vertical displacements of the crown hinge for 
any form of loading. 

Flat Parabolic Arch: Deflections Caused by a Single Load. — The 
equation of the parabolic arc is 

y^^xd^x). 

For a flat arch the assumptions can be made with sufficient accu- 
p 
racy that da^dx, r=T7i, and P = constant =ff, for all sections of the 

arch. 7 and F are also assumed to be constant. For a single load 

at the distance 9<-^ from the support A, it follows from (31) and 
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(22), when substituting for the part of the arch from to g, that 

and for the part of the arch from g to l^ 

P^H=K^^ and Kl^y^K\fx(l-x)\, 

and substituting in (31) for y its value -dxil—x), 

£ x_ 2fx(l-x) 2«_ 3x x» 

or Joo gjj^jp i2£F/2/ • • • • ^"^^^ 

In the same manner is obtamed the change in the angle a at 
the light support B: 

"'^^^ 3017P \2EFPI ' • • ^"^^ 

The deflections of any point (x, y) of the arch are obtained by 
substituting these equations in (15) or (16), which gives the following 
values: 



Digitized by 



Google 



254 ANALYSIS OF ELASTIC ARCHES. 

foTxK-^, <g, 

^''mlk* [2j7{5(i-[/)»-Pia-*)-|5P(2Z-3x) * 

fora;<2, >g, 

Jx~ ^jL-5^H2l-g) +2ai(4P+ 15Jff2-5<;3)-2x2(19P + Ibg^l-bg^) 
+70Z*i»-55tr«+16x»]+^^tl6(/-2x)/2+3P]a-2x), (36) 

Jy=^^p[5^P-x(4P+15lg»-5g»)+l5TiP-lb!ifil+5a*] 

+^i#ptl6(3«-20/«-3P]; (37) 

and for x>-^ 
Jx=^^-l^+2xli6P-5g'l+bg>)-2:fi(2lP-5g^l+5g») 

+70^P-55a*l+16^~^-^{16P{2x-D+ZP]i2x-l), (38) 



Jy'^^i$[P-5g'{l-g)-^xil-xn 



30EIP 



+ uwm^^^^^-^'''^p-^^^- ^^*> 



* These equations were developed by Melan. 
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The deflections of the crown hinge are («= JZ): 

jx.-^ig'+if-^i), m 

For the angular displacement at the crown hinge,— 
left half of the arch: 

^"•=i&^^^"«^^+2038)-^^^(3P-16/=0; .. (42) 
right half of the arch: 

^«''-i2fe(^+20g»i-2Qi;»)+^2§^(3P-16/»). . (43) 

Equations (34) to (43) are applicable only when g<-Kl the de- 
flections caused by a load on the right half of the arch are obtained 
from the laws of symmetry. 

When the load is at the center hinge, 

A,, - gP g/(8/g+3P) 

^yc 480JB/ 48£F/2 ' ^^^ 

A A ' 7gP . g(16/g-3P) ,.^. 

joe^ ^^*'^"":^o£7'*" 24£F/2 • • • • y^) 

The horizontal displacement of the crown is a maximum accord- 
ing to (40) when a load is placed at the distance j( =— j from the 

support. 

Any load placed on the left half of the arch deflects the crown 
towards the right, and vice verm. 

When only the first member of equation (41) is considered, 

Jyc=0 when g (approximately) = 0.336Z; 

from which it follows that loads placed on the outer thirds of the 
span will cause the crown to rise, and that any loads on the middle 
third will cause it to sink. 
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(c) Special Equations. Flat Parabolic Arch (Afefan).— 
Equations (32) to (45) will give the deflections for more than one 
load, or for a uniformly distributed load, by a summation of the 
results. 

For, a unifonnly distributed load, however, these deflections may 
be obtained directly. Let D be the load per unit length, g\ the 
distance (measured from the left support) which is covered by the 

load, and gi < — . Then 



-'^■-!^^-W+'^''i-^=^l^2>. ... (47, 



For the crown hinge 

A« -^iLrora ^i«aj.fi^8i Pgi'C^P-ief) ,^. 



2'iEFpi 
ja' — ^li-rp+ioto,«-8(;,8i+Ml!13Pzi6£) 



(49) 



i«e=4^^5P-20Jj7i«+16j;i»], ....... (50) 

When the. loading extends from the left support to the right of the 
crown hinge and ^i>2"» ^^® following equations are obtained: 

^*^ l|5^V-5a-J7i)2+4(Z-j/i)3] 

p(4fy^_p_2g,2)(8/2+3P) 

^EFPl ' ' • ^ ' 

p(4lQy-P-2gr^(SP+9P) 
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240EIP* 



p(4jgi-p_2y,2)(3P-16/a) 
^EFPI ' 



(54) 



. p(4Jjyi-P-2yi2)(3P-16/2) ,.-. 

■•" 48EFPI ' • • ^^^^ 

^»e= ^^|}pfa -20Za-gi)«+16(Z-gi)»], ... (56) 

^ye-^|^[3P-20Z(i-j/i)2+16(Z-ffi)3] 

p(4Jgi-P-2gi2)(3P+8/2) 

96£F/2 ■ ■ • ^ ^ 

The horizontal displacement of the crown hinge become<> a maxi- 
mum when gi=-nt or 

i«c(m»x.)=^ (58) 

The crown hinge rises the most when the two end thirds of the 
span are loaded, which ^ves 

J t 37 Tpl* pP(3P+SP) ,„, 

jy.(max.}-jjgg^-gj 2I6EFP ' * * ' ^^^^ 

The greatest depresdon occxirs at the crown hinge when the 
middle third oi the span is loaded, which gives 

. 37 pl*^ 5 pPjSP+SP) ,^, 

-Jye(max.)-^jg^^+gp ^pj, . . . (60) 
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CHAPTER VIII. 
THE TWO-HINGED ARCH RIB. 

(A Continuation op Chapter III.) 

1. Horizontal Thrust. ^From Equations (2) to (9) of Chapter I 
the end moments Af i and Af 2 are equal to zero, and the exterior forces 
are known, from which the value of H can be determined. 

The equation of condition can be developed from (15) as follows: 

/••» M /*•» P' /Vi—V \ 

In this equation / may be substituted for J. B= total length of 
arch. 

In connection with Fig. IV, Chapter I, it was shown that a freely 
supported beam is changed into a two-hinged arch by thrusting the 
end A di the beam back into its original position by the application 
of a force H, The distance which the end A of the beam is moved is 
defined by the above equation, viz. : 

ds 
Bearing in mind that —^da (see Figs. IX and XI), y sin da is 
r 

the projection of y upon the curve, or, the angle being very small, 
the arc and the sine of the arc are equal, and the projection of y 
upon the curve is equal to yda. This value diminishes with an in- 
crease in the radius of curvature, and becomes zero for the straight 
line; and, whatever the radius, it is always equal to zero at the 
points of intersection of the curv^e with the x-axis; and for a curve 

/ ds 
in which j does not exceed ^, y dx= —ds cos a {dx= --ds cos a). 

258 
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Also, P'=fl5- = , since the direction of the force is approxi- 

dx cos a' ^^ 

mately the same as that of the arch axis, and for flat arches the 

assumption is without error. In addition, the term in which P' 

appears expresses the influence of the secondary stress (axial force) 

on the horizontal thrust, which influence is in itself inconsiderable, 

and in practical engineering may be neglected. 

An average area Fq can be found from 

Jo F Fi F2 

B is again the total length of the arch, F\, F2, etc., the average 
areas for the lengths 81, S2, etc., of the arch, and [according to Eq. (12), 
Chapter I] ^fl—Hy—M may be substituted, which gives 



B 

F, 



„ nmyda r^HyHn P H , , , P, 

"^^Jo -ET -Jo -eT-Jo £F'^«''~«Wo ""' 

In this equation / -^ ds cos a = -rn^r cos a (see Fig. XI) , 

and wt I dscoBa=^wtB cos a; 

substituting these values and solving for H gives 

-yds + EvjtB cos a - EM 



cos a. 



Ft- 



py^ds B 
Jo I ^Fo 



(62) 



cos a 



In the numerator of this equation the first term indicates the 
influence caused by a load, the second term the influence caused 
by a temperature change, and the third term the influence caused 
by a sliding or turning of the abutments. 

For the semicircle the angle o = 90 degrees, and its cos=0; there- 
fore no temperature stresses can take place in the semicircular arch. 

Determination of the Integrals. — In the above equation the value 
of the moment of inertia is introduced: 

7, = /cosa = 7^, (63) 

* /'', F,, etc., are the sections at right angles to the arch axis. 
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which makes 



and 



Jo ry^'^Jo 77^^^' 

Jo I Jo // ' 



Vertical Forces. — In Fig. XII the arch is divided into panels 
of an arbitrary length d. It is further assumed that the moment 
of inertia is constant in each panel and for the panel dm the 
moment of inertia equals /,„, etc.; also that the two integrals of (62) 
can be resolved into progressions. Let do be the average length of 
a panel; then 

3/=2/m-l+^(2/m-ym-l), (64) 

<*m 

sfK=3n:„_i+^(s(n:„-3n„_i) (65) 

911^-1 aiid fftlm are the moments at the points m— 1 and m of a freely 
supported beam. 

(The inferior prime in I, is omitted from the following equar- 
tions, e.g., in place of I,m+i is written Im+v) 

1- r'^^ydx=-^mm^i{2ym-i +2/m) +9Tl^(2t/«+2/„,-i). (66) 

^/"%2da: =^[2/^_i(2y„_i+t/^)+2/^(2t/„+t/^«i). . (67) 

Introducing an average moment of inertia Zq and an average panel 
length Jo; these equations give 



X 



'^=^r . •+T=rl9«i«-i(2j/«-i+J/».)+9n:«(22/»+ym-i)J 

// DioL do in 

^i->«[^^(2y„+y„_i)+^jA.(2y„+y„^0] • (68) 



and 



/^-S-^fe-df^'*-+»-'+^j^.<*"-^»-']<«»> 
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For brevity, let 



Then 



and 



'^-^£(2,.+,„,)+^7f^(2,.+».«). . . (70) 



ng-JU. 




VI \ \ \ 



Under the influence of a single load at the distance g from the 
point of support A^ the progressions in the foregoing equations can 
be expressed statically and determined graphically. 

Let Xm indicate the abscissa of the point (x, y) (see Fig. XII). Then 



romrnVrn = K[{l^g)Il'^+gl[^^^ . (73) 

The values of v can be considered as loads acting at the panel 
points of a beam freely supported at the ends, and K?5flg is the mo- 
ment in this beam caused by these loads at the vertical coinciding 
with the load line. 

The values of t/m^m can be considered as loads Vm acting hori- 
zontally at the panel points at the distances y„^ from the line AB: 
this is equivalent to a beam projecting from a wall and supporting 
the loads v at the distances y from the wall. 

When the distances d are equal, equation (70) changes to 



^Im O/m+1 



(70«) 



♦The integrals of (71) and (72) are equivalent to the bendinj? moment of a 
simple beam, which characteristic was first discovered an J des'^ribed by Mohr. 
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When the moment of inertia / is constant, this equation changes to 

1?m=J(t/m-l+4l/« + 2/m+l) (70*) 

When the panel lengths d are made small, these equations may- 
be changed, without serious error, into 

Vm=7^2/m, or into t)m=ym, (70«) 

when the moment of inertia / is constant. 

(a) Horizontal Forces. — A force Q acts in a horizontal direction 
at the distance q from the line AB, and the abscissa of its point of 
application is u, (See Fig. XII.) 

In the following analysis the displacement of the abutments 
and the influence of a temperature change will not be considered. 
Equation (61) is applicable in this case. As before, the approxi- 

mationsP' = ^1 and P'= are made, which give 

cosaJ^.o cosaJa.«„ ' ° 

|or the horizontal thrust at the right support B: 



Jo I 



Bcosa 



Substituting therein the values of the integrals of (71) and (72), 
dividing by /o> and multiplying by do, gives 



At the support A acts a force directed outward =Q— jET^ 
For a horizontal force Q the moment is 

9n:'=0!//-0r^T"" and m-^Q-^ii-x)']"' , 

which makes 

=Q[j^[(i-='>'--K^^-y^'''"]- • • • (76) 
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In this equation ^i^(Z— x)t;m is equal to the vertical reaction 

At il of a beam acted on by the vertical loads Vm- 

This reaction is easily obtained, and for a symmetrical arch is 

equal to izvm- 

Now, suppose this reaction to act horizontally at -4 on a beam 
which is acted on by the forces Vm in a direction opposite to the re- 
action; then equation (76) is the difference between the moment 
caused by the reaction mentioned in this article and the moment 
of the forces Vm with reference to the horizontal line of action of 
the force Q. 

General equations for temperature stresses, yielding of the abut- 
ments, and the computation of deflections will be found in Art. 2 (t) 
of this chapter. 

2. Special Equations for Determining the Horizontal Thrust. — 
In place of abutments capable of resisting the horizontal thrust, 
the two end hinges may be connected by means of a tie-rod. This 
case is also solved by the general equation (61). Here M repre- 
sents the stretch of the tie-rod, which must be capable of resisting 
the horizontal thrust, and when Fi = area of the tie-rod, 

and this substituted in (62) gives 






—ds +EtDt(B cos o -0 



W' 



Bcosa I 

Fo '^Fl 



(77) 



This tie-rod is quite often curved upward and hung to the arch 
by means of suspenders (see Fig. XIII). 




When, again, the approximation is made for flat arches that 
the secondary stress in the arch and in the tie-rod (P)=H, it then 
follows that 
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Further, if Fo= average sectional area of the arch rib, 
Fi= sectional area of the tie-rod, 
1^2= " " " a suspender, 

(i= panel distance of suspenders. 



i ^^^8-\-Ewt{Bco&a-l,) 



^= /*b..2 D«^«« — J \ ; — /j22\ 2 • • ^^^^ 



In this equation Zy= length of curved tie-rod. If the curve is 

assumed to be a parabola, ^/=^(i + "q"^); approx., in which /y=rise 

of tie-rod at center of span=«nua. (See Fig. XIIL) 

The substitution of (71) and (72) in this equation can be made 
when i/ is inserted in place of y in (70). 

The last term of the denominator indicates the influence of the 
stretch of the suspenders. 

(a) Arches with Parabolic Axes. — It is here assumed that 
the moment of inertia of the arch rib increases from the crown to 
the support in the same ratio as the secant of the angle which the 
tangent to the arch axis makes with the horizontal: 

/=/oseca, 

where /q is the moment of inertia of the arch rib at the crown. 

General Equations for any Curvature of the Arch Axis. 
In the following analysis the influence of the exterior forces only 
is analyzed, the influences of the secondary stresses, the tempera- 
ture stresses, and sliding of the abutments being for the present neg- 
lected. 

Under these conditions equation (61) reduces to 



/ 



^■^yd8=0 (79). 



The assiunption /=/o8eco gives, when sec 0=5-, 

ax 

and Jo is a constant, £ is a constant, and both are eliminated from- 
(77). 

XI M n M dx n 
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and substituting fPlL-Hy for M from (12), Chapter I, gives 



O)' 



ff=4j 



and substituting the values of (71) and (72) for the integrals, gives 

ff=|^!^ (81) 

In this equation l\lS(LmVm is again equal to the value of equation 
(73), and when l\^ymVm is made the unit of measurement, 

In the same manner is obtained, for a horizontal force Q, 

^ ^ ^^'rnVm ^ ^ ^g2) 

and substituting the values of equation (76) in (82) gives the 
horizontal thrust at the supports, remembering that H^^Q — Hx, 
that for the distance u the horizontal thrust in the arch equals /^i, 
and for the distance (/— m) it equals /f2- 

Ek^uations (81) and (82) may be used for either the graphical 
or the analytical computation of the horizontal thrust, and are 
applicable for any curvature of the arch axis. 

The reactions for the two-hinged arch are obtained in the same 
manner as those for a beam freely supported at the ends, and with 
the reaction and the horizontal thrust the component of any exterior 
force can be drawn or computed; or, with the assistance of equation 
(2()), Chapter I, the ordinates of the intersection locus may be com- 
puted when Af 1 and M2 are each made equal to zero. 

The equations developed in the preceding paragraphs show that 
the moment of inertia can vary materially before its influence will 
appreciably affect the horizontal thrust; and for this reason the 
assumption made at the beginning of this article — that /=7oseca — 
is applicable to most arch ribs in practice. 
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The labor involved in computing the stresses in the two-hinged 
arch would be considerably reduced if the horizontal thrusts or the 
intersection locus could be taken from a standard diagram, and simple 
corrections made thereto to render it applicable to the case imder 
consideration. 

For any curvature of the axis of the arch except the parabola, 
the analytical solution of this problem becomes very laborious and 
complicated; but for the parabola of unit span and unit rise, it is 
comparatively simple. 

The Parabolic Arch. — For this purpose introduce into equation 
(79^) the value of M expressed in ordinates of the components with 
reference to the line AB, and for y the ordinates of the parabola, 
as follows: 

Equation (79**) gives 



/ 



Mydx^O, 



and from Fig. 1, Chapter I, 

M=y,H^y,,H-yn. 
This value introduced in (79«) gives 

/ y2Hydx- I yHydx^O; 
as /f is a constant, it may be eliminated from the equation, and 

f y2ydx= I yHx (83) 




The application of the equation for the parabola is simplified, 
in this case, by taking the origin of coordinates at the center of the 
span, as shown in Fig. XIV. 
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In equation (83) the value of ^2 may be expressed in terms of 
Zq, as follows: 

For the distance g, 1/2 = zq ; 



For the distance l—g, ^2 = % 



Also, the equation for the parabola is 
y=^(2n-x), 
and introducing these values in (83) gives 



£ - (2n-xNx= 



Jo n-mn'^ J»^m n+mn^^ ' ' 



or 



j^**^(2n-x)2dx= 



Int^rating and solving for zq gives 



32n2/ 
^°25n2-5m2' (84) 

or, if m is taken =»n—^, g=klj and n= JZ, 

_8, 1 

I being unity for horizontal measurements. 
When / is unity for vertical measurements, 

8 1 
^=51+Jfc-A2' (^^ 

and the ordinates 2^ for successive values of g can be easily found 
and plotted, as in Fig. 14, Chapter III. 

The same method is used to obtain the ordinates of the inter- 
section locus for a horizontal force. 
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(6) Horizontal Forces.— From equation (78) 

jM'ydz 



H=- 



I y^dx 



and the value of 911' can be again expressed in ordinates of the com- 
ponents with reference to the line AB\ for y the ordinates of the 
parabola are substituted. 

From Fig. XV it follows that 



-r. = F3 = ^«, 



ViXo= Hiq, or x^^yq, or ^=-^1', 



Fig,JV, 




and when I is the unit of measurement for length, 

H 



a^=Q. 



From equation (76) 

and this substituted in (80) gives 

Q jjf (« - x)ydx-Qj^qydx+J^Qifidx 



H 



or 



£yMx 



Q=a;o=- 



X^'^ 



£y^x^ 



(86) 
(86») 



(87) 



twice the moment of the area ACB around the axis AB. 
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For the parabola, fydx^^sieA^^fl, and the difltance from the 
center of gravity of the area to AB=^f; 

Substituting for y the equation of the parabola 
y=^(fa-ap2) gives (see Fig XV) 

g=^(iu-w2), and tt=W, 9=4/(Jfc-Jfc2). 

\J^(i-x)ydx- ^J^{i-xfxdx'Ajm - 1 +i) = m 

~q£ydx^ -^£{lx-x^)dx^ -^uHl-u) 
= -|/2Z(3A)«-5*<+2Jfc»), 

==-fr/^i(10*3-15**+6Jfc5), 
and 

H_ _ t/^Z(A;-tg)-t/^Z(3*g-5fe^4-2A:^)-fA/^Z(10ifc8-15fe^-F6A:») 

a^=|[5(l-*-2*2+4t8)«8*^] (88) 

This equation has been plotted in Fig. 13 for a unit span equal 
to ^If and a unit rise equal to /. 

(c) Temperature and Secondary Stresses. (Parabolic Arch) . — 

Equation (61) shows that the secondary stress / = U^a—dx) 

contributes its share towards Jl, as does also the temperature stress 

wtj" (^a-dzj. 

These equations have the same form and can therefore be analyzed 
together. 
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Assuming again that for flat arches -^a—dx^—dacoaa^^dx, 

r 

gives [see equation (61)] 



fi P pf 



(89) 



and 



Jwtdx'^wa^-Ax' (90) 

Any exterior force acting on the arch shifts the hinge through 
a distance 

Xmy^"^^ w 

Now, 

/=Joseca=ioT-, 

and substituting this value in (90«) gives 

/^o^=^*- ^''^ 

To shift the hinge back into position, a force H acts thereat, 
its moment arm for any point of the arch =y, and its bending moment 
M=Hy; these give for the secondary stress 



Xw/^^=-wi' (91. 



') 



or 



The value of / yHx has been found for the parabola ^^^/^t; 
substituting this value in the previous equation gives 



SFofr 
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Now, P is the average stress in the arch rib, Fq its average area, 
and -^^^Uj which gives • 

Similarly, for the temperature stress, 

5«-f ^ (03) 

E^quations (89) to (93) are applicable in most cases which present 
themselves in practical bridge building. 

Instead of the expression T— d« cosa= J — {te= — /, the following 
should be substituted in the case of flat arches: 

y-d«co8o=-Bcosa = z(l+|y {^''^m 

V 3 Z2 3 ia)^ 
or, approximately, =z(l — ^ ^ j (94) 



This will insure greater accuracy, but will make equations (92) 
and (93) unnecessarily complicated; and for practical use equa- 
tion (93) is sufficiently correct. 

To determine the influence on the stresses in the arch caused 
by a shifting of the abutments, equation (91) can be used, letting 
Ax represent the amount of shifting, and substituting Hy for Af , as 
follows: 



^^J^yHx=Ax=^^^m 



so that, if the abutment shifts a distance Ax, 



H^Jx-^ (93«) 
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{d) Crescent-Shaped Two-Hinged Arch. (Special Equations.)* 
— ^The general equation (61) is applicable to any form of arch rib. 

This equation can be simplified when in the crescent arch (see 
Fig. XVI) the following conditions are satisfied: 
fc= height of arch rib; 
y== ordinate of the arch axis; 
h^k^y, in which k, is a constant ratio between the ordinate of 

the axis and the height of the arch rib; 
F=area of section of one flange at the crown; 
a = angle of inclination of the axis of the arch to the horizontal; 
F'==area of the flange section at the hinges =F sec a; 
/= moment of inertia, and 

/=2X(i/i)2F' = JA2/?'seca = JA;,V^seca (94«) 



^jg,X5zr. 




In this value for / the moments of inertia of the flanges around 
their own neutral axes have been neglected. Now h is largest at 
the crown and gradually decreases to zero at the hinges. In practice, 
however, this is not true, as, for reasons of construction, the arch rib 
rarely ends in points at the hinges. The assumption introduces an 
error which is on the safe side, and the stresses which are the result 
of the computation will be from 1 to 5% larger near the hinges 
than the actual stresses in the structure. (Compare computa- 
tion of the intersection locus with the deflections of the Douro 
Bridge.) 

Neglecting for the present the secondary stresses, temperature 
stresses, and the shifting of the abutments, equation (61) reduces t^ 



t/o . 



(, ^«=0' 



and substituting the value obtained for / gives 

/3f^=0 

t/0 y 

Vertical Load X.— From Fig. I, Chapter I, 

M^yfl^y.fl^yH, 

* These equations were developed by the author. 



(95) 
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which, when substituted in (95), gives 



•or 



£rdx^£ydx, (95«) 

which means that the area of the triangle AEB is equal to the area 
between the arch axis and the chord AB (see Fig. XIV). For the 
parabolic arch axis, 

Area of parabola == §/Z, 

Area of triangle = ^2^; 

.•• ^=i/ (96) 

(e) Horizontal Load Q. (See Fig. XV.)— From equation (95), 



or 



and 



«/o y' 

t/0 y "y' 

*/o yax 



yax 
From equations (86) and (86*), 

9n:'=Q|(Z-a:)-Q(g-y), 
which, when substituted for gR' in the last equation, gives 

■j^=a5o= -J — _. . . (97) 

For a parabolic arch axis 

/ t/rfa:=area of the parabola = §/Z, 
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and again introducing y=-^ (Ix-sfi), q=4f{k-h^), and ««= W * give* 

/•j/dx=^'(^-f)=|/«3*2-2A^); 

and g'^ P 

=A;(4Jfc2-6*+3) (98) 

These values for xo have been plotted in Fig. 20 for a unit span 
—I and a unit rise=/. 

(/) TEMPERATtJRE AND SECONDARY STRESSES IN THE CbESCENT- 

Shaped Abch. — ^As obtained before in equation (90"), 

Substituting in this equation ds«dxseca, and for I its value 
in (94«) gives 

f^M 2dx 
Jo E¥^^^^' 

and substituting M^Hy gives 

or 2HI 



(99) 



and substituting for dz its values from equation (89) or (90) gives 
for the temperatiue stress 

Ht=hwtEk^F]'\ (100) 

* t* and I have the values given in Fig. XV. 

t Before applying (99^) and (100), see Art. 21 (6), Chap. III. 
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(101) 



in which n= average stress per square inch in the chord sections =7-. 

For a shifting of the abutments through a distance Jx, equation 
(99) gives 



H=Jx 



EJff 



(99«) 



(jg) Stecial Equations: Arch with Full Web and Horizontal 
Upper Chord. — ^The arch shown in Fig. XVII is composed of a web 
with chord angles and plates, A„B„ being the top chord and ACB 



A. 4 ^' -I 




rig.jsn. 



the bottom chord. The horizontal thrust U is defined by equa- 
tions (62), which can be reduced to a special case when the bottom 
chord ACB is a parabola. In the figure Afi^ is the neutral axis of 
the arch, and the moments of inertia at the crown and at the hinges 
are 7o and /,, respectively. Also, 






/o />o' 



(102) 



and, approximately, when x is the distance from the section to 
the crown of the arch, 



,=7o(l+8n^ + 16p^. 
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Further, 

C- 16nm3 ^ +m(4n2 - p) (sm ^ - 1) -4n(2t^-p), 

and i'^^' £"» length of neutral axis. 

These values substituted in equation (62) will give 

IKl-A;»)+,VA(l-A:^)-Tb5(l-fc')+riTC(l-A»){Xy+^<Booea 

(103)* 

This equation (due to Melan) is also applicable to an arch rib 
with a parabolic axis and an arbitrary variation in its sectional area. 

For example, for a constant moment of inertia n=p=0, and 
m=l. 

For the crescent-shaped arch rib m=l, n=— 1, p= H-l, which 
will give 



H^ 


)«.- 


-k^HMi- 


-*«) + 


TJlKl-*')+liT(l -*•)](! + 


¥)H 






■ 




, , 8/ ./ COS a 






(104)* 



* In applying equations (103) and (104) the location of the arch axis A'B' 
in Fig. XVlI ariects the result. It should be remembered that the ordinates 
of the arch axis are measured from the line AB; and for this reason the loca- 
tion of the axis should be verified from the finished design, and the necessary 
corrections made. Generally, it will be both easier ana more correct to use 
the method described for tne spandrel-braced two-hinged arch, in the com- 
putation of which the location of the arch axis doeis not enter. 
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Or, the equation for the crescent-shaped arch deduced by Schafifer 
may be applied, viz.: 



H^ 



I (1 +*) loge 1^ + (1 -*) loge Yf^[/i:^ +:^^Ti;<B COS a 



8/2 InBcosa 



(104«)'« 



The intersection locus can then be obtained from the general 
equation (20*). 

[Compare equations (103), (104), and (1C4«) with (95«) and (96), 
deduced by the author.] 

Circular Arch Rib with Constant Moment of Inertia (Melan — see 
Fig. XVIII). — By substituting in equation (15) the exact values 

Af V 

P'^P—y and y=r(cosc— coso), yo^^/^O, -^s— c?x== — dscosa, 
r T 

P=H cos cH-K sin c, and p-^=ri, an(i 



H^' 



[sin^a -sin^c-f 2 cosa(cosc— cosa)— 2(1 -f n) coso(a sina— csinc)]X 

EI 

-\-2'^{2wtra cos a — At) 



2[o — 3 sin o cos o +2(1 -f n)a cos%] 



(105) 




For the semicircle, 

n . „ cos^Cj, 2EUI 
a=- and H=-^K—^ 

The equation of the intersection locus follows from (20«) : 
Kr(sina^— sinc^) 



«=- 



2H sin a 



(106) 



(107) 



* Equation (104^) is not as convenient to apply as equation (95<>). (Com- 
pare with the computations of the Douro Bridge, Art. 18, Chap. III.) 
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and for the semicircle: 

«b=f , * (107«) 

and for this special case the intersection locus is a straight line. 
For a uniformly distributed load on the semicircular arch, 

HuM-^^Pr (107^) 

(h) Correction op the Intersbctign Locus of the Parabouc 
Arch Rib Whose Moment of Inertia is Expressed by the Equa- 
tion /=/o sec o, TO Make It Applicable to an Arch of Arbi- 
trary Curvature. — When secondary and temperature stresses are 
neglected and the abutments are fixed in position, the general equa- 
tion (83) is 

fy2ydx=fy^dx (see Fig. XIV), 

The center of gravity of the strip ydx is at the distance Jt/ from 
AB, and is also distant ys from the point D, or 

and equation (83) can be written 

or Jb ^3yrfa:=jriT/2dx, (108) 

ivhich means that the moment of the area ACB with respect to the 
axis AB is equal to its moment with respect to the axis AEB, 

To show the influence of equation (108) on the intersection 
locus, the arch ACB has been drawn in Fig. XIX. The rise of 
this arch and also one-half the span are each equal to unity. The 
center of gravity of the area ACB is at p, and of the area ACD at p^. 

In the figure the arc ACB is a semicircle. When the load is 
placed at / the component of the load is /B, passing through the 
point e, and the distance Dp is equal to the distance pe. 

When the load is placed at /, the component is equal to the Une 
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AI. This line passes through the point g, and the distance hp, is 
equal to the distance p^. & 

The line ACB is the equivalent parabola, i.e., the area ACB is 
equal to the area ACB. 

The center of gravity of the area ACB is at P, and that of ACD is 
atP'. 

When the load is placed at F, the component of this load is the 
line F-B. This line passes through the point Ej and the distance 
DP is equal to PE, 

When the load is placed at /, the component of this load is the 
line AI passing through the point G, and the distance HP' is equal 
to P'G. 

Now the distance pP is practically one-fourth of the distance 



c Fig.XIX.. 




CC,y or the distance eE is equal to one-half the distance CC^, and 
Fj is equal to CC. 

The point p, may be approximately located by the following 
construction: Draw a line pp, parallel to AB, and also the line AP'] 
the point of intersection of these two lines is very close to the center 
of gravity of the area AC,D. From this it follows that the points 
g and G must be situated on the same straight line which passes 
through the point A. (From similar triangles, gh\Ah—GH:AH 
= ID:AD.) 

For the semicircular arch two points, / and /, of the intersection 
locus are thus found. 

In Fig. XIX the line A'C is the equivalent parabola AC, drawn 
so that the crowns of the parabola and of the semicircle coincide, 
and by the foregoing it can be proved that the difference between 
the vertical ordinates of the lines // and FI is nearly equal to the 
difference between the vertical ordinates of the lines AC and A'C\ 

The same can be demonstrated analytically by applying equa- 
tions (71) and (72). 

For arches in which the rise does not exceed one-tenth of the span, 
this correction may be neglected without affecting the practical 
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accuracy of the computation. The correction, as indicated in Fig. 
14a, will produce an intersection locus which is substantially true, 
even for arches of large rise. 

To understand this a comparison will be made with a semicircular 
arch. The latter, with a constant moment of inertia, has for an 

intersection locus a straight line, ^b^o" [see Eq. (107^)], or, for a 

rise=l, 

2^==1.57 = line JL (109) 

In practice, however, the arch has a smaller moment of inertia 
at the crown than towards the haunches, and the intersection locus 
should dip below the straight line at the center, and rise above it 
at the ends. 

The intersection locus of Fig. 14 is for a parabolic arch whose 
moment of inertia increases in the ratio /=/oseca, which means 
that the moment of inertia for an equivalent semicircular arch 
near the haunches is disproportionately large. The equivalent 
parabola has a rise of 1.1775. The line FI is the intersection locus, 
zq at the center of span = 1.507, and at the ends 

20=1.884 (109«) 

Equations (109) and (109^) give the two extreme values. 

Now, equations (71) and (72) will give for a well-designed semi- 
circular arch values of the ordinates Zq of the intersection locus = 1.51 
at the center and 1.698 near the ends. 

From this it is seen that the maximum error in the corrected ordi- 
nates of the intersection locus is 2 per cent, at the abutments and 
zero at the crown. A much larger error than 2 per cent, could be 
made at the abutments without showing any error in the stresses in 
the arch, and the correction described in Art 1 (a), Chap. Ill, gives 
the true intersection locus.* 

(t) Temperature Stresses. General Equations. — ^The hori- 
zontal thrust caused by a change in temperature of t degrees is obtained 
from equation (62) when 9ffl and Al are both made equal to zero. 

For steel (meter and ton units) £?= 22,000,000, t/?=0.00001240 for 
1^ C, and Ew=-27S; and for t= ±30° C, 

Ewt= ±S,190, 



* In making these corrections let the crowns of the parabola and of the 
arch axis coincide, and let the parabola intersect the Doints A or B of the arch 
axis; then measure the differences on the horizontal ordinates from the arch 
axis, and plot them in the same direction from the intersection locus. 
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which, substituted in (62), gives 

g«= ±8,190 _^ . /pgcosa ' • • • (l'^> 

and for the flat parabola, approximately, 

^,= ±8.190|-^ ("«"> 

Stresses Caused by the Shifting of the AlvimenU.—ln equation 
(62) ^^^=0, and EtrfBcoso=0; and shifting of the abutments 
causes a horizontal thrust 

-EM -EMIq 

H=^^ (110*) 

(i) Deflections in Two-Hinged Arches— General Equations. 
—Equation (16) or (17) will give the angular displacement at the 
hinges; for the total length of a symmetrical arch, 

J?/,-Ji/o=0, x,-xo^l, x^-x^l-x, 
and the total length of the ajpch=B, which gives 

Again, 

^^^^ = rfi' /'=/cosa = /-^. 



^"^r^ J 2r J 2rcosa 

""y Z2rco8a Zy rcosa /y r cos a 
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From similar triangles (see Fig. XVIII) 

jl—x dy 
r cos a dx^ 



and 



dx=dy, 



which, when substituted in the equation for Joq, gives 

iJo // ^ IJoF rcosa ^iJq ^^^ 

+Ewtlfr'Stl^_Ewtlo^a 
IJo rcosa I Jo 

If in this equation is substituted the value of 

«r^-w(?-M-' oil) 

it will be transfonned into 

EIodao--\£o{l-x)dx-lf£^{^-Ew)dy, . . (112) 

and this value substituted in (17) gives 

-EIoJy=jJ^o{l-x)dx-'J^'o(x,-x)dX'hCi. . ai3^ 

EIoJx=^^o(l-x)dx-^o(y,-y)dx+C2y . (114> 
and C,= ^^Io£l\j.-Ewt)dy + Io£^ 



^^= T^oiro'(?-H^^-^o£^ 



(115) 



The expressions for Ci and C2 indicate the influence of a change 
in length of the arch axis upon the deflection of the arch. 
P H 
The approximation "^="7r does not cause any appreciable error; 
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Fq is the average sectional area of the arch axis, and this introduced 
in the second term of equation (112) gives 

and equations (ll5) change into 



(115«) 



The values of o under the integral signs may be considered as forces 
with which the horizontal projection of the arch is loaded, and 

- / o{l—x)dx [from equation (112)] is then the vertical reac- 
i t/o 

tion 2)^ of these loads at the left support, the second part of the 
equation being a constant and negligible. 

In equation (113) -r j o{l—x)dx is then the positive bending 

moment Mo caused by the vertical reaction £)^ at the point (x^, yi), 

and jo{Xf—x)dx is the negative bending moment at that point of 

the vertical forces o between the support and the point (a/, i/'). 

In equation (114) the first term is the positive bending moment 
Mo of this same force £)^, when considered as acting horizontally, and 
the second tenn is the negative bending moment of the forces o 
acting horizontally between the support and the point (x^, y^) ; and 
equations (112), (113), and (114) can be written (subscripts ^ and ^ 
indicating vertical and horizontal, respectively) : 

EIoJao=£>A, (112a) 

-EIoJy=Mon-\-Cu (113«) 

EIoJx=Moh+C2 (114«) 

These equations permit either graphical or analytical compu- 
tations of the deflections. The radius of curvature of the arch axis 
is usually very large, as compared with the dimensions of the arch 
rib, and may be made equal to the bending moment M of the arch 

rib reduced by -j-; and the deflection of the arch resulting from 

the change in length of the axis of the arch can be neglected, which 
makes Ci and C2 equal to zoro. —Jy is the ordinate of a recip- 
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rocal polygon which is drawn from a force polygon with the pole 
distance EIq, this reciprocal polygon being the reduced moment area 

To make the computation, the value of o in (HI) can be ex- 
pressed as follows by substituting for M its value ^—Hy: 

^.l,_if^Is_ („7 

\ H /For cos a ^ 

The values of M^ and M^ of (113«) and (114*) can each be 

represented by the difierence in the ordinates of two reciprocal poly- 
gons. The loads for the construction of one polygon are expressed 

by the value "77-7^ +^> and are obtained by drawing the moment 

polygon from a force polygon of the single load with a pole distance 

//, reducing the ordinates of this polygon in the ratio -^, and adding 

to these ordinates the value of c. The latter value is so small that 
it is usually neglected. 

The loads for the construction of the other polygon are expressed 

by the value y -f-y and are obtained by reducing the crdinates of the 

arch axis in the ratio j-] and the polygon drawn with these values is 

the horizontal-thrust curve previously mentioned* [see Equations 
(70*^), (71), (72), and (81), and also Art. 3, Chap. VII]. 

* These ordinates of the horizontal-thrust curve are the loads on a simple 
beam, from which another moment polygon results. For the parabolic axis and 
/o«/seco: 

and for x^\l mx=A/^- 

(See Douro Bridge, Art. 20, Chap. ITT, and Chap. \l.) 

Equations (113) and (113a) are the same as the one which is deduced 

directly from the elastic deflection for the simple beam, via., -^"^ydx, which 

may be graphically computed; and the deflection curve of the arch is computed 
in the same manner as that of a simple beam, viz., it is the moment polygon of 
a simple beam, the loads for its construction being equal to the onlinates of 
the moment polygon resulting from the loads which cause the deflection. 



Digitized by 



Google 



APPENDIX. 285 

(k) Deflections Caused by Changes in Temperature. — In 
equation (111) the value of M is the moment of the horizontal 
thrust caused by a change in temperature, or 

and this value of 0/ substituted in equation (113) gives 

-EIoJy=Htm^+Ci, (118) 

where nig is the ordinate of the horizontal-thrust curve at the point 
X, From equation (115*), when H=Ht and the arch is a parabola 
with a constant moment of inertia, 

-C'=2(jBu;«-^/o2/, approx., • . . . (119) 
or 

EIoJy^Htmg+2(Ewt-^)loy. .... (120) 

(0 Deflection of the Crown Caused by a Yielding of the 
Abutments. — An increase from I to I -\-Jl gives 



^3/--#('»x-2^»), (121) 

Tr= f^by2ds+bE^ [see also Equation (llO*)]. 
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CHAPTER IX. 
THE HINGELESS ARCH (CONTINUATION OF CHAPTER IV). 

I. General Equations. — Influence of a Single Vertical Load. 
— In the hingeless arch the ends of the arch are rigidly held in posi- 
tion as explained in Chapter I. In this arch the supports may have 
the same or different elevations; but in the deduction of the follow- 
ing equations the assumption is made that the curvature of the 
arch axis is such that its vertical center line coincides with the center 
of the span. 

Equations (16) and (17) are applicable in this case by extending 
the integration over the total length of the arch when Jai=0 (which 
indicates the fixed position of the ends of the arch). 

The coordinate axes are drawn so that the vertical axis coincides 
with the center line of the span and the horizontal axis is parallel 
\^ith the line joining the ends of the arch axis. It is further assumed 
that J=/ and P' = Py and the influences of a shifting of the abut- 
ments or of a change in temperature are neglected for the present. 

Equations (16) and (17) then read 

i^M , /.» P 



r^M r^ p tx \ 



. (122) 



The factors whose values are dependent on P are small as com- 
pared with those whose values depend on Af, and the assumption 
may be made that P=//, and that F=an average value Fq- 

The following reductions can be made, which give very close 
approximations : 

Jo EFr^ EFr' Jo EF\r ^V EFo' 

286 
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dx 
Further, cos « = ;r ; a^d /^ = / cos a, 

in which a=the angle which the axis makes with the horizontaL 
These values substituted in the former equations give 



/ 



■J-dX+rri — = 0, 



I 1. 



Foro 



L 
L 



f^^'^J/d:r-|U, 



2 



(123) 



(a) Vertical Forces. — As described in Chapter I, M is the 
bending moment in the arch, which is represented by the distance 
{FG in Fig. XX) from the equilibrium polygon to the axis of the 
arch multiplied by the pole distance, which, from the very nature 
of its construction, is equal to H] or 

M^HxFG=^H{FL^GJ-JL)^m-H{y+e). 

nr 




3fR indicates again the moment of the ample beam, and e=«^+-^y—^x, 
so that 



M 



^m-Hy-Heo-lf-^-^x. 



(124) 
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For brevity these values are indicated as follows: 

H^H, Xi^lf^^, and X^^Heo, . .• (125) 

which, when substituted in (124), give 

M^m-Hy-Xix-Xz (126) 

Further, from the symmetry of the arch axis with respect to the 
vertical axis, 

r^2xdx ^ , r^2xvdx ^ 

J , T='' "^^ J . — "'' 

and the axis Dx can be drawn so that 

I 



/?f-o- 



2 

Substituting the value of (126) in (123) gives 



2 



Solving these equations for H, Xi, and X2 gives 



ydx 
2 



1 V 

2 

r'^2yHx 

J-i '' 



1/ '^Fo 



(127) 



fi= ^-7 (128) 

'■•■a if^dx , i 
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/ 



■^2 grr , 

T-xdx 

2 



^1= h f (129) 



/ 



1 ^i 

2 

+¥911^ HB 



/: 



X2 2 . (130) 

"+-2dx 

1 ^^ 
^2 

The values of the integrals can be determined in the same manner 
as was explained for the two-hinged arch (see Art. 1, Chap. VIII). 
The arch is divided into panels of the lengths dm, dm-i> dm+i, etc., 
an average panel length is assumed ^do, and an average moment of 
inertia /q, which gives 

t^m=^ ^(2t/«+2/^-.i) +^ -^^(2y^+y^^i), (131) 
v«' = ^^(2aw4-x^-i)+^ j7^(2x«+x„+i), . (132) 

^'»-25o■^;+2-d^/^;;:;^' ^^^^ 

or, with sufficient accuracy, 

t/m=a:«t/'«; ....... (134) 

and these values substituted in equations (128), (129), and (130) 
give 

57tT^' ^ ^ 

^' i'^..v^ ^^^^ 
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The location of the axis DD is obtwied from (127), viz.: 

When the moment of inertia is a constant, ^2 is the height of 
a parallelogram of the length AB whose area is equal to the area 
ACB. 

Under the influence of a single unit load the above values can be 
expressed statically, as follows: 

which is the bending moment of a simple beam supporting the vertical 
loads Vfn. 

The values for JrJSTlmv'm and I^^mV"m can be expressed in the 
same manner, and the graphical or analytical solution of the problem 
becomes very simple. 

When the values of H, Xi, and X2 are known, the vertical re- 
actions V\ and V2 can be computed. If the points of support A 
and B have the same elevation (see Chap. I), 



v,=k^j:1+M2^=to,+h'^=X>,+x„ 



and V2 = T02 — X\. 



(139) 



Di and P2 are the vertical reactions of a simple beam. 

The location and direction of the components are defined bj*^ equa- 
tions (135) and (139), and from these the tangent curves are derived. 
These equations also define the intersections of the components on 
the load lines, which, in turn, define the intersection locus. 

(6) Influence of a Single Horizontal Load [see equations 
(75) and ,(7Q)].— When a iorizontal load Q acts on the arch (see 
Fig. XX«), and when the vertical ordinate of its point of appli- 
cation =g, and its horizontal ordinate measured from i4=w, then 

Hh- ^, (1350 

* For explanation, see Art. 1, Chap. VIII. 



Digitized by 



Google 



APPENDIX. 



291 






•^o*''*' »»^ *» ' -" B^TTT Vet ^ ^ 



(136«) 



(137«) 




In these equations -ff^ is the horizontal thrust at B which is 
exerted inward towards the center 

The bending moments at the abutments are equal to 



•Now, 



Mi=Hci and M2^Hc2. 



so that 

and, from equation (125), 



Hc,^Hy2'-Heo-H'^'l, 



Similariy, 



M2=^Hy2-X2+X,l J 



(140) 



(c) Special Equations. Moment op Inertia a Constant.— 
When the variation in the moment of inertia of a hingeless arch 
is relatively small, /, = / cos a can be safely assumed as a constant, 
and when the panels are made equal [see equations (131), (132). 
and (133)], 

t^mTK2/m-l+4t/m + ym+l). 
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If the panel lengths are sufficiently short, 

further, V^n^Xn^ 

and v"m=l. 

When the above assumptions are introduced in equation (137) 
the first term of the numerator indicates the moment of a uniformly 
distributed load when the panel lengths do represent the unit load. 

The reactions at A or £ are then equal to ^Z, and the bending 

moment=iZ(7-i(/2=£(^. 

The second term is a constant = C. 

The denominator is simply equal to Z, and 

and when this value which represents the secondary stress is neglected, 

2//eb=/i:^^^ = 2X2, (141) 

which is equal to the ordinate on the load line of a simple moment 
polygon for the force X, when this polygon is drawn from a force 
polygon with a pole distance equal to H. 
In the same manner is obtained 



/ 



.*.' 



y _*;il T^ gjl-ff) (l-2g) __„y l-2g 



/: 



, ^ xHx 



P 
The denominator of this equation is equal to r^. The numerator, 

according to equation (136), can be represented by a beam ACB 
(see Fig. XXI) loaded with the positive load ACD and the negative 
load BCD'. (It should be remembered that the vertical axis from 
which X is measured is located at the center of the span.) 
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The vertical reaction at A=iiP, and (,K=1) its positive bending 
moment is -figP. 

The bending moment is then equal to the moment of the re- 
action at A minus the moment of the area ADEF, which bending 
moment is equal to 



or 



and 



l['3(UVn, =^P-{y- i9'il-2g)\K 



-K fiii-g) ^i~y) -2X, 



I 



P 



l-2i 



so that 



or 




From (125), Xi=H^^-j^ and Xi^Heo; 



l-2g 



lf^=2He,'^, 



C2-C1 J-2g 



(142) 



from which C2— Ci and cq can be found analytically or graphically. 
Further, substituting the value of Xi in equation (139) gives 

F,-P,-X,-K^»t^; (144) 
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and, referring to Fig. XX, Ci, C2, and cq are now known, and, as 
explained before, C'M=2eb; all the other factors which are needed 
for the construction of the moment polygon are also known. 

It may be observed that the vertical reactions in equations (143) 
and (144) correspond to the vertical reactions of a straight beam 
which is fixed at the ends and has a constant moment of inertia. 

The ordinate Zq measured from the axis D^^ is then 



K gil—q) C2 — C1 1 1 



^==7/' — I ^■-" 



(2-^)' 



H I ^ I 
and substituting the values obtained for eo and (cj— Ci) therein gives 

ab=8^y. (146) 

Further, «i = eo+^2Z:^=2-^j^, 

. _ g(l-g)^ K_l I 
or 21 ^2—^-2 7^' ^^^^ 

and the bending moments at the supports are 

Ml=-ff(^l-|/2)=-X?^^Vfft/2, . . . (147) 



p 



M2^-H{z2-y2)=-K^^Lj!l+Hy2. . . 



^2 



(148) 



When the influence of the secondary stresses is neglected and the 
moment of inertia is a constant, equations (123) can be expressed 
by the following law, first enunciated by Winkler (see Fig. XX, in 
which DjpDx and YY are the axes of origin) : 

The area ACB=area A'C'B', or fMdx=0, 

The moment of the area AC B= the moment of the area A'C'B' 

with respect to two arbitrary axes, or JMydx=-0 and jMxdz^O, 

from which it follows that the two areas ACB and A'C'B' must 
have the same center of gravity with reference to the horizontal 
axis. 

Winkler^s Law. — For a fixed arch with a nearly uniform cross- 
section, that line of pressure is the true one for which the sum of 
the squares of its deviations from the axis of the arch is a minimum. 
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This law can also be derived from the theorem of least work, viz.: 

/ 

/3f 2 /» p2 

T7y-rfx4- / TTTjds^ minimum; or, with the above assumptions, 

2t = J M2<;x= minimum. 

(d) The Constructign op the Components op a Vertical 
Load K is then a simple operation. The horizontal-thrust curve 
<icb in Fig. XXI« is drawn, and the intensity of K for this curve 
is found in the same manner as described in Chapter IV, Art. 5, etc., 
for the Syra Valley Bridge. The axis Dg is found from area ABGGi 
«area ACB. 




When the load K is placed as indicated in Fig. XXI<*, the hori- 
zontal thrust is equal to the ordinate de, and with this ordinate as 
a pole distance and the load K as the force, the force polygon dgJ 
is drawn, and from this the moment polygon dhi; the ordmate df 
is then equal to 2€o [see equation (141)]. 

One half of df is then plotted from the axis Dg on the center 
line, giving the point F, and a line GF is drawn to an intersection 
with the load line, giving the point J\ Through this point the line 
HJ' is drawn parallel to AB, which gives the point Hy and draw- 
ing the line HF^ its prolongation will produce the point / on the right- 
hand vertical; the line HI is the true closing line of the moment 
polygon and the distance AH plus the distance IB is equal to C2— ci. 
tSee equation (142). In this case ci is negative and -ci=— (— ci) 
= +ci.] 

To obtain the point L of the intersection locus, the line GiL is 
drawn parallel to a line which joins the point D and the point H, 
This construction follows from the equation U=2€o and also from 
(145), (146), etc. 
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(e) Special Equations. — The Moment of Inertia a Constant, and 
the Curve of the Arch Axis that of a Flat Parabola (/=/o8eca). — 
In Fig. XXII ACB is the axis of a parabolic arch, and the area of 
AA'BB'=ifl='axe& ACB, and the line A'B' is the axis D,. 

The equation of the parabola is again 

4/ 4/ 

y/=-sa;tf-«). y=!//-i/=-p«(^ -*)-§/> and ^=a constant. 

Introducing these values into equation (128) gives 



H= 




(149) 



The vertical reactions at the supports are obtmned from equa- 
tions (143) and (144). 
From (145), 

8,/, .45 / 



2b' 



15' \^ 4 FopJ 



From (146), 



1 / 
1 I 



(150) 



(151) 



These three equations are sufficient to compute the intersection 

45 7 
locus and the tangent cvures. The term -r-wn expresses the in- 

4 /'or 
fluence of the secondary stress, and when this is neglected, 

2b=A/, (150«) 

or Ctt=?o+J/2=Ty+3/=IA (152) 
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which is the ordinate for the intersection locus and is a straight line. 

and, again substituting g=kl, 

From these equations the intersection locus and tangent cui;ves 
are drawn in Fig. 24 for a rise /= 1 and a span 1=2. 

Horizontal Force. — ParaMic Arch wUh a Constant Moment of 
Inertia I^Ioeeea. — Following the same procedure as before, 

r - 2Hl-kn2-7k+8i^) 
* H-*2[-15+50Jb-60Jfc2+24fc8]'' ' * • ^^^> 

_ 2(l-^)(3-9t+8feg) , 
^ 15-50A;+60A3-24A3'' ^^°^^ 

«o=i[l-i(3-12*!+24fca-16ib3)] (156) 

u 

In these equations t— y(8ee Pig. XX«), and from them the inter- 
section locus and tangent curves have been drawn in Fig. 31. 

Equations (151) may be expressed in ordinates which are measured 
from the axes D, and Y (see Fig. XXII). Then 



^'^IbfidT^)^ 



(151«) 



and putting these equations in the form 

indicates the method for constructing the components of a vertical 
load to be as follows: 

An axis EE is drawn parallel to DD at the distance -f^f, and 
the lines A,F and 5'F are drawn, A,F being prolonged to an inter- 
section with the axis Y; the points G and G, are then transferred 
to H' and H, and AH=ci and BH'^c^. 
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(/) Influence of a Change in Temperature and a Yielding 
OF THE Abutments. — Equations (16) and (17) are again applicable 
when f= change in temperature, and iZ=the increase in the span 
caused by a sMfting of the abutments; and with the simplifications 
previously given, 

•+1m, ,„ „„ .. B 



/>^x+(H-EFoT^)Oj|^=0, .... (157) 

,^^dx-iH^EFov>t)4r-EM, . . . (158) 
± // Fo 

/+— M 
^^j-xdx^O (159) 



2 

From equation (126), when 9(11=0, 

and the horizontal axis D^c is again so chosen thai 
£"^^^=0 and cx=c.. 
These values substituted in the above equations give 



H, ^"^f-^^^ , (160) 



/•+2 J/2da! , I 



2 

^^^ HB-EFowtB ^jg^^ 



^^m 



Substituting equations (131) to (133) in (160) and (161) gives 



do(i-!y».f«+^' 



F^riy 



IpBH-EFowt 
•A2= „ - „i „ — (163) 
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In equation (163) the denominator is very large as compared 
with the numerator, and no serious error is conmiitted when the 
assumptions are made that 

X2=='Hzo^0, or 2b=0, 

and that Ht of (162) is located on the axis D^. 

For the parabolic arch axis with a moment of inertia 7^ = 7 sec a 
the value of 






in which y is measured from the axis D^, and equation (160) or 
(163) becomes 

rr _45 I 



(164)'* 



and introducing from equation (150), 

T7-i+f^ (^Rg-xxii) 

gives H,=-^^ ^^. (165)t 

The first term gives the horizontal thrust caused by a tempera- 
ture change, and the second the horizontal thrust caused by a yield- 
ing of the abutments. 

(g) Deflections. — The deflections are again derived from the 
fundamental equations (15), '(16), and (17). The analysis is iden- 

* When in (164) the secondary stress is neglected, the equation becomes 

-- 45/i'/ wt 

^' = --472- (164«) 

'^lien the secondary stress in the arch is assumed to act in the same manner 

as a decrease in temperature, this equation gives the value for i7« when -^ is 

substituted for wt; 

Tj 45fi7 , ,, 

or ^•"^/»" (1<54'») 

J For the application of equation (165) see Art. 8 (6), Chap. IV., Syra Valley 
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tical with that described for the two-hinged arch, and it differs only 
from that of the hingeless arch in that the value of the ordinates y 
of the arch axis are measured from the axis D^, and that there is 
no angular movement at the supports of the hingeless arch. Here 
iao=0, or, in Equation (112«), 

E/oiao= 2)^=0. 

Equation (111) may be expressed in the same manner: 

Ij rcosa\F / 

Again, for equations (113«) and (114«), 

-£/oJv=Mo^+Ci, (167) 

EIoJx=Moh-\-C2. (168) 

In these equations M represents the bending moment caused by 
the forces o, their vertical or horizontal directions being indicated 
by the inferiors v and h, respectively. 

From equations (115) 

Ci = Io p\f-Ewt)dy, and C2- -loj^^ {j-Ewt)dx, 

or, substituting H for P, 

Ci = /o(^-AV/).vi, (169) 

C2-=-Io(Y^-Ewt)xi (170) 

In equation (166), M is the I ending moment in the arch axis 
at the point (xi, 1/1), and when the moment polygon is obtained from 
a force polygon with a pole distance equal to H, this equation may 
be written 



and ^^ 



= (l_^o\ /o_ (172) 

\ H /For cos a 
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The difference between the two-hinged and the hingeless arch 
in the matter of computing deflections is that in the two-hinged arch 
the deflections are taken as the difference between the ordinates of 
two moment polygons, while in the hingeless arch the ordinates of 
one moment polygon are used.* 

In these equations the influence of a change in temperature on 
the deflections is given. 

It is often desirable, however, to determine this deflection sepa- 
rately, and equation (120) may be employed for this purpose, viz.: 

EIoJy=-Htm:,+2{Ewt-^^Ioy, (173) 

In this equation Ht is obtained from the general equations (160) 
or (162), or, when the axis of the arch is a parabola, from (165). 

For all practical purposes, equation (165) is sufiiciently accu- 
rate for any arch. 

rrix is again the ordinate of the horizontal-thrust curve at the 
point X, and y, the ordinate of the axis from the line AB. 

Deflection of the Crown CaiLsed by a Shifting of the Abuiments. — 
To obtain this deflection, equation (121) may be used [see also equa- 
tion (135)]: 






(174) 



In this equation m^ is again the ordinate of the horizontal-thrust 
curve at the point x, and y^ the ordinate of the arch axis measured 
from the line AB (at the crown y,=f). 

♦ See foot-note on page 284. 
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CHAPTER X. 

ARCHED FRAMEWORKS. 

Analysis of the Displacement Theory for the Determination 
OF Stresses in Arches. 

I. Horizontal Thrust (adapted from Miiller-Breslau and Melan). — 
Fig. XXIII shows an arched framework which is held in place by 
a hinge at B, but is free to slide horizontally at A. Under the 
influence of the load K the structure deflects and the point A will 
slide outward. The stresses in the memlrers caused by this load will 
be those of a simple girder and they are indicated by P. 

A horizontal force H is applied at -4, pushing it back to its former 
position. The stresses in the structure caused by this force will 
be called u for a horizontal thrust = 1, or Hu for the force H. 




The intensity of this force in the direction of AB will be equal 
to H sec a, and the total stress in the members will be equal to 



S^P-^Hu. 



(175) 



These stresses cause changes in the length of the members of the 
structure, and when the length of one member =s, its area=F, and 
the modulus of elasticity = E, 



change in length =Js =^5^. 



(176) 
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The work performed by the interior stresses in causing this elonga- 
tion is, from (175) and (176), 



and when-==«, 



«=^^- (177) 



As a simple girder the horizontal displacement of the point A 
under the influence of the load K would be equal to Jl, and when 
A is forced to its original position, 

— JZcosa = -j77j r, or -M^yrj. . . . (178) 

d{Hseca) dH ^ ' 

Differentiating equation (177) and substituting in (178) gives 

JO 

differentiating (175) gives Tn=^* (^ being a constant), and substitut- 
ing this in (179) gives 

-^EAl^Iz&u^IzPu^-EIzu?) .... (179«) 
and from this 

^=-^^%^' a») 

The displacement Al of the point A can be expressed in a different 
manner: 

A load K applied at the point X will cause a displacement = if, ^^a, 
jmd a force equal to 1 sec a applied at A will cause a displacement 

""^The force H, therefore, will cause a displacement Ugaa, and 



'^Al^IK^.a+Hg^ 



aay 



from which ^^_ IK^.a+Al ^^^^^ 

yaa 
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From equations (180) and (181), 

[ (182> 

and Izy?=Egaa' J 

From this it follows that the values under the summation signs 
in equation (180) are equal to the horizontal displacements at A 
multiplied by E, these displacements being caused by the vertically 
acting load K and by the horizontally acting force H. 

When a change in temperature occurs at the same time, Al must 
be — according to (179<») — 



. . (183) 
or 



-EAl^2zPu-^HIzu?-\-IEwtm. . . 

When only the temperature change takes place, P=0, 

- EJl = Htlsru? + lEwtsu, 
from which 

„ EJl+ IEwt8u .,^. 

The temperature change is assumed to take place uniformly in 
the whole structure, or 

If in a framework, which is considered as a free body, two opposed 
forces of unit intensity respectively act at the panel points A and 
B (distant apart s^) and in the direction of the line joining these 
two panel points, these forces will cause stresses u' in the members 
8 of the framework which are expressed by the equation 

lu's+s.^O (185) 

This is known as the law of Mohr, who first stated it. 

Now in this case s^=AB=Z sec a and u are the stresses in the 
members caused by the forces 1 . sec a in the direction AB, from 
which it follows that 

/ u „ , „ us , , 

u'=ucosa = , Iws^I , and s.^leeoai 

sec a sec a ' 

and these values substituted in (185) give 

£us^ —li 
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and this substituted in (184) gives 

j,,._ EUt-«^^) ^^^^ 

Equations (180) and (181) determine the horizontal thrust caused 
by vertical loads, and (184) and (186) the horizontal thrust caused 
by temperature changes. In equation (186) seca = l when the 
two hinges are located in a horizontal plane. 

To obtain the influence line of the horizontal thrust for vertical 
forces, a unit load should be placed successively at the different panel 
points of the structure, and for each position the stresses u caused 
by this load in the members of the structure should be computed. 

The simplest way is to assume a unit vertical reaction and a 
unit horizontal thmst to act at the hinge -4, and to compute the 
stresses for each in the members of the structure, the first causing 
the stresses s", and the second the stresses u. 

When the load is placed at a panel point which is distant z from 
A and x' from B, and the arch is symmetrical with respect to the 
vertical axis which passes through the crown, the horizontal thrust 
can be expressed as follows: 

' ~ziV ^ ^ 

In this equation 2* includes all the members between A and the 
point X, Ix includes all the members between the point x and the 
point which is symmetrical with x on the opposite side of the crown 
of the arch. 

For the graphical computation of H equation (181) gives for the 
influence of a vertical load K, 

jj_ Kgra 



and, as explained before, ^,o represents the horizontal projection 
of the displacement of the point A which is caused by a vertical force 
K-=lf and Qaa the horizontal projection of the displacement of A 
caused by a force = 1 sec a acting in the direction of the chord AB. 

Maxwell's law proves that the displacement of A in the direc- 
tion of AB, which is caused by a unit vertical force, must be equal 
to the vertical deflection of the loaded panel point caused by a unit 
force acting in the direction of the chord at A, This law will give 
the influence line of H from the vertical deflections of the panel 
points. 
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Various methods may be used to determine these displacements 
or deflections, some being accurate and others close approximar- 
tions. 

(a) Computation of Deflections in the Two-Hinged Arch. — - 
In Fig. XXIII a vertical force equal to 1 causes a horizontal thrust 
= ff- at C. To find the deflection Jy at the panel point D caused 
by this force = 1 at C, it is assumed that this unit force acts at D 
and causes stresses in the members =s"x, the framework being con- 
sidered as a simple beam freely supported at A and B. Now, 
S=K(s"o+HgU) and is caused by a force K iapplied at the point 
C, and the changes in length of the members of the framework = 

T?S. The principle of the equality of the external and internal work 

gives the equation 

and Jy-^^{^^^^'+Izus'',)H^ .... (188) 

Now, s"x= —HxU gives 

and Jy^^(Izs''aS"x-HgH^Izu^) (189) 

Hg and ff, are determined by equation (187). 

Izs*' qS"x is determined by assuming a vertical reaction at A 
and computing the stresses 5" caused by this reaction in the mem- 
bers of the framework, which gives 






for g<x: Izs",s".='^I''zs^,+^I'^^,+^lW„; 



P -^ 0*'^ // 1 p^ V-^ // T^ p - 



(190) 



For a full load the deflection of the crown can be found with 
sufficient accuracy by taking the average value of the deflections 
at all the panel points. Let the panels be of the same width, K 
the load at the panel points, n the number of panels, & the load 
stresses in the members of the framework caused by unit load* 
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at all the panels, and the deflection curve a parabola; then, from 
the equation for the equality of the internal with the external work, 

The horizontal displacement Jx of the panel point D caused by 
a vertical load 2iC at C is 



P 



or 



Jx^^(l2S"gU'+HgIzuu') (192) 



Here u' represents the stresses in the members of a freely supported 
framework caused by a horizontal imit force acting at the panel 
point D. 

(6) Deflections Caused by a Change in Temperature and 
Yielding op the Abutments. — ^To determine the vertical deflection 
at D (Fig. XXIII), 



Jyt = i's"x {wis -^^tu) = wilss'\ + 



Hizas" 
E 



Substituting the value of Ht from Equation (184) gives 
Ji/, = t(;^J55'',-^^^^^~^. J;ru5'',-^^^ (193) 

in which, as before, 

s= length of the members of the framework; 
//;j= horizontal thrust caused by the unit vertical force at D. 

From Mohr's law, Isu=^ —Isec^a and i'5s"x=0, which changes 
the above equation for the deflection at D to 

Jyt^^*Isms'':c=±{wtl sec2a- JZ)H,. 
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The horizontal deflection of the point D caused by a change in 
temperature is 



or dxt-=±wi2u's±{wil^Q^a-Al)-4^ (194) 

In the graphical computation the object is to determine the horii- 
zontal and vertical deflections of the panel point D, The influence 
lines correspond to the deflection curves for a vertical or horizontal 
unit force acting at Z>. 

The computation can be performed by means of a Williot Diar- 
gram, or of force and moment polygons which are derived from the 
deflection angles. 

(c) DEFLEcrrioNS OF THE Three-Hinged Spandrel-Braced 
Arch. — ^The determination of these deflections is divided into two 
parts (see Fig. XXIV). 

First, the top chord of the arch is assumed to be continuous at 
the crown, which changes the three-hinged into a two-hinged arch 
subjected to the horizontal thrust of a three-hinged arch; and no 
angular movement can take place at the crown hinge. 

When, however, the connection in the top chord is broken, an 
angular movement will occur at the crown hinge, and the two 
deflections thus obtained are added, giving the total deflection of 
the three-hinged arch. 




As a three-hinged arch the stresses in the members caused by a 
force /C=l are 

3Cx is then the horizontal thrust in the three-hinged arch caused 
by the vertical unit force K at D. 

The angular movement at the crown, viz., a-=0. 
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These stresses have the tendency to cause a horizontal displace- 
ment at A towards the center, which may be determined from 

ga = IzSu = Izs"u 4 SC^glzu^. 

Now, Izs''u= —Hxlzu^j 

or (7a= m,--H^)Izu^^{3C^-H^)ga, 

where ff, is the horizontal thrust in the two-hinged arch, and Qa 
the horizontal displacement of the two-hinged arch at the support 
caused by a unit horizontal force applied at A. 

This horizontal displacement ga cannot take place if the abutment 
hinges are fixed in position. When, however, the top chord is 
broken so that the crown hinge is free to move, the aiigular dis- 
placement of the crown hinge is expressed by 

ac=T = (^'-^x)T U95) 
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